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Chapter 1

Exam 4 Information

1.1 Exam 4 content

Exam 4 covers Chapter 4 in the 2024 version of my MATH 130 lecture notes.

This chapter is about transcendental functions, meaning:

Trig functions: sin, cos, tan (and the less important csc, sec, cot)
Inverse trig functions: arcsin, arctan (and the less important arccos)
Exponential functions: exp a.k.a. e (and the less important b”)

Logarithms: In (and the less important log and log;)

1.2 Tasks for Exam 4

NOTE: This guide is not meant to be an exact representation of exam material.
I always reserve the right to ask some questions that use the course material in
a creative way.

1. Answer questions involving course vocabulary.
2. Classify statements as true or false.

3. Graph any transformation of a transcendental function, and use that graph to
answer questions about the function (domain, range, maximum/minimum



1.2. Tasks for Exam 4

10.

11.
12.

values, increasing/decreasing, period, asymptotes, number of solutions to
equations, etc.).

Given a graph of a transformed transcendental function, write a rule for the
function.

. Given the graph of an unknown function, sketch a graph of a transformation

of that function.

Compute and simplify expressions involving transcendental functions (in-
cluding the use of trig identities, exponent rules and log rules).

Rewrite expressions using log rules and/or change of base.

. Solve basic equations involving transcendental functions.

. Interpret arctan and arcsin expressions in the context of graphs, triangles

and/or the unit circle; interpret logarithmic expressions in terms of graphs.

Write an equation of an exponential function passing through two points
(when the z-coordinate of one of the points is 0).

Determine which of two functions is larger when the input is very large.

Diagram and/or reverse-diagram functions.



Chapter 2

Old MATH 130 Exam 4s

2.1 Spring 2024 Exam 4

1. In each part of this problem, you are given an expression.

¢ If the expression does not exist, write “DNE” or something equivalent.

¢ If the expression exists but cannot be reasonably simplified, just draw a
box around it and move on.

e [f the expression exists and can be simplified, simplify it.

a) (4.1) csc % e) (4.3) arctan(—1) + arctan v/3
b) (4.1) sin 5;7 f) (4.1) cos0tan 3

¢) (4.3) arctan 4 g) (4.1) cot 7

d) (4.4) 8arcsin v/2 h) (4.1)sin3

2. Same directions as # 1:

a) (47)e*m? 5 e) (4.6)Ine+3
b) (4.5) 20 f) (4.6) In(3 —2)
3 In 81
¢) (4.6) In(—6) +1n12 8 (47) 15
d) (4.6) 8¢™° h) (4.7) In120 — In 4

3. (4.5) Throughout this problem, let f(z) = 7 — 4e”.

a) What is the domain of f?

b) Does f have a y-intercept? If so, what is its y-intercept?
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c) Write the equation(s) of any horizontal asymptote(s) of f, if any.
d) Write the equation(s) of any vertical asymptote(s) of f, if any.

e) How many solutions does the equation f(z) = 10 have?

f) Which is larger, f(200) or £(300)?

4. Sketch a graph of each function:

a) (4.1) f(x) =3cosx + 2 d) (4.5) f(x) = —-3"
b) (4.6) f(z) = In(z + 3) e) (4.6) f(z) = log,(—x)
o (41) f(z) = —; sin 4wz f) 4.1) f(x) = cos(z —m) + 4

5. Write a rule for each function graphed here:

cos(—x)  sin(—x)

6. a) (4.2) Simplify the expression using trig identities.

sec cse
b) (4.4) Here is a picture of a right triang]le:

1
Label this picture appropriately to explain what arcsin 3 means in the
context of a right triangle.

7. a) (4.5) What is a reasonable decimal approximation of the number e?

b) (4.5) What is the point of the number e? In other words, why do we care

about it so much?

1,2

c) (4.7) Expand the expression In 05 as much as possible.

d) (4.7) Rewrite (z + 2)” as an exponential term with base e.

8. Solve each equation:
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a) (4.4)sinx = c) (4.7)4e” +7 =31

b) (4.4) 6cos z = 32 d) @7) S(nz+4)= S (5Inz ~ 3

Wl N



2.1. Spring 2024 Exam 4

Solutions
T 1 1
1. a)csc.=—=7=|2]
6 sing %
2
5 51\ 2 2 2 |1
b) sin? 5F = (sin ) :<‘§) “i17 2

C) exists but cannot be simplified.
d) 8arcsin v2 since v/2 > 1.

T m 3r 4rm T
_1 = —— S — - = A
e) arctan(—1) + arctan v/3 i 3 TRECEED

f) cosOtang:L\/g: V3.
1

1
g) cotm = o — 0 which | DNE |.
an
h) exists but cannot be simplified.
2. a)eth?_5=2"_5=16-5=11]

b) §e°:3(1): =

¢) In(—6)+In12 since you can’t take a log of a non-positive number.
d) 8e™® =8(5) =[40]

e) lIne+3=1+3=4]

f) n(3—-2)=In1=0]

In 81
g) 3 log, 81 =[4]

12
h) ln120—1n4:1n40 = [In 30].

3. To answer these questions, first sketch a graph of f. Start with e”, reflect
it across the z-axis (which moves (0,1) to (0, —1)), stretch it vertically by a
factor of 4 (moving (0, —1) to (0,—4)) and finally shift it up 7 units (which
moves (0, —4) up to (0, —4 + 7) = (0, 3) and moves the HA up from y = 0 to
y = 7). This gives the following graph:
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a) The domain of f is , the set of all real numbers, because the graph of
f covers every value of .

b) f has a y-intercept, since f(0) = 7 —4e” = 7 — 4(1) = 3 so the y-intercept
is{(0,3) | (You can also figure this out by tracking how the point (0, 1)
gets shifted.)

c¢) The HA of f is .
d) f, being an exponential function, has .
e) The equation f(z) = 10 has since the graph of f never hits

the horizontal line y = 10.

f) | f(200) |is larger since the graph of f goes down from left to right.

a) Start with cos z, shift it up 2 units and stretch by a factor of 3 (so that it
goes up as far as 2+ 3 = 5 and down as far as 2 — 3 = —1). The period
isn’t changed, so the graph looks like the one shown below at left.

b) This is a log graph, shifted left by 3 units so that its VA is ¢ = —3 and
that it passes through (1—3,0) = (—2,0). This is the graph shown below
in the center.

c) This function is a flipped sine graph that has been compressed vertically
by a factor of Y meaning that it goes up as far as 5 and down as far as

——. There is also a horizontal compression, making the period 7' =

2 2 1
EW = 41 = 5 This makes the graph the one shown below at right.
s

)4 y

1
2

d) This is the exponential function 3%, reflected across the y-axis so that its
HA is still y = 0 but it now goes through (0, —1) and (1, —3); this graph
is shown below at left.

e) Start with the graph of log, « and reflect it across the y-axis, so that it now
passes through (—1,0) and (—4, 1) (the VA is still + = 0). This graph is
shown below in the center.
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f) Take the graph of cosz and shift it right 7 units and up 4 units. This
graph willnow goup asfaras4+1 = 5and downas faras4—1 = 3,and
since the period is still 27, one period of the graph ends at 7 + 27 = 3.
This gives the graph shown below at right.

a) This is arcsin, stretched vertically by a factor of 2: | g(z) = 2arcsinz |

b) This is arctan, shifted right by 4 units: | h(z) = arctan(z —4)|.

¢) This is an unshifted tangent graph: | k(z) = tanz |

a) First, use odd-even identities to get rid of the (—) on the cos(—z) term
and pull out the (—) from the sin(—z) term. This gives

cos(—x) sin(—x) cosz  sinz

Ssecx CSCXx sec CSCX ’

Now, write everything in terms of sines and cosines to get

cosxr sinx
Tt 1

cosx sin x

and next, perform the division by flipping the second fraction over and
multiplying. This gives

Ccos & . sinx

COS T - +sinzx -

Last, perform the algebra and simplify using a Pythagorean identity

T . sinx .
COS T - —|—smx~T:cos2a:+sm2:C:.

1 1 it
b) If x = arcsin 3 then sinz = - = _oppostte

= . label th i
5~ hypotenuse So we label the opposite

side 1 and the hypotenuse 3, and arcsin 3 is therefore the angle opposite

10
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the 1:

1
arcsin —
3

a) e~ (or 2.71828 if you know a lot about e).
b) What makes e special is that if you make the function f(z) = €%, then
the rate of change of f is the same as the output of f.

372

193y

c) In

. 1
= Inz?~In 1993 = 2Inz—(In 19+Iny'/?) =|2Inz — In 19 — glny i

d) Use the change of base formula to get (z + 2)° = | e*@*2) |

. : . .2 .2
a) Tosolve a sine equation, use arcsine: x = | 27n + arcsin 3 27n + m — arcsin 3t

b) First, divide both sides by 6 to isolate the cos x term. This gives cosz =
3T

2 . .
———. Now, solve using arccosine: x = 2mn % arccos — 5 = 2mn £+ i

¢) Isolate the e” term first. To do this, subtract 7 from both sides and then
divide by 4. This yields 4¢” = 24, i.e. ¢* = 6. That means = = [In 6.

d) First, multiply through both sides by 6 to clear the fractions; then dis-
tribute and combine like terms:

2 1
g(lnx+4) = 5(51nm —3)

6 [?}(lnx—i—ll) =6 B(E)lnx—?))}

d(lnx +4) =3(bInz — 3)
4lnx+16 =15Inz — 9

25 =11lnz
25

— =Inx
11

. . . 25
To get rid of the In, exponentiate. This means = = |exp — | = .

11
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2.2 Relevant exam questions from Spring 2018
1. Sketch crude graphs of each of these functions:

a) f(x)=Inzx ¢) f(z) =arctanz

b) f(x) =cosx d) f(z)=4"

2. Evaluate each of the following expressions:

a) logy 3 e) sin5; h) COS%
b) log 10000 T
] f) tan — i) arctan+/3
¢) lne 2
d) 32 g) tan5—7r j) arcsin_—l
4 2

3. Find all solutions of each of the following equations:

. b) S5tanz =5
a) sinx = >

4. Classify each of the following statements as true or false:

a) log, g =log, A —log, B.

b) The graph of a logarithmic function has a horizontal asymptote.
¢) tan(arctanz) = z.

d) sin(A + B) =sin A + sin B.

e) The function f(z) = 2” is an even function.

f) The statement log, z = w is the same as the statement 2 = y.

g) In1=0.

h) sin(—z) = —sinz.

5. Sketch the graph of each of the following functions:

a) f(x) = arctan(z + 5) ¢) f(z) = —sin2x
b) f(z)

e—ac

6. Sketch the graph of each of the following functions:

12
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a) f(z) = —logy(z + 6)

; ¢) f(z) =3sin (x+?m)
b) f(x) = cos 3 +2

2

7. Answer each question, writing your answers with correct notation. If any of
these things fail to exist, say so.

a) What is/are the horizontal asymptote(s) of the function f(z) = Inxz + 5?

b) Whatis/are the vertical asymptote(s) of the function f(z) = In(z+2)—7?
c) What is the period of the function f(z) = 3sin4z — 1?

d) Find the largest value of y obtained by this function:
f(z) =2cos(x +m) —5
e) What is/are the y-intercept(s) of the function f(z) = e * — 3?

8. Rewrite each expression in terms of natural logarithms and /or natural expo-
nentials:

a) logs; 73 b) 4

9. Evaluate each expression:

a) sin 2; d) em* g) 4!
1 1
b) tanm e) log; = h) arcsin —
-7
C) cos Ve f) logg 9 + 2logg 2 i) arctan —1

10. Classify the following statements as true or false:

a) To compute sin” z, first take the sine of x, then square the answer.
b) sin(x —y) = sinz —siny.

¢) sin(—x) = —sinx.

d) tan(arctanx) = x.

e) arctan(tanz) = x.
f) e has a graph which is continuous, but not smooth.

11. The function cos z is an example of an even function.

a) What property does the word “even” refer to about the graph of cos x?

b) What algebraic fact / trig identity does the fact that cosz is even refer
to?

13
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12. Write the rule for each function graphed here. Assume that any exponential
and/or logarithmic functions are base e.

(a-b)

L I L I L L I L I L I
-12,-10, -8 -6 . -4 -2 2 4 6 8 10 12 -12,-10, -8 -6 -4 -2 2 4 6 8 10 12

(c-d)

13. a) One of these two functions has a vertical asymptote. Circle the one that
has a VA, and write the equation of its vertical asymptote.

F(z) =In(x —2) G(z) =e"?

Solutions

14
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d)

1
a) logy3 =| = | (because 9'/2 = /9 = 3).

b) log 10000 = [4] (because 10* = 10000).
¢) Ine” ={7](by a Cancellation Law).

d) e3m2 = 2% =|8|(by a log/exp rule).
V3

e) sin 5; =5 (Quadrant II (+), ref. angle 3 = 60°)

f) tan g (slope at 90° is undefined).

g) tan 52 = |1](Quadrant III (—), ref. angle % = 45° where the slope is 1)

- 3
h) cos —~ = cos & = £ )

6 6 2
i) arctan /3 = .
. . —1 1 s
j) arcsin — = —arcsin - =|——|

2 2 6
L . s .. T

a) One solution is = arcsin 5 =3 A second solution is 7™ — 3 =

2 2
g. Therefore all solutions are | - + 277 |and g + 27n |where n is any

integer.

b) First, divide both sides by 5 to get tanz = 1. Then one solution is z =

7r . m . :
arctan 1 = T all solutions are L™ where n is any integer.

a) |TRUE | (log of a quotient is the difference of the logs)

b) |FALSE| (exponential functions have HA, logarithmic functions have
VA)

c) | TRUE| (this is the “good” cancellation law for arctan and tan)

d) |FALSE|(if A= B = g, the left-hand side is sin 7 = 0 but the right-hand
sideis 1 +1=2)

15
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6.

e) (the graph is not symmetric about the y-axis)
f) (log, z = w is the same as y* = z.

g) (since e® = 1).

h) (sin is an odd function).

a) Take the graph of arctan z, shift it left 5 units to get the graph below.

ﬁ ““““

-8 -7 -8/-5 -4 -3 -2 -1 : 1 2 3 4 5 6 7 8

_IT|
__________ e ———_————— =
|

b) Take the graph of e” and reflect it across the y-axis to get the bottom left
below.

c) Take the graph of sin z, smash it horizontally by a factor of 2, and then
reflect across the z-axis to get the bottom right below.

— i
1 2 3 4 5 6 7 8

|
|
|
|
|
-1
|
|
-2
|
|
3L
|
|
4L

a) Take the graph of log; 7, shift it left 6 units, then reflect across the z-axis
to get the graph below.

6
T
|

51
[
|

4r
|

3t
[
|

2+
[

1l
[
|
T

16
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b) Take the graph of cos z, stretch it horizontally by a factor of 3, then shift
it up 2 units to get the bottom left graph below.

c) Take the graph of sin z, shift it left 3; units, then stretch by a factor of 3
to get the bottom right graph below.

4.
- 3L
2+
\/\ 1
r \
L L | L L L L | L =2nf -r e 2 ) 3 Y4 ) S\ 6| 7o
2! - b 2' 3 4'm 5 6 7' 1+
4L

a) Logarithmic graphs do not have horizontal asymptotes, so there are

Mone]
b) The VA of Inx is = = 0; since the graph is shifted two units left, the VA

moves to .

c) The graph is smashed horizontally by a factor of 4, making the period

N

L
A w N

2r |m
4 2]

d) The graph is stretched by a factor of 2 and shifted down 5 units, so its
range is [-2 — 5,2 — 5] = [-7, —3], making the answer to the question

e) The y-intercept of e” is (0, 1); reflecting through the z-axis does not change
this, but shifting down by 3 units moves the y-intercept to | (0, —2) |

In73
1 =|—|

a) log; 73 I
b) 4= =[]

2 3
a) sin % = \é_ (Quadrant II; ref. angle g = 60°)
b) tan7 = @ (slope at 180° is zero)

— 2
C) cos Tﬂ = \2_ (Quadrant IV; ref. angle % = 45°)

d) elnd —
e) log5; = (since 57! = ;)

17
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10.

11.

12.

13.

f) logg 9 + 2logs 2 = logg 9 + logg 2% = logg(9 - 22) = logg 36 =[2].

g) 4l =4-3-2-1=[24]

1
h) arcsin — = T
2 6

i) arctan —1 = —arctan1 = | —

T
i

a) | TRUE | (this is the definition of sin? )

b) |[FALSE | (try z =7,y = g; then sin(z — y) = sing = 1lbutsinx —siny =
0—1=-1)

¢) | TRUE | (sin is an odd function)
d) |TRUE| (tan inverts arctan)
e) |FALSE | (only true if _TW <rx< g)

f) |FALSE | (since this graph has no sharp corners, it is smooth as well as

continuous)

a) “Even” means the graph is symmetric about the y-axis.

b) [cos(—x) = cosz |

a) This is In z, reflected across the y-axis, i.e. | f(x) = In(—x) |.

b) This is e”, shifted up 3 units, i.e. | f(x) = e* + 3|

¢) This is sin z, reflected across the z-axis, shifted up 4 units and stretched

vertically by a factor of 3,i.e. | f(z) = —3sinz + 4|

d) This is cos z, stretched vertically by a factor of 2 and stretched horizon-

tally by a factor of 2, i.e. | f(z) = 2 cos g :

a) | F(z) = In(z — 2) has VA = = 2| (its graph is the graph of Inz, shifted
right by 2 units).

18



Chapter 3

Additional Practice Exam 4s

3.1 Practice Exam A

Al. Sketch a graph of each function:

a) f(z) =sin2x ¢ flx)=—Inx+2 e) f(z) =tanx
b) f(z) = —arctanx d) f(z) =cos(x—3)+4 ) f(z)=—-3—¢€"

A2. For each given graph, write a rule for the function that has that graph:

A3. Solve each equation:

V2 ) Inz = ¢ f) 15— 2 =1
a) cosr = ——

2 d) arcsinz =1
b) cscx =0 e) tanx = 3 g) nx=0

A4. Simplify each quantity, if possible (if the quantity does not exist, say so). If
the quantity exists but cannot be simplified, just draw a box around it and
move to the next question.

19
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A5

A6

A7.

A8

A9.

3
a) (2¢°)%¢’ g) 4cos Zﬂ
b) 3tanw 1
9 h) 3—1In—
. ™ e
c) sin = i) log —100
3m . In50+1n2
d) —3cos D 1030~ n3
1 V3 k) (arcsin0) cos i
e) — arcsin —5 7
T

1
f) arcsin1 + 3arctan 1 1) 7 5¢¢ 5

. Expand each expression using log rules:

a) log; 92°

b) In

5y/ex?
VY

m) 7arctan 2

I'l) 6ln%

0) tan g arctan 1
) 7logz(~2)

) cot -

cot —

Doty

1') 631n—1
s) log, 64

. Simplify the following expression using trig identities:

sinz + cos(—z) cot x

a) Rewrite cos? x in terms of sin .

b) Rewrite 3 + 2sec? z in terms of tan z.

c) Rewrite 4 — cot? w in terms of cscw.

. Write the rule for a function of the form f(z) = a - b* that passes through the

points (0,12) and (4, 3).

a) Here is a graph of tan x:

)

Explain, by drawing a picture on this graph, how you would find arctan —3

using this graph.

20
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b) Here is a picture of the unit circle:

Explain, by sketching a picture on this circle, how you would interpret
arcsin .8 in the context of the unit circle.

A10. Diagram each of these functions (remember that the only trig functions al-
lowed in diagrams are sine, cosine and tangent, and the only exponential
and logarithmic functions allowed are natural exponentials and logarithms):

a) F(x)=3secx b) G(z) =2 c) H(z) =logs(z —4)

A11. Throughout this problem, let k(x) = 3e” + 2.

a) What is the domain of k?

b) What is the range of k?

c) Write the equation(s) of any horizontal asymptote(s) of &, if any:
d) Write the equation(s) of any vertical asymptote(s) of £, if any:

e) Find the z-coordinate(s) of any points on the graph of £ which have y-
coordinate 11.

f) Evaluate k(In5).

g) As z goes from left to right, does the graph of % increase or decrease?

21
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3.2 Practice Exam B

B1. Solve each equation:

V3 d) ev =37
a) sinx = 3 ,
b) Inz = -3 e) ﬁcotle
c) 3arcsinz =7 f) 3cosx =2
B2. Sketch a graph of each function:
a) f(x)=3sin (x - g) d) f(x) = tang g) f(x) = arcsin(—x)
b ) =a+ie 9T =(5) h) f(z) = logsx
o) f(z) =—1In(z +5) f) f(z)=2—2coszx i) f(aﬁ):?lrarctanx

B3. Simplify each quantity, if possible (if the quantity does not exist, say so). If

the quantity exists but cannot be simplified, just draw a box around it and
move to the next question.

8

a) Sing h et o) I
o3
. am
o= i) logy 8 P) In(e*)sin 1
1

—1n2 . 1 ,
9 T ) exp <3 1n3> ) tan%
d) 6sin() k) 1Og39—|—1 ) N \4/_
e) sec 1) 8arctan/3 r) bln+/e
f) 3 5 0 m) In(e® +1) s) 6logg, 8

arcsin N 8 4 ) In 27
g) 2cos0+3 arcsin 3 .

B4. For each given graph, write a rule for the function that has that graph:

—
b)

22
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B5.

Bé.

B7.

BS.

B9.

Write each expression as a single logarithm:

a) 3ln2z —Iny b) ln5—|—§lnw
Suppose a = Inx and b = Iny. Rewrite each expression in terms of a and/or
b:
a) 3Inbx d) log, =
b) In :E7\3/§ e) x
x
c) In—

Simplify the following expression using trig identities:
1 —cos’z

sinx

In each part of this problem you are given two functions. Circle the function

that is larger, when the input is very large:

a) f(z)=3" g(z) =800 . 27
b) flx) =472 g(x) =7

0) flz)=37" glz) =277

d) = g = ()

Throughout this problem, let g(z) = 2sinz — 1.

a) What is the minimum value of ¢?
b) What is the domain of ¢?
c) Write the equation(s) of any vertical asymptote(s) of f, if any:

d) Find the z-coordinates of any z-intercepts of g.

23



3.2

. Practice Exam B

e) Compute f (3;>
2

f) Suppose z is some number such that g(z) = 3.

i. Do you know what ¢(z) + 1 is? If so, what is it?
ii. Do you know what g(z + 1) is? If so, what is it?
iii. Do you know what g(z + 2) is? If so, what is it?

24



3.3. Practice Exam C

3.3 Practice Exam C
C1. Sketch a graph of each function:
a) f(z) = 4cosg c) f(x)=—2tanx e) f(x) = arctandx

b) f(z) = —; sine +1 ) f(z) = e 2 f) f(x) = iarcsinx

C2. Simplify each quantity, if possible (if the quantity does not exist, say so). If

the quantity exists but cannot be simplified, just draw a box around it and
move to the next question.

a) 3sin g ﬁ n) sin —37 4+ 7
o2
b) 3% h) Inb o) csct ST
2In6 —In4 ) 1 4
C) T i3 i) arcsinsin — p) 2tanarctan —4
d) In3+Inl2 j) log.01 q) log, 5°
In6 k) 46_2 In6 -
e) 4tan? % 1) 3ln%e° r) sin—lIne
f) cos il m) E arctan — s) cos? E
5 5 V3 6
C3. Solve each equation:
a) H(e”" +2) =27 d) 4sinz = —2

2
b) 4tanz — 7= —11 e) arctant = —

) 2lnzx—11=7 f) Tsecx —5=7

C4. For each given graph, write a rule for the function that has that graph:

=3e
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3.3. Practice Exam C

C5.

Ce.

C7.

C8.

C9.

C10.

Write each expression as a single logarithm:

a) 4lnzx +3Iny b) %logm+2

Simplify the following expressions using trig identities, if possible. If an ex-
pression cannot be simplified, draw a box around it and move on:

a) 1+sec’x c) 3—3sin’x

b) cot?4x + 1 d) sin?z + cos? 2x

Write the rule for a function of the form f(z) = a - b” that passes through the
points (0, —2) and (2, —8).

Diagram each of these functions (remember that the only trig functions al-
lowed in diagrams are sine, cosine and tangent, and the only exponential
and logarithmic functions allowed are natural exponentials and logarithms):

a) a(x) = rsn® b) b(z) =4xInz +3 ) c(x) =cotx

This picture shows how to interpret log; 13 in the context of graphs:

13

_—_4 - H
logs13

What is the rule for the function being graphed in this picture?

In each part of this problem you are given two functions. Circle the function
that is larger, when the input is very large:

D f@ =8/  glr) =897

b) flz) = éxi” g(z) = 1002%7
<) flz) =2 g(x) =2

d) F(z) = 100 2¢ g(z) = (2.01)7
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3.3. Practice Exam C

C11. Throughout this problem, let f(z) = 5 cos Zx + 2.

a) What is the minimum value of f?

b) What is the maximum value of f?

c) Write the equation(s) of any horizontal asymptote(s) of f, if any:
d) How many solutions does the equation f(z) = —1 have?

e) How many solutions does the equation f(z) = —4 have?

f) What is the period of f?
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3.4 Practice Exam D

D1. Simplify each quantity, if possible (if the quantity does not exist, say so). If
the quantity exists but cannot be simplified, just draw a box around it and
move to the next question.

_ 3 T
a) —2sin Tﬁ g) ((37) m) —2cot ~5
b) Incos0 h) tan T n) Inexp7

T N 0) 5csc? T
c) 8cos 3 i) arcsin —1 3

4In3 _

d) log, E j) In—3 p) e g

4 1 q) log 1000
e) log, 4i8 k) 4 arcsin 5 r) 5— arctan 1
f) log; = + Heten? 1) 41neé” s) logs(15 + 10)

D2. Solve each equation:

a) dsinz +2=17 d) 8arctanx + 5 = 23
1 1 1

b) 3 (31nx+4) = 1(711133— 1) e) 2(tanz — 1) = 5(tanz + 2)
1 1

Q) icosx—ﬁz() f) e* = -2

D3. For each given graph, write a rule for the function that has that graph:

: C)
D4. Sketch a graph of each function:
a) f(z) =1In(—x) d) f(z)=e" g) f(z) = arcsinz
b) f(x)=—-2" e) f(x)=sinz —6
¢) f(z) = —cos3mx f) f(z) =3In(zx —2)
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3.4. Practice Exam D

D5. Simplify the following expression using trig identities:

COST — secx
tan x

D6. Expand each expression using log rules:

a) log;;»4\/y b) Inebz=/3(y — 2)?

D7. Here is the graph of some unknown function f:

6-5-4-3/2> 123456

Use this graph to sketch a graph of each of these functions:

a) f(—x) a Lr (2
I ! (5)
) f(2z) e) —f(z+3)

D8. Classify each statement as true or false:

a) The function f(z) = ¢~ + 4 has a horizontal asymptote.
b) The period of f(x) = cosmx is 7.

¢) arctan is an odd function.

d) The function g(z) = —e™" is increasing (from left to right).

e) The range of f(z) = Inz is R, the set of all real numbers.
b}

f) The equation cosz = 1 has exactly one solution.

g) For any number z, 1 + sec? x = tan®z.

h) For any numbers a and b, In(ab) = Ina + Inb.
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3.4. Practice Exam D

i) The equation 4” = 19 has exactly one solution.

j) The maximum value obtained by f(x) = 4cos3(z — 2) is 4.

D9. a) Hereis a graph of e”:

Explain, by drawing a picture on this graph, how you would find In 6
using this graph.

b) Here is a picture of a right triangle:

Explain, by sketching a picture on this circle, how you would interpret

arctan = in the context of this right triangle.

D10. Throughout this problem, let i(x) = In(x — 5).

a) Write the equation(s) of any horizontal asymptote(s) of &, if any:
b) Write the equation(s) of any vertical asymptote(s) of A, if any:

¢) How many solutions does the equation h(z) = —2 have?

d) How many z-intercepts does h have?

e) How many y-intercepts does h have?

f) What is the domain of h?

g) Which is greater, ~(10) or h(20)?
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3.5 Solutions to Practice Exam A
Al. Sketch a graph of each function:

2 2
a) This is a sinusoidal graph with period 7" = Eﬂ = g = m; see below at left.

b) This is arctan, reflected across the z-axis; see above at right.
¢) This is In, reflected across the z-axis and then shifted up 2 units; see below at
left.

3 | 3427
d) This is a cosine graph, shifted right 3 units and up 4 units; see above at right.

e) The graph of tan x is shown below at left.

f) This is the exponential function, reflected across the z-axis and then shifted
down 3 units; see above at right.

A2. a) Thisisa flipped cosine graph which is shifted down one unit, so’ g(x) = —cosx —1 ‘

b) This is a log graph passing through (1, 0) and (6, 1), which is M.

¢) Thisis ‘ g(xz) = arcsinx ‘

2
A3. a) x:27mj:arccos—\2f: 27mj:—g = 27mj:%.
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3.5. Solutions to Practice Exam A

1
b) Take reciprocals of both sides of cscz = 0 to get sinz = o which DNE. Thus

there is | no solution |.
4
c) Inz = ¢! means z = = lexp(e?) |
d) arcsinxz = 1 means x = .
o) tans 3 means o — [ arctand]

f) First, isolate the exponential term: subtract 15 from both sides to get —2¢* =
—14; divide through by 2 to get e = 7; then x =|In 7|

g) Inz =0meansz = ¢ =[1]
a) (2e%)3e® = 23(e?)%e = 8ebe® = .
b) 3tan7 = 3(0) =[0].
2m _|_V3
5

C) sin —- = | —

d) —3cos S _ -3(0) =[0].

2
1 3 1< w) 1
e) —arcsin——=—(—= | =|—=|
s 2 s 3 3
f) arcsin 1+ 3arctan 1 7T+3<7T> o™
arcsin arctan1 = — — ) =|—1
2 4 4
3 2
g) 4005124(—\2[): —2V2|

h) 3—1n§=3—1ne*1=3—(—1):.
i) log —100 [DNE ]

.~ In50+1n2 In 100
) 30— m3 ~ W10 = logy 100 = 2]

k) (arcsinO) cos 377T = Ocos 377T =[0]

D Lo oL (2)2_ 1 (4) _|L
4 6 4\v3/) 4\3) |3]
m) [7arctan 2] can’t be simplified
In 2 _ 2
n) e"s .
0) tan g arctan 1 = (DNE)Z = .
p) 7°%7"?[DNE}
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3.5. Solutions to Practice Exam A

s 1 1
to = = —— =0}
D Oty = GnZ ~ DNE [9]

I') e3ln—1 — (_1)3 — .
s) log, 64 = .

A5. a) log; 92° = logs 9 + logg #° ={2 + 5logs x |.

b)
5y/ex?
In :ln5\/éx3—ln Yy
7 VY

=15+ Inv/e + Inz?] —Iny'/*

1/2

1
=In5+1Ine —|—3lna:—zlny

1 1
= 1n5—|—§—|—31nx—zlny.

Aé6.

sin x + cos(—z) cot & = sinx + cos z cot =
cosx

=sinx + cosx

S x

sinz  cos’x

= sinx— -
sinx sinx

sin2z  cos?zx

sin x sin x
sin? z + cos? x 1
= - = — =|csczx |
sin x sinx

A7. a) cos’x :.
b) Rewrite 3 4 2sec?z = 3+ 2(1+tan’z) =342+ 2tan?x = |5+ 2tan’z |,
c) Rewrite 4 — cot?w = 4 — (csc?w — 1) :.

A8. Plug in the points (0,12) and (4, 3) to f(z) = a - b to get

12 =a-®=a-1=a
4 =a-b®

From the first equation, @ = 12. Substitute into the other equation to get 4 = 12b3,

4 1 1 1\"
ie b= =3 ie. b= \3/; Therefore the function is| f(x) = 12 - (3 3) )

A9.
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3.5. Solutions to Practice Exam A

a) b)

5\‘ .8 '''''

4

3

9 arcsin .8

1 1

arctan—3
o s T rr\

et

-2

-3

-4

-5

A10. a) |z <5 3% pay| b) [z IR G(a) o |z =52 [y

All. To solve this problem, first graph k (start with e”, stretch vertically by a factor of 3
and then shift up 2 units). This gives you a graph like this:

v

X

Use the graph to address parts (a), (b), (c), (d) and (g) below:

a) The domain of k is , the set of all real numbers (this is the set of z-values
covered by the graph).

b) The range of k is| (2, 00) | (the set of y-values covered by the graph).

Q) is the HA of k.

d) There is (exponential functions do not have VAs).
e) Set k(x) = 11 and solve for x:

3e¥+2=11
3" =9
e? =3

v =|In3}
f) k(In5) =3e™5 +2=3(5) +2=[17].
g) As x goes from left to right, the graph of k .
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3.6 Solutions to Practice Exam B

3 2
Bl. a) z = 2wn+arcsin BB 2mn+m—arcsin - = 2mn + E, 2mn +m — Tl= 2mn + E, 2mn + nill

3 3 3
b) z=c?]

c) Divide through by 3 to get arcsinz = E, S0z = sin — =

3
d) o =[In37]

e) Multiply by v/3 to get cot = = /3; take reciprocals to get tan x =

V3
ot

. Therefore

Sl

1 T
T = mn + arctan =|m™m+ = |
<\/§) 6

2 2
f) Divide by 3 to get cosxz = 3" Thus x = | 2mn + arccos 3

B2. a) Thisis a sine graph shifted right by g and stretched vertically by a factor of 3;
see below at left.

x

1
b) This is an exponential function compressed vertically by a factor of 3 and
shifted up 4; see above at right.

¢) This is In, shifted left 5 units and then reflected across the y-axis; see below at
left.

d) This is a tangent graph, stretched horizontally so that its period is T" = % =
Z= 8m; thus its VA are x = +4m. This graph is shown above at right.

OO\»—t‘
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3.6. Solutions to Practice Exam B

e) This an exponential decay graph going through (0, 1) and (1, %) ; see below at
left.

1

f) This is a cosine graph, flipped across the z-axis, stretched by a factor of 2 and
shifted up 2 units; see above at right.

g) This is the graph of arcsin, reflected across the y-axis; see below at left.

h) This is a logarithmic graph with VA z = 0, passing through (1,0) and (6, 1); see

above at right.
1
i) This is the graph of arctan, stretched vertically so that its VA are y = +=— - g =
T
1
j:§, as shown below:
________ 1
2 7 )
S '
2
B3. a) sing =[1] 7l
57 1 f) 3arcsin0 = 3(0) =
8
e —
—In2 1 h)iszes 3:‘
9 22— logg2=| | ;
v 2 i) logg 8% =|3|by a cancellation law.

d) eSinO:eO:. . 1 1\3 1
1 ]) exp 31115 = g = 277.

e) SGCI = - = —= = =
4 cos @ V2 k) 10g39+1:2+1:.
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3.6. Solutions to Practice Exam B

2m
1) 8arctan\/§:8<§> = 8% q) tan?: V3|
m) |In(e® + 1) | cannot be simplified. I &5 — 6l el — <1>:3
r) 6lnve=6Ine 6 i 51

4 4
n) 8arcsin 3 since 3 > 1.

1
0) ln(). S) 610g648 =6 (2> :.

3m \/i
8Y qi — — In 27
p) In(e®)sin 1 8( 5 ) 42|, t) 3 = logs 27 = .

B4. a) This is a cosine graph, horizontally stretched so that its period is 32 (you can

2
tell this since 1 of the period is 8, so the period is 8 - 4). Therefore Eﬂ = 32 s0

32B =2mso B = 116 This makes the function | g(x) = cos %x )

b) This is a natural log graph, reflected across the y-axis. Thus ’ g(x) =In(—x) ‘

c) Thisis asine graph shifted up 4 units and stretched by a factor of 2, so ’ g(x) =2sinx + 4|

3
B5. a) 3In2z —Iny =In(20)° —Iny = 8% — Iny = | In oo |

Y
2
b) ln5+?1nw:1n5+lnw2/7:.
B6. a) 3lnbx=3(In5+1Inx)=|3(Inb5+a)|

1
b) 1na:7\3/g]: Inz” +lny1/3 =T7lnz+ glny =|Ta+ -b|

Q) lngzlnl‘—lny:.

Inzx
d) 1 =" ==
) log, ny

e) z=|c"]
1 —cos?zx sin? z -
B7. = =|sinx|

sin sinz
B8. a) f(z)=3" g(x) = 80100 . 27
Reason: 3" has a larger base than 2%, for any constant c.
b) f(z) = 472" glx) =17
Reason: 472 = 8% has a larger base than 7*.
0) flx) =377 glx) =277
1\* 1\®
Reason: 27% = (2> has a larger base than 37 = (3) .
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3.6. Solutions to Practice Exam B

d) f(a) = 22024 o) = (3)
Reason: exponential functions with base greater than 1 grow faster than poly-
nomials.

B9. We sketch a graph of g by stretching vertically by a factor of 2 and shifting down 1
unit. This gives the following graph:

which is useful in parts (a), (b) and (c).

a) The minimum value of g is .
b) The domain of g is , since the graph of g covers all values of x.

c) ghas since sinusoidal graphs do not have HA.
d) To find the z-intercepts of g, set g(x) = 0 and solve for z:

0=2sinx —1
—1 =2sinx
—5 = Ssimx

1
T = 27n + arcsin 5 2mn + m — arcsin 5

:1;:27rn—%,27rn—i—7r—i—E

6
T = 27Tn—%,27rn+%r.
e) f(%>—2 in31—1—2(—1)—1—
5 ) = 2sin = = .
2 5
f i. l=-+1=|-|
) Lyl +l=g+1=|7
ii. Wewhatg(z+1)is.
2
iii. By periodicity, g(z + 27) = g(z) = 3
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3.7 Solutions to Practice Exam C

2
Cl. a) This is a cosine graph stretched horizontally so that its period is 1" = Eﬂ =

2
" _ 97 .8 = 167 and stretched vertically by a factor of 4; see below at left.

OO\»—A‘

1
b) This is a sine function compressed vertically by a factor of oY reflected across
the z-axis, and shifted up 1; see above at right.

c) This is a tangent graph, reflected across the x-axis and stretched by a factor of
2 vertically (you won't be able to see this stretching much on the graph); see
below at left.

NS

2

d) This is an exponential graph, shifted right 2 units so that the point (0, 1) gets
moved to (2, 1). This graph is shown above at right.

e) This is the graph of arctan, compressed horizontally by a factor of 4. You won't
see this stretching much on the graph, which is shown below at left.

f) This is the graph of arcsin, compressed vertically by a factor of 4. This graph is
shown above at right.

C2. a) |3sin g cannot be reasonably simplified
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3.7. Solutions to Practice Exam C

b) 3°87 = | 7|by a cancellation law.

2In6—1In4 In6?>—In4  In3f In9 1 1 1
= = = =——log39=—-(2)=|—2|
—4In3 —4In3 —4In3 —4In3 4 4 2
In3+Inl12 In36
9 In6 In 6 08 30
e) 4tan> g = 4(V3)? =4(3) =[12]
f) | cos % cannot be reasonably simplified.

h) cannot be reasonably simplified.

. | 1
i) arcsinsin — =|—

5 5
j) log.01 =log 1072 = .

1 1
k) 4e 20 = 4(67 :4(): —|

p) 2tanarctan —4 = 2(—4) = .

q) logs 58 = by a cancellation law.

2 2
r) sin%lne: ({) (1) = ng .
s) cos? © = V3 2— 3
6 \2/) |4]
.. 27 17
C3. a) Divide through by 5 to get e” + 2 = = then subtract 2 to get e* = = Thus
xr = lnH
=|In—=|

b) Add 7tobothsides to get 4tanz = —4; divide both sidesby 4 to get tanx = —1;

therefore z = mn + arctan —1 =|7n + Z .
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3.7. Solutions to Practice Exam C

c) Add 11 to both sides to get 2Inz = 18; divide through by 2 to get Inz = 9;
therefore z = .

1 1
d) Divide through by 4 to get sinz = —5 therefore x = 27n + arcsin —5 2mn +

T — arcsin —— = 27m—%,27m+7r+% = 27m—%,27m+%.

=|tan= |,
e) x an3

12
f) Add 5 to both sides to get 7secx = 12; then secx = - SO COST = 1—72 Thus

7
x = |27n £ arccos 3 which cannot be simplified further.

C4. a) This is an exponential function, reflected across the z-axis and stretched by a

factor of 3, soitis|g(z) = —3e”|.

b) This is a logarithmic function with base 7, reflected across the z-axis to give

‘ h(z) = —log, x ‘

¢) This is a cosine graph, shifted right by 5 and compressed vertically by a factor

1
of 3 to give | k(z) = B cos(x — 5) |

C5. a) 4lnz+3lny=Inz*+Iny’ =|Inz*y?|

b) gloga: + 2 =log 23 4 log 10? =|log 1002/2 |,

C6. a) cannot be simplified.
b) cot?4x +1 = .
c) 3—3sin?x =3(1 —sinz) = .

d) ‘ sin® x + cos? 2z ‘ cannot be simplified.

C7. Plug in the given pointsto get =2 =a -8’ = a -1 = a and —8 = a - b%. From the first
equation, a = —2. Substitute into the second equation to get —8 = —2b%, i.e. b* = 4
and since b has to be positive, b = V4 = 2. Thus the function is ‘ flx)=—-2.2°7 ‘

C8. a) a(w) = 2°n% = Sn¥In® g0 this diagrams as = & > P a(z) |
o
RS > —- e
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Ccos
Ccos T .1 / :
) c¢(r) = cotx = —— so this diagrams as % > c(z) .
sinx

Note: tan is not an elementary function, so it isn’t allowed in a diagram.

C9. The function being graphed is M
C10.  a) f(x) =8V g(x) =8Jx
Reason: f has a larger exponent (3 > 1).
1 .
b) flx) = gxs g(x) = 100227
Reason: f has a larger exponent (3 > 2.75).
0) f(@) =2 g(x) =2
Reason: exponential functions with base > 1 are larger than polynomials when
x is large.
d) f(z) =100 27 g(x) = (2.01)7

Reason: g has a greater base than f.

C11. Start by graphing f (it is a cosine graph, shifted up 2 and stretched by a factor of 5,

2 2 4
and stretched horizontally so that its period is 7' = fﬂ = Tﬂ =21-—=8&
1 s
.1‘
h
5 6 X
|
-2 |
a) The minimum value of fis2 —5 = .
b) The maximum value of fis2+5 = .
¢) f issinusoidal, so it has .
d) f(z) = —1 has ‘infinitely many‘ solutions, since the graph will pass through
y = —1 infinitely many times (due to periodicity).
e) The equation f(z) = —4 has , since the graph never crosses the

horizontal line y = —4.
f) As computed earlier, the period of f is[8].
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3.8 Solutions to Practice Exam D

D1.

D2.

4 2
b) IncosO =1In1l :@.

1

C) 8608% =38 (2) :.

1 .1
d) logsy 1= (since 27“ = Z)
e) |log, 48 | cannot be simplified.

1
f) log7§ +5etm0 = 1 450 = —145=[4]

3
g) (e7> Y i

h) tang =[1]

i) arcsin—1 = —arcsinl =| —

j) In—3[DNE]
k) Zlamcsinl =4 <7T) =|—|
2 6

1) 4lne” = 4(7) =[28].

m) —2cot—7r——2< 1ﬂ>——2 1) 2]
6 tang ﬁ

n) Inexp7 =|7]|by a cancellation law.

9 2
s-s(aty) o () () <) B
0) 5csc 3_5<Sing> —5(\/5) =5 7 =5 5 =5t

2

p) etd —5=3" _5=81-5=[76]
q) log 1000 = [3](since 10° = 1000).

a) —2sin —* = 2 <ﬂ> —|—v2|

NN

r) 5 —arctanl = 5—%.

s) logs(15 + 10) = log; 25 =[2].
a) Subtract 2 from both sides to get 4sinz = 5; then divide both sides by 4 to get

5 . 5 . . :
sinx = T Since 1 > 1, this equation has .

3 1 7 1
b) First, distribute on both sides to get 3 Inx + 3= 1 Inx — T Then, clear the

fractions by multiplying everything through by 8 to get 12Inz+1 = 14Inz —2.

Combine like terms to get 3 = 2In z; so 3= Inzsox=e¥?|
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D3.

DA4.

c) Add % to both sides to get % cosx = % ; multiply both sides by 2 to get cosz =1

sox = 2mn arccosl = |2 £ 0|=|27n |
d) Subtract 5 from both sides to get 8 arctan = 16; divide both sides by 8 to get

arctanx = 2,so0x = .

e) Distribute on both sides to get 2 tan x —2 = 5 tan 2 4+ 10. Combine like terms on
each side to get —3tanx = 12; divide through by —3 to get tanz = —4. Thus
T = ‘ mn + arctan —4 ‘ = ‘ mn — arctan4 ‘

f) Since e* = —2, it must be that = In(—2), which | DNE|. This equation has no
solution.

a) This is arctan, reflected across the z-axis, so ’ a(x) = —arctanz ‘

b) This is a tangent graph, stretched horizontally so that its period is 27 — (—27) =

1 1
4,50 T = % =4n,50 B = T This makes the rule | b(x) = tan Vs

¢) This is an exponential function with HA y = 2, so it is shifted up 2 units. Thus

the point (1, %9) on the graph must have been shifted up from (1, %9 —-2) =

(1, g), so the base of the exponential function is % This makes the rule of the

function | ¢(z) = (2) +2|

a) This is the graph of In z, reflected across the y-axis so that its VA is still z = 0
but that it now passes through (—1,0). This graph is shown below at left.

b) This is the graph of 27, reflected across the z-axis so that its HA is still y = 0
and that it passes through (0, —1) and (1, —2). This is the graph shown below
at right.

) v

2
c) This is a cosine graph compressed horizontally so that its period is T = EW =

2 2

3—7T =3 and reflected across the z-axis. This makes the graph shown below at
us

left.
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d) Reflect the graph of the exponential function across the y-axis, as shown below
at right.

1\,‘ N ] \
W/ \

e) This is the graph of sin z, shifted down 6 units; the graph is below at left.

f) This is a log graph, shifted right 2 units (so that its VA is + = 2 and the graph
passes through (3,0)) and stretched by a factor of 3 vertically (you won't see
the stretch much). This produces the graph shown below in the center.

v
X

g) The graph of arcsin x is shown below at right.

v

SN
i
N
I
=
N
)

Db.

1
COST — SecxT COST — cosz

sinx
cos T

tan

This is a compound fraction, so you multiply through the top and bottom of the big
fraction by the small denominator cos z to get

1

(cosm — COSI) COST  (cos?2x—1 sinlzx -
: — : = = =|—sinz|
sinz sin sin T
(Cosm) Ccos T

1
D6.  a) log s 4y =logy/p4 +10g) /5 \/y = —2+1log; ), Y2 =| -2+ 3 logy /oy |

4
b) Inebz=43(y —2)2 =IneS +Inaz 43 +In(y—2)2 =6 — —lnz+2In(y — 2)|
Y 3

D7.  a) Reflect the given graph across the y-axis to get the graph shown below at left.
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3.8. Solutions to Practice Exam D

b) Reflect the given graph across the z-axis to get the graph shown below in the
center.

c) Compress the graph horizontally by a factor of 2, freezing the y-intercept (0, —1),
to get the graph shown below at right.

123456

d) First stretch the graph horizontally by a factor of 3, then compress it vertically
by a factor of % to get the graph shown below at left.

“~NWOrOO

-10.9-8-7-6-5-4-3-2-1 12
-2
-3
-4
-5
-6

e) Shift the graph left 3 units, then reflect it across the z-axis to get the graph
shown below at right: — f(x + 3)

D8. a) |TRUE | (exponential graphs have HAs).

b) [FALSE | (the period is T' = %” _ 2T g,
T
¢) |TRUE| (arctan(—x) = — arctan z).

d) | TRUE | (to graph this, reflect e* across both axes).
e) | TRUE | (if you graph In, it covers every y-value eventually).

) )
f) | FALSE |(cosx = 1 has no solution since 1 > 1).

g) |FALSE | (1 + tan? z = sec? z, not the other way around).

h) | TRUE | (logarithms convert x to +).
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3.8. Solutions to Practice Exam D
i) | TRUE | (the graph of 4% hits y = 19 in one point).

j) | TRUE | (this function is stretched vertically by a factor of 4 and not shifted up

or down).

b) 2

2
arctan —
S

D9. a)

In6 *

D10. First, graph this function (it is the graph of In z, shifted right 5 units):

»1.

Use this graph to answer the questions:

a) h, being a log graph, has .
b) [z =5]isa VA of h.

c) h(x) =—2has solution since the graph of 4 hits the horizontal line y = —2
once.

d) hhas|1]z-int (at (6,0)).
e) hhas since the graph never crosses the y-axis.

f) The domain of his | (5,00) |, the set of z-values covered by the graph.
g) | h(20) |is greater since the graph of h increases from left to right.
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