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Chapter 1

Algebra / Precalculus Review

1.1 Exponent rules

Here is a list of exponent rules you should be familiar with. In calculus, we use
these exponent rules to rewrite a given expression in a way that makes it easier to
perform calculus operations on the expression.

Theorem 1.1 (Exponent rules I) Let z, a,band n be numbers, where x # 0. Then:

.’L’a$b — .’L’(H_b
7@

_ _.a—b
o
z9=1

—a _ 1
=g
(l.a)b _ :L.ab

Yz = 2V (in particular, \/z = 2'/?)

g™/ = {fxm = (/)" (this last way of writing ™™ is most useful)




1.1. Exponent rules

EXAMPLE 1
Compute each quantity:

1. 64%/3
Solution: 64%/° = ( y 64) 2 =42 =16

22 , 11
Solution: 273 = 5 = |5t
3. 47 1 1 1 1
Solution: 47°/% = PRI w3
EXAMPLE 2

Simplify each expression as much as possible and write the answer so that it has
no radical signs (i.e. no V or ¢/, etc.) or fractions with xs in the denominators
(meaning that the answer should look like Olz"):

1. 3ztx—2(2?)3

Solution: 3z*z=2(x3)? = 3xtr 22" = 3247249 = 321,

1
2. s
) 1 —
Solution: —=[z""}
x
2 2
3. =
xr

. 222
Solution: —— = 22>+ =[2272]

4 VT
Solution: \/x = |z*/?|.
4
5 —
Va©

4 4 —
. _ _ —7/2
Solutzon. \/17 - 1,7/2 - '



1.1. Exponent rules

EXAMPLE 3
Simplify each expression as much as possible, and write the answer so that it has
no radical signs or fractions with zs in the denominators:

1. (x> B
3
-3 -3 -3
Solution: (g) = % = a:T = .
2 xQ\/7
. 2

2 TV TTVE T v VB

3 (2z)324

ST
Solution: (2x)%2* 2828z 8T |1 4
©o(4x)2 0 4222 1622 Tl

4. 2°3/2(22)?
Solution: 1°¢/2(22)? = 13/2(22)(22) = /327 = YRVa? =| 2223 |

Remark on existence of square roots: \/z DNE if z < 0, and /= means only

the nonnegative square root of z, i.e. v/25 = 5, not +5. This is so that the
process of taking a square root is a function (later).

Remark on simplifying square roots: For any positive number z,

(va) ==

But, if you do the square root and the squaring in the other order, the opera-
tions don’t cancel:
Va2 =

In general, if n is even then {/z" = |z|, but if n is odd, then /2" = .




1.2. Functions

WARNING: In general,

(z+y)"#2"+y*  and (. —y)" # 2" —y"

As a special case of this, when a = —1 we see that
1 1 1 A A A
-+ - and —+ —.
rty Yy rt+y T oy

1.2 Functions

Definition 1.2 Let A and B be sets. A function f from A to B is a procedure that
assigns to each element of A (i.e. to each input) at most one element of B (i.e. an
output).

We denote such a function by writing “f : A — B”. The set A of inputs is called the
domain of f. The set of outputs of the function is called the range of f.

In MATH 220, we study functions where:

¢ the domain is R, the set of real numbers (sometimes the domain is a subset
of R like an interval), and

¢ the outputs are also real numbers.

Such a function f is often denoted by writing “f : R — R”.
By hand, this looks like

As a first example, let f be the function R — R which takes the input, squares it,
and then adds 3 to produce the output.

To describe this function f, we could take some example inputs and see what
the outputs are, arranging the results in a table:



1.2. Functions

INPUT | OUTPUT

Rather than continuing to list inputs and outputs like this, it is easier to take a
generic input (something we call « and figure out what the generic output is. This
output is called f(x). Writing down a formula for f(z) in terms of z is sufficient to
describe any function f : R — R; such a formula is called a rule for the function.

In our example above, we can describe the function by writing

f(z) = 2%+ 3.

Definition 1.3 Let f : A — B and let v € A. We write the output associated to
input x as f(z); this is pronounced “f of x”. A formula for f(zx) in terms of x is
called a rule for the function.

How we use the rule for a function: Think of the x as a placeholder which
represents where the input goes. Given a rule for f, you take whatever input you
are given and replace all the zs in the rule with that input.



1.2. Functions

EXAMPLE 1

Let f(z) = 22* + 2. Compute and simplify the following expressions:

1.

10.

f(2)

Solution: f(2) =2-22+2=2-4+2=[10].
f(=1)

f(@) + f(3)

f(trumpet)

f(hamburger)

Solution: f(hamburger) =|2(hamburger) + hamburger |.

f(2z)
Solution: f(2x) = 2(2z)? + (2x) = 2(422) + 2o = | 82> + 2z |

flz —1)

flz) = f(1)
flz+h)
Solution: Fx+h)=2(x+h)?+ (z+h)
=2(2* +2zh + h*) +x+h
—|24% + deh +20° +x + b
flz+3)— [flx)
3

10



1.2. Functions

WARNING: All your life you have been told that parenthesis means multipli-
cation, i.e.
32)=6 or a(b+c)=ab+ac.

If f is a function, the parenthesis in the definition of f(z) do not mean mul-
tiplication. In particular, f(z) does not mean f times x, and f(a + b) is not the
same thing as f(a) + f(b) (in general).

f(x) means, literally, this:
“the output of function f when z is the input”.

and is better understood through the diagram

The graph of a function [ : R —+ R

Earlier, we saw the following table of values for the function whose rule is f(z) =
z? + 3

INPUT | OUTPUT B 71 A
T f(x)
6L
-2 7
!
-1 4 o 4t °
0 3 3
1 4 2
2 7 I
2 1 1 2

Turning each of the inputs and outputs to the function into an ordered pair and
plotting all these points produces a picture called the graph of the function. Note
that since every input has at most one output, functions from R to R must pass the
Vertical Line Test (i.e. every vertical line must hit the graph in at most one point).

11



1.2. Functions

Operations on functions

Definition 1.4 Let f and g be functions from R to R and let c be a constant. Then,
the functions f + g, f — g, fg, cf, 5 and f o g are defined by

f+9)(@) = f(x) +g(z)
)

[ o g is called the composition of f and g.

EXAMPLE 2
Suppose f(x) =z + 2 and g(z) = z*. Compute a rule for each given function:
L (f+9)(z)
Solution: (f + g)(z) = f(z) + glx) = |z + 2+ 2°|
2. (f9)(x)
Solution: (fg)(x) = f(x)g(x) =|(z + 2)2*|
3. (29)(4)
Solution: (2g)(4) = 2g(4) = 2(4%) = 2- 16 =[32]
4 (f—9)3)
Solution: (f — g)(3) = f(3) — g(3) = (3+2) — (3%) =[—4].
5. (fog)(z)
6. (go f)(x)
7. (fof)()

12



1.2. Functions

EXAMPLE 3
Given each function F', write F' = f o g where f and g are “easy” functions.

If you are familiar with diagramming functions, this means we want to identify
functions f and g so that F' diagrams as

a:i>i>F(x)

5. F(z) = 5cos(e” + 2z — 1)

Solution: f(x) =5cosz; g(x) = €* + 2z — 1
6. F(x) = (3z — 2)"?

Solution: f(z) = z'% g(z) = 3z — 2

Piecewise-defined functions

Consider the function
l—2 z<-1

ro={ 'Rt I

This means that to evaluate f at a number z, you look at which inequality x sat-
isfies, then apply the corresponding formula. So a table of values for this f looks
like

and so the graph of f looks like

13



1.2. Functions

EXAMPLE 4
Graph this function:
T #£2
6
5
4
3
2
1
4-3-2-1] 123 4
-2

flz) =2 flz) =a? flz) =2’
3 3 3
2 2 2
1 1 1
3 -2 -1 T2 3 73 -2 -1 T2 3 3 2 - T2 3

14



1.2. Functions

fw) =1 f(@) = Jal
3 3
2| 2|
1 1
2 1 12 3 3 2 1 12 3
-1 -1
2| -2
a -3
f(z) =e" f(z)=Inz
3
2
3
;
2 3 -2 -1 7 2 3
-1
)
3 2 1 ‘ 1 2 3 -3
f(z) =sinx f(x) =cosx

Transformations on functions

It is useful to know how the graph of a function changes if you alter the rule of the
function a little bit. Suppose you know the graph of function f. Then:

Altered versio.n-of function f Corresponding transformation on the graph
(all cs are positive numbers)

f(z) +c graph shifts up c units

flz)—c graph shifts down ¢ units

flx+c) graph shifts left c units

flz—c¢) graph shifts right c units

cf(x) graph stretched vertically by factor of c

(taller if ¢ > 1, shorterif 0 < ¢ < 1)
f(—x) graph reflected through y-axis
—f(x) graph reflected through z-axis

15



1.3. Lines

1.3 Lines

By far the most important class of functions are lines. Reasons:
1. Linear equations model a large class of real-world problems
2. Linear equations are relatively easy to work with.

3. You can often approximate the solution to hard problems (using calculus
techniques) by considering something related to a linear equation.

QUESTION
What “determines” a line? That is, what makes one line different from another
one?

1.

Definition 1.5 The slope of a line is the ratio of the rise of the line to its run, i.e. for
any two points on the line (x1,y1) and (2, y2), the slope of the line is given by

rise  Aoutput Ay  ys— 1
m = = " == = .
run A input Ax 19— 1

If m > 0, then the line goes up
from left to right. In this case,
the greater m is, the steeper m DNE
the line is. m=1

If m = 1, the line goes up at a
45° angle. 0O<m<1

If m = 0, the line is horizontal. ——

If m < 0, then the line goes down =~ ———7 "~ /| \ e
from left to right. In this case,
the more negative m is, the
steeper the line is.

-1<m<0

If m = —1, the line goes down at a m=-
45° angle.

Vertical lines have undefined slope.

16



1.3. Lines

EXAMPLE 1
Find the slope of the line passing through the points (2, —5) and (4, 11).

. — 11— (=5 16
Solution: m = 22— YL — (=9) =3 =[8]

To — X1 4 —2

Given the slope m of a line, and a point (z¢,yy) on the line, one can write the
equation of the line as follows:

Definition 1.6 The point-slope formula of a line with slope m passing through
(2o, Yo) i
Y = Yo+ m(x — o).

You may be familiar with the “slope-intercept” formula y = ma + b for a line. The
point-slope formula
y = yo + m(z — xo)

is equivalent, because it can be rewritten as

It is extremely useful to know the point-slope formula, because it is easier than
the y = ma + b formula to apply in calculus.

EXAMPLE 2
Write the equation of the line passing through (2, —5) and (6, —7).

EXAMPLE 3

2
Write the equation of the line passing through (—3, —2) with slope v

NOTE: Vertical lines do not have a slope, so their equation cannot be written using
the point-slope formula. The equation of a vertical line is + = h, where h is a
constant. For example, the vertical line passing through (6, —5) is v = 6.

17



1.4. Trigonometry

1.4 Trigonometry

Classically, trigonometry is the study of measurements on triangles. Modern trigonom-
etry concerns itself with three main problems:

1. converting between measurements of rotation/angle to measurements of length /distance
(via the definition of the trig functions);

2. determining lengths and angles in diagrams via auxiliary measurements (via
the Laws of Sines and Cosines; SOHCAHTOA; etc.)

3. analyzing oscillating behavior (via trig graphs).

To approach these problems we use the six trigonometric functions:

Definition 1.7 (Unit circle definition of the trig functions) Let t be a real num-
ber, or an angle in radians. Draw angle t in standard position and let (x,y) be the
point on the unit circle 2* + y* = 1 at angle t. Define

. 1 1
L smt:y ® csct=—=—
y sint
1 1
e cost=u e sect=— =
T  cost
y  sint x 1 cost
o tant = slope = = = e cott="== = =
T  cost y tant  sint
tan t = slope
1 K
( (x,y)=(cos t, sin t)
1 sin t
b
cos t 1

18



1.4. Trigonometry

Definition 1.8 (Triangle definition of the trig functions) Consider a right trian-
gle with one angle measuring t, labelled as below:

X

Then we define the sine, cosine, tangent, cosecant, secant and cotangent furnc-
tions of t by

o siny— OPpOsite _y o oot — Wpotenuse

hypotenuse opposite Yy

. ; adjacent x S hypotenuse ~ r

cost = ———— = — sect = 2 — _

hypotenuse  r adjacent x
- opposite Y S adjacent oz
adjacent  x opposite vy

The two definitions of the trig functions are the same, so long as the angle ¢ is
measured in radians. (This is one of the many reasons why mathematicians prefer
radians to degrees.) The advantage of the unit circle method is that it allows you

. . . o T
to evaluate trig functions at angles measuring less than 0 or more than 90° = 5

Notice that we can determine the signs of the six trig functions by looking at the
signs of x and y, i.e. looking at the quadrant the angle ¢ lies in:

Quadrant II (x<0, y>0) [ Quadrant I (x>0, y>0)

S | A

Sin 6 and csc 0 > 0 All trig functions
(others negative) positive
Quadrant III (x<0, y<0)

T

Tan 0 and cot 0 > 0
(others negative)

Either way you choose to define the trig functions, it is straightforward to deduce
the following relationships:

19



1.4. Trigonometry

Theorem 1.9 (Trigonometric identites) The following identities hold for all x:

¢ Quotient identities:

sin x CcoS T

tanx = cotr = —

CoS T sin x

* Reciprocal identities:
1 1
cotx = secr = CSCT = —
tanx COS T sin x
* Pythagorean identities:
sin?z + cos?z = 1 14 cot’z =cscz 1+ tan’z = sec’z
e Odd-even identities:
sin(—z) = —sinz cos(—x) = cosx tan(—z) = —tanx

Using these identities and the “All Scholars Take Calculus” rules, you can find the
values of other trig functions if you are given the value of one trig function, and
the sign of a second trig function:

EXAMPLE 1

4
Find sec 6, if sin 6 = = and tan 6 < 0.

20



1.4. Trigonometry

Trig functions of special angles

: . . . . T w
You are responsible for computing any trig function at any multiple of — or 1
radians; virtually all problems in this course will use radians rather than degrees.

You should especially know the following values of sine, cosine and tangent:

. 0 T T T ™ 3T
6 4 3 9 i 2
z in degrees 0° 30° 45° 60° 90° 180° 270°
1 2
sin 0 1] v2 | V3 1 0 _1
2 2 2
COS T 1 @ @ 1 0 -1 0
2 2 2
1
tanx 0 — 1 3 DNE 0 DNE
7 V3
EXAMPLE 2

Compute each quantity (note that these are trig functions of “quadrantal angles”,
meaning the angle is a multiple of g):

1. secB—W 3. tan 3w
2
.o
2. Y 4. cos(—m)

21



1.4. Trigonometry

EXAMPLE 3
Compute each quantity (note that these are not trig functions of quadrantal angles,

meaning the angle is not a multiple of g):

7T
4. tan —
an —

. . T Vs
Solution: the reference angle is —; tan — = 1.

4 4

_TW is in Quadrant IV, so tan _TW < 0.

Altogether, the answer is .

T
5. —
coS 3
1
Solution: the reference angle is g ; cosg =5
2 2
?ﬂ =2 % = 2-60° = 120° is in Quadrant II, so cos ?ﬁ < 0.

Altogether, the answer is| —— |.

22



1.4. Trigonometry

A7
6. tan —
an3

Solution: the reference angle is g; tang = V3.

4 4
?ﬂ =4- % = 4-60° = 240° is in Quadrant III, so tan ?ﬂ < 0.

Altogether, the answer is | —V/3 .

Inverse trigonometric functions

Definition 1.10 The arctangent (a.k.a. inverse tangent) function is the function
arctan : R — R defined by

arctanx = an angle (in radians) between %ﬂ and g, whose tangent is x.

arctan x

N T
EXAMPLE: arctan1 = , because tan i 1.

Definition 1.11 The arcsine (a.k.a. inverse sine) function is the function arcsin :
[—1,1] — R defined by

a . o —T ™ . .
arcsinz = an angle (in radians) between on and 5 whose sine is x.

arcsin x

. T .
EXAMPLE: arcsin ? = , because sin 3 = §

Notation: arctan x is sometimes written as tan~! z, and arcsin x is sometimes writ-
ten as sin~! 2. That said, I dislike this notation.

23



1.4. Trigonometry

Graphs of arctangent and arcsine:

f(x) = arctanx f(x) = arcsinz

Theorem 1.12 (Properties of arctangent and arcsin) These hold for all real num-
bers x,y:

* arctan(—z) = — arctan x and arcsin(—z) = — arcsin x.

® y=arctanz <= x = tany

® y=arcsinx <= x =siny

We will discuss inverse trig functions further in Chapter 6.

24



1.5. Homework exercises

1.5 Homework exercises

Exercises from Section 1.1

1. Evaluate each expression:

a) 472 b) 1441/ c) 275/3 d ( 1 ) —3/2
4
2. Write each expression in the form [z, where each of the two squares repre-
sent constants:

a) 3v/x <) _sx e) 8,/(2z)*
b) o 4) o H VT

3. Write each expression in the form [Jz", where each of the two squares repre-
sent constants:

a) —= Q) /—322° e) (3z)%z?
\a q 5 (32)?
b) vt ) Vet D Teas

4. Write each expression in the form [Oz", where each of the two squares repre-
sent constants:

a) 4;3\3/5 b) (:E2>5/2 Q) 6\3/F

223

Exercises from Section 1.2

5. Let f(z) = 2* — 3 and let g(z) = 3 — . Compute and simplify:

a) f(—4) e) (fog)(2) i) \/g(1)

b) g(-2) f) (f o f)(0) i) 9(/x)

o (f—9)() g) g(bulldog) k) (f+9g)(xz+1)
d) (fg)(4) h) g(z +3) ) (fg)(22)

25



1.5. Homework exercises

10.

11.

12.

Let h(z) = 2 + 2*. Compute and simplify:
a) \/h(y/z) c) h(z)— h(1) e) 4h(2x)
b) h(z —1) d) h(z)—1 f) h(z?+1)
Let f(z) = 2*. Compute and simplify ot hl)z - f(x)
. Let f(x) = 2% — . Compute and simplify {1H2=/1),
. Let f(z) =  + 2. Compute and simplify f(x)—{(t)
T —

Let f(x) = {;ii; iii Evaluate f(—1), £(0), f(1) and f(2).

Sketch the graph of each function:

LIRS PR FON e

The graphs of unknown functions f and g are given below:

Use these graphs to estimate answers to the following questions:

a) Compute f(—2) g) Find all value(s) of z (if any)
b) Compute g(3). such that f(z) = g(z).

c) Compute g(—3). h) Find all value(s) of z (if any) for
d) Compute (f + g)(—1). which f(z) = —1.

e) Compute (f o g)(3). i) Find all value(s) of x (if any) for
f) Compute (fg)(1). which g(x) = 0.

26



1.5. Homework exercises

13.

14.

15.

16.

Suppose the graph at right is the pic- ibor
ture of a function where the output of %
the function is a company’s profit (in &0

millions of dollars), and the input is
the price at which the company sells
its product. At (roughly) what price
should the company sell its product,
if its goal is to make as much money
as possible? How much profit will be
made at this price?

price

Determine which one or ones of the following pictures (a)-(d) depict situa-
tions where y is a function of x.

a) Q b) L <) d)

7
%

Suppose y = f(x) is a function whose graph is:

Sketch the graphs of the following functions:

a) y = f(r+5) o) y=f(—x) e)y=flz—2)+1
b) y=f(z) -5 d) y=—f(z)+5 f) y=—f(-x)

Sketch the graphs of the following functions:

a) y =2sinx d y=e"* g) y=—|z|]+2
b) y=(r—-3)2+1 e) y = cos(—x) h) y:—l
x
) y=—Inx f)y=—(z+2)3 i)y=—(x+2)2—4

27



1.5. Homework exercises

Exercises from Section 1.3

17. Estimate the slope of each of the following lines by looking at its graph (as-
sume the scales on the z- and y-axes are the same):

a) b) | <) d) e)

h | /

|
- 1>

18. Find the slope of the line passing through these pairs of points:

a) (3,—4)and (5,2) d) (2,7)and (2,-1)
b) ( L g) and (‘43 é) o) (z, f(z)) and (x + h, f(x + h))
¢) (a,b)and (a+ s,b+r) f) (—1,4) and (5, —8)

19. Find the equation of the line with each set of properties:
3
a) passes through (0, 3) and has slope 2

b) passes through the origin; m = 3

¢) passes through (2,1) and (0, —3)
d) passes through —2);m=4

e) passes through (2, ) and is vertical

(=3
(2,6
f) passes through (—4,2) and is horizontal
g) passes through (5,1) and (5, 8)
(=

h) passes through (—7,3) and (2, —5)

Exercises from Section 1.4

b}
20. Suppose sinz = e Assuming the values of the other five trig functions of =

are positive, find them.

21. Suppose cosz = 275 If tanx < 0, find the values of the other five trig func-

tions of z.
5
22. Suppose cscx = 5 What is sin 2°?

23. Suppose tanx = 2. If cosz < 0, what is sin 2?
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1.5. Homework exercises

24. Compute each of the following (if they are not defined, say so). Try to do
these without looking anything up (to simulate how you will have to do these
things on quizzes and exams).

a) sin 3 f) cos ?ﬂ k) tan 3 p) csc g
m 3 . 77T —1Tr
T ™ B

c) tan 4 h) cot ?ZT m) sec 3 r) sin énr

d) cos0 i) sin0 n) tan 327T s) tan —m
T —8m

e) cos 5 j) secw 0) sinm t) tan KD

25. Evaluate each of the following;:
a) arcsin 3 e) arctan ﬁ h) arctan —1
3

b) arcsin0 o i) arcsin —

¢) arctan 1 f) arcsin

d) arctan (—\/g) g) arcsin —1

Answers

DISCLAIMER: Throughout the lecture notes, the provided answers are an-
swers only (not complete solutions) and may contain errors and/or typos.

1

1. a) — b) 12 ) 243 d) 8
16
2. a) 3z'/4 0) %2351 e) 3222
5
b) 2z~ ! d) §x_8 f) 7!/
3. a) —223/5 c) —2z3/5 e) 81z°
1
b) 2 d) 4z—4/3 f o
4. a) 4z%/3 b) 4z~*4/3 ) %gfl
5. a) 13 e) —2 i) V2
b) 5 f) 6 i) 3—x
c) —4 g) 3— bulldog K) (z4+1)2—2z—1
d) —13 h) —x 1) (422 —3)(3 — 2x)
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1.5. Homework exercises

[© BN

10.

11.

12.

13

14.

|

15.

a) V2 + a2 o zt—1 e) 8+ 64zt
b) 2+ (z —1)* d) 2t +1 f) 24 (22 4+ 1)4
. 32% + 3xh + h?
. h+1
1
f=) ==L f0)=1f(1)=4 f(2) =6

a) EE b)

a) —1 d) 4 g) r=1

b) 0 e) 1 h) x =—4,2=-2
c¢) DNE f) 4 i)yzr=3

. The price should be roughly $32, and their profit will be about $67, 000, 000.

(a) and (d) are functions y = f(x); (b) and (c) are not.
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1.5. Homework exercises

16.

17.

18.

19.

20.

21.

22.

23.

25.

a) e ) |
8 ./ .
[\
b) e) /{ h) 4&
) | f)\\ i)
C *ﬁi‘ :
a) 0 b) @% Q) ~—1 d) DNE e) ~ 4
a) 3 o = o) flz+h) - f(z)
$ h
b) 2 d) DNE f) —2
a) y="u+3 Q) y=20-3 fy=2
d) y=—-2+4(z+3) g) x=>5
b) y=-x e) z=2 h)y:—5+%8(x—2)
125 12 13 13
CoOST = —; anx—ﬁ,co x—g,sec:c—ﬁ,cscx—g.
sinx = anx = _7 ;cotxr = ;—Z;secx 75;CSC:L‘ = —2—?45
2
5
-2
NG
a) V3 d) 1 g) —1 K V3 n) DNE r) 71
2 V3 h) —1 3 0) 0
b) 0 © ) 0 1)l@ D) 2 s) 0
-1 2
0 1 < j) —1 m) 2 Q V2 t) V3
a) ¢ d) - H h
b) 0
Q) 1 e) G 8) > i) Ve
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Chapter 2

Limits

2.1 The idea of the limit

WARMUP

Given the graphs of each of these functions, tell me the value of f(3):

1 |\ 2 3 4 5
-1
2 . /
1}

-1 [\ 2 3 4 5
=1t
2,
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2.1. The idea of the limit

MODIFIED WARMUP
Here is the graph of some function f. The portion of the graph above z = 3 is
“covered” (by a strip of painters tape, for example). Based only on what you see,
what would you guess the value of f(3) is?

TAPE

First idea of the limit: graphical interpretation

Suppose you can see the entire graph of a function f except for the possible point
on the graph sitting above (or below) = a. If, based on the picture, you'd guess
that f(a) = L, then you say

“the limit as « approaches a of f(z)is L”
and you’d write

lim f(z) =L or “f(z)— Lasxz —a’.

EXAMPLES: In the modified warmup above,

lim f(z) =

r—3

In all three warmup examples,

lim f(x) =

r—3

Note: f(3)is different in the three warmup examples. In one example, f(3) doesn’t
even exist!
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2.1. The idea of the limit

In general, if you have a function f which satisfies

lim f(z) =L,

r—a

then the graph of f should look like one of these three pictures:

f(a)

or or

L= f(a)

Back to the modified warmup:

TAPE

N
NG 2

In this example, we said liLI:l)) f(z) =1
Why is 1 the most reasonable guess for the value of f(3)?

Second idea of the limit: approximation via tables

To say
lim f(x) =L

r—ra

a

means that as x gets closer and closer to a (without ever reaching a), the corre-

sponding values f(x) of the function get closer and closer to L.
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2.1. The idea of the limit

EXAMPLE 1

. sinx —«x
lim — =7
z—0 x3

Solution: The first idea of the limit requires a graph to apply, and we don’t have a
graph.

To implement the second idea of the limit, let’s take z—values which get closer
and closer to 0 and see if the corresponding f(z)—values approach a number:

x 1 .05 01 .001 .0000001

PREZT | 166583 | —.166646 | —.166666 | —.166666 | —.166666
X
x -1 —.05 —.01 —.001 —-0000001
R | 166583 | —.166646 | —.166666 | —.166666 | —.166666
xZ

Based on this, we can conjecture that

. sinx —«x
lim ——— =
x—0 x3
IMPORTANT:
This suggests that the graph of f(z) = w looks like
x
or or
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2.1. The idea of the limit

The method of the previous example sometimes works well, but it can lie:

EXAMPLE 2
1
Let f(x) = cos —.
x

lim f(x) =7
:p~>0f< )
Solution: Here’s a graph of f(z):
1 X1 % ﬂ
A3 e +
apry 6|5 4 37 27
-1 ®

Let’s try the method of Example 1:

1 1
. o I 6 1007 10007
f(x)
1 1 1 1 1
v 37 b T 1017 10017
f(x)
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2.2. One-sided limits

Third idea of the limit: formal definition

Suppose f(z) is defined for all x near a but possibly not at a. If f(x) is as close to L
as we like for all x sufficiently close to a (but not a itself), we say

lim f(z) =

Tr—a

L.

1
In Example 2, there is no L such that f(z) = cos — stays close to L for all x near 0.
T

Therefore

2.2 One-sided limits

EXAMPLE 3

Let f be the signum function

x| 1 ifz>0
f(x)x{ ~1 ifzr<0
lim f(2) = 7
Solution: Here is a graph of f:

2_

© /

23 -2 -1 1 2 3
1O
=2t
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2.2. One-sided limits

Definition 2.1 Suppose f(x) is defined for all x near a with x > a. If (whenever x
gets closer and closer to a from the right, f(x) approaches L), then we say the limit of
f(z) as = approaches a from the right is L and we write

:vliglJr f(x) =L
Suppose f(z) is defined for all x near a with x < a. If (whenever = gets closer and
closer to a from the left, f(x) approaches L), then we say the limit of f(z) as x
approaches a from the left is L and we write

lim f(x)= L.

Tr—a—

These are also called, respectively, left-hand limits and right-hand limits. Collec-
tively, left- and right-hand limits are referred to as one-sided limits.

EXAMPLE: In the previous example where f(z) = m,
T

lim f(z) = lim f(z) =

z—07F z—0~

Theorem 2.2 lim f (x) exists only if lim f (x) and lim f(x) both exist and are
T—a T—a T—a—

equal. In this situation,

lim f(z) = lim, f(z) =lim f(z).

T—a T—a T—a~

2]

EXAMPLE: For the function f(z) = —, since
T

lim f(z)=1# —1= lim f(z),

z—0+t x—0~

we see that
liH[l) f(z) DNE.
T—
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2.2. One-sided limits

EXAMPLE 4

Consider the following graph of some unknown function f:

Based on this graph, find the following;:

1.

lim f(x)

r—2

lim f(x)

z—0

z—21

lim f(z)

r——3"

7.

10.

11.

12.

lim f(z)

z——31

lim f(x)

z——3

lim f(x)

z—4t

lim f(x)

T—4-

lim f(x)

r—4
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2.3. Infinite limits and limits at infinity

2.3 Infinite limits and limits at infinity

1
Consider the reciprocal function f(z) = —. What happens to f(z) as x — 0?
T
x ‘ 1 ‘ 5) ‘ ‘ ‘ .0000001
£(z) \ 1 \ 2 \ 10 \ 1000 \ 1000000
x ‘ -1 ‘ —.5 ‘ —.1 ‘ —.001 ‘ —.0000001
f(x) ‘ -1 ‘ -2 ‘ -10 ‘ —1000 ‘ —1000000
3
2
1
1 2 3

We invent new notation to describe this situation. We say

o1 o1
lim — = o0 and lim — = —o0.
z—0t X z—0— T
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2.3. Infinite limits and limits at infinity

Formally:

* tosay lim f (x) = co means that as x gets closer and closer to a from the right,
T—a

the numbers f(z) grow without bound.

-

a

* tosay lim f () = —oo means that as z gets closer and closer to a from the
T—ra

right, the numbers f(z) become more and more negative without bound.

W
:

* tosay lim f(x) = co means that as x gets closer and closer to a from the left,

Tr—a~

the numbers f(z) grow without bound.
/

I
|
I
l
_J a
* tosay lim f(x) = —oo means that as = gets closer and closer to a from the
T—a~

left, the numbers f(z) become more and more negative without bound.

N
s \‘.”
1

All these situations are called infinite limits. The graphical description of an
infinite limit is as follows:
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2.3. Infinite limits and limits at infinity

Definition 2.3 If hm L f (x) = £o0 or hm | f(w) = oo, we say the vertical line
© = a is a vertical : asymptote (VA) for f ( )

1
EXAMPLE: 2 = 0is a VA for f(z) = -

NOTE: oo is not a number. It is only a symbol. However, in the context of
limits, oo can be manipulated in some ways as if it was a number (we’ll see
how in Chapter 3). For now you should remember these facts:

. . 1
lim — = oo lim — = -
=0t z—0" &

One infinite limit to memorize:

lim Inz = —o0
z—0t
3
2
1
3 2 1 1 2 3

Other infinite limits are computed using techniques we will study later, using some
rules of arithmetic with oo.
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2.3. Infinite limits and limits at infinity

Limits at infinity

We want to consider the values of f

~~

x) when z gets larger and larger without

bound. For example, suppose f(z) =

SHL=

x 1 10 10000 10100 1010000
1 1 1 1
1 .
1) 10 10000 10100 1010000

We say CChﬁngolf(x) = Lif

¢ (heuristically) when x grows without bound, f(z) approaches L.
* (graphically) the graph of f looks like

]

We say zl_ig_n@f(x) = Lif
* (heuristically) when = becomes more and more negative without bound, f(z)

approaches L.
¢ (graphically) the graph of f looks like

N

Definition 2.4 If lim f (x) = Lor lim_f (x) = L, we say the horizontal line y = L
is a horizontal asymptote (HA) for f(x).

S——
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2.3. Infinite limits and limits at infinity

EXAMPLE
Consider the following graph of some unknown function f:

= N W b~ OO O N
I

| | | | | | A/\
-12-11-10-9 -87-6 -5 -4

— i — — )

Based on this graph, find the following;:

L Jlim, /(@)
2 S
+ A T
7. lirén_ f(zx)
8. i1_>n% f(x)

9. the equation(s) of any vertical asymptote(s) of f

10. the equation(s) of any horizontal asymptote(s) of f
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2.4. Homework exercises

2.4 Homework exercises

Exercises from Section 2.1

In Problems 1-2 below, you are given a limit. Use a calculator or computer to
complete the tables and use the results to estimate the value of the limit:

) T —3
1 i%x2—7x+12
z 292992999 x [3.1]3.01]3.001
f@ 1 f@ 1
. V2—x2—-2
2. lim
r——2 x4+ 2
x | —21]-2.01]-2.001 z | -1.9]-1.99|-1.999
f@f 1 f@l 1

3. Find the value of lim M
z—0 T2

(This time, you have to pick your own x values.)

using tables similar to Problems 1 and 2.

2

4. Find the value of lim 75”? using tables similar to Problems 1 and 2. (Again,
T T —

you have to pick your own z values.)

5. Complete the following charts for the function f(z) = ’i : ? :
x |5.1]5.01]5.001 x [4.9]4.99]4.999
HOI f@f [
o 5,

What do these charts suggest to you about lim

r—b5  —
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2.4. Homework exercises

Exercises from Section 2.2

6. Given the graph of f below, evaluate the given expressions. If the quantity
does not exist, say so.

5 7 ,s& 3 2 417 1 2 3 4 5 6 1 8
a) lim_f(z) e) lim f(z) h) lim f(z)
b) f(=5) .
9 lim f(x) f) lim f(x) i) lim f(z)
d) lim f(z) g) lim f(z) i) f(4)

7. Given the graph of g below, evaluate the given expressions. If the quantity
does not exist, say so.

o

-0 9 -8 -7 6 -5 -4 -3 -2 - 1 2 4 5 6 7 8 9 10

ot
a) lim g(z) e) lim g(x) h) lim g(x)
b) f(-8) . ,

9 Jim_ g(r) Dl o) i) g(7)

d) lim g(z) g) lim g(z) ) lim g(z)
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2.4. Homework exercises

8. Sketch a graph of a function f which has all of the following four properties
(there are many possible correct answers):

e £(0) is not defined; . f(2) =6;
* glclg%)f(x) =4 o };I_%f(z) — 3.

9. Sketch a graph of a function f which has all of the following five properties
(there are many possible correct answers):

. lir_r;j(:c) =3; . ligl,f(x) DNE;
* f(2)=0;
o lim_f(x)= -2 . lim f(r) =3

10. Sketch a graph of a function f which has all of the following four properties
(there are many possible correct answers):

* limf(z) = —1; © lim f(z) =-5
° f3)=2 * lim f(z)=-1

Exercises from Section 2.3

In Problems 11-12 below, you are given a limit. Complete the table (use a calculator
or computer if necessary) and use the results to estimate the value of the limit:

11 fiy drt3 x| 10100 | 1000 | 10° | 10%°
R fal T T T
1 1 —6x x| 10100 | 1000 | 10° | 10"
2. lim ————
200 /42 + 5 O

In Problems 13-18, graph each function inside the limit using Mathematica (or a
calculator) and use the graph of the function to estimate lim f (x):

||
13. = —
Hint: the Mathematica code to plot this function (where = ranges from —10 to
10) is
Plot[ Abs[x] / (x+1), {x, -10, 10}]
14, flz) = 02

NG

Hint: Mathematica code to plot this function is
Plot[ Log[x] / Sqrt[x], {x, -10, 10}]
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2.4. Homework exercises

15. f(z) = Siix T
16. f(x) = zarctan (i) 18. f(x) = Zj/zl

In Problems 19-20, complete the tables (use a calculator or computer if necessary)
and use the results to estimate the value of the limit:

24z x | 2]1.1]1.01]1.0001 | 1.000001
19. lim ——

a1t 1 —x f(l’)‘ ‘ ‘ ‘ ‘

4T x 22929929999 | 2999999
20. lim ——

In Problems 21-26, graph the function inside the limit using Mathematica (or a cal-
culator) and use the graph of the function to estimate the given limit:

21. lim secf
r—rmT 2

Hint: Mathematica code to plot this function (where z ranges from —10 to 10)
is

Plot[ Sec[x/2], {x, -10, 10}]

T 2
22. lim sec — 1i 32”7 — 6z +95
z—rt 2 25. xilil_ 22 —5r +4
12
23 lim £
z—0 g;2
. . Tz —4
24. lim (cotx —secx) 26. lim
T z—=1— et — e

27. By using Mathematica to graph the function, find the equation of any horizon-
tal and/or vertical asymptotes of the function

2%+ 3

)= x3 —5x2 + 4

Hint: Mathematica code to plot this function (where x ranges from —10 to 10)
is Plot[ (x"2 + 3)/(x"3 - 5x"2 + 4x), {x, -10, 10}]

Make sure to use parentheses to surround the numerator and denominator
when using Mathematica.

28. By using Mathematica to graph the function, find the equation of any horizon-
tal and/or vertical asymptotes of the function
22% — 8x — 42

fl@) = x? —25
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2.4. Homework exercises

29. By using Mathematica to graph the function, find the equation of any horizon-
tal and/or vertical asymptotes of the function
(x =3)(x+4)(x—-7)
z(z —3)(z+1)

fx) =

30. Given the graph of f below, evaluate each given limit.

S0 W A O N ©
T T T T T T

—10—9—8—7—6—}5—4—3—2—1 2345678 910

\
a) lim f(x) d) lim f(z) g) lim f(z)
b) lim f(x) e) lim_f(z) h) lim f(z)
o lim f(x) f) lim f(z)

31. Given the graph of g below, evaluate each given limit.

a) lim g(z)
b) lim g(x)

c) lim g(z)
T—27
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2.4. Homework exercises

32. Sketch a graph of a function f which has all of the following three properties
(there are many possible correct answers):

e lim f(z) = o0, e lim f(z) = —o0; e lim f(z) = 3.
r—1+ r—1— T—00

33. Sketch a graph of a function f which has all of the following four properties
(there are many possible correct answers):

 Jim () = o  Jim f(r) =2
¢ i (o) =5 ¢ 0=

34. Sketch a graph of a function f which has all of the following four properties
(there are many possible correct answers):

* lim f(z)=4; * f(2)=-1
r—2~
* g S = oo * M f@) = fim fle) =2
Answers
Llim—2=% ___1 6 al 7. a) —4
z—3 22 — 7o 4+ 12
b) —3 b) 2
V2= z-2 -1
2T T 9 o) ~2
. d) 1 d) 3
3. = ¢) DNE e) about —2.5
L L f) DNE f) 2
2 g) 5 g) —3
5. 1im 2= pNE h) 1 h) DNE
TS X — . .
(the left- and right-hand i) DNE i) DNE
limits are unequal) p1 j) =5

8. Many answers are possible; one solution is on the next page after # 10, at left.

9. Many answers are possible; one solution is on the next page after # 10, in the center.
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2.4. Homework exercises

10. Many answers are possible; one solution is below, at right.

11.

12.

13.
14.
15.
16.

17.
18.

19.

20.

21.

32
33
34

. Many answers are possible; one solution is below at left.

22.
23.
24.
25.
26.

27.

28.

29.

30.

)4

g/
X
N

N®

HA:y =0
VAiz =0,z =1,z =4.

HA:y =2
VA:x =50 = —5.

HA:y =1
VA:iz =0,z = —1.

b) —2

31.

b) 1

d) oo
e) oo
f) oo
g) —oo
h) DNE

. Many answers are possible; one solution is below, in the center.

. Many answers are possible; one solution is below, at right.

1
1
1
i
1
1
:
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Chapter 3

Computing Limits

3.1 Continuity

Recall the modified warmup example from an earlier lecture:

TAPE

Whatis f(3)?

We don’t know the answer, but we said that the most “reasonable” guess was 1.

Why was this the most “reasonable” guess?
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3.1. Continuity

Mathematically, this idea is described by the notion of continuity. For example:

J/\

N\ b
\/ \

Functions whose graphs have no breaks are called “continuous”:

Definition 3.1 A function f is called continuous at the point © = a if
1. f(a) exists;

2. lim f(z) exists (i.e. lim+f(x) = lim f(x)); and

T—a—

3. lim f(z) = f(a) (ie. lim+f(x) = lim f(x) = f(a)).

=@ T—a T—a~

Otherwise we say f is discontinuous at z = a.

The word continuous is abbreviated “cts”.

Definition 3.2 A function f is called continuous on an interval if it is continuous
at every point in that interval. A function f is called continuous if it is continuous
at every point in its domain.
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3.1. Continuity

Classification of discontinuities

When looking at the graph of a function, its easier to tell where the function is
discontinuous than where it is continuous, because the discontinuities in a function
usually stand out.

It turns out that there are four types of discontinuities (it’s not critical that you
know this vocabulary):

1. removable discontinuity (a.k.a. hole discontinuity): ill}r}l f(z) exists but ei-
ther f(a) DNE or f(a) # lim f(z):

N SAY e Y

VAR ‘
2. jump discontinuity: lim f(z)and lim f (x) both exist but are not equal:

A —
A VERRVAR v |

3. infinite discontinuity: lim f (x)or lim f(x)= +oo:
T—a r—a~

S T
~

4. oscillating discontinuity: lim f (z) or lim f(x) DNE because of too many
Tr—a T—a~

\M/\

wiggles:
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3.1. Continuity

Dictionary of continuous functions

What is important is that you have a working knowledge of functions which are
continuous.

In particular, the following functions are continuous, because there are no breaks
in their graphs:

Theorem 3.3 Suppose f and g are continuous functions. Then:

1. f+g9, f—g, fg and f o g are continuous; and

2. ! is continuous at all x where g(x) # 0.
g

Theorem 3.4 Any function made up of powers of x, sines and cosines, arcsines, arct-
angents, exponentials and/or logarithms using addition, subtraction, and/or multipli-
cation is continuous (at every point of its domain).

Theorem 3.5 Any function which is the quotient of functions made up of powers of
x, sines, cosines, arcsines, arctangents, exponentials and/or logarithms is continuous
everywhere except where the denominator is zero.

EXAMPLES

f(x) = 3arcsin(x® + 4) cos® ( ) — 556325 1 (2 + 3)

3x
2244
is continuous everywhere on its domain.
B 23 + 3 cos(2x? — 5) — 6T 1sn Yz
- —

g(x)

is continuous everywhere except x = 3.
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3.2. Evaluation of limits: general concepts

3.2 Evaluation of limits: general concepts

First concept: limits behave “nicely” with respect to arithmetic

Theorem 3.6 (Main Limit Theorem) Suppose lim f(x) and lim g(x) both exist and
are finite, where a is either +0c or a finite number. Then:

1.

2.

lim [f(x) + g(x)] = lim f(z) + lim g(x);

lim [f(2) — g(2)] = lim f(2) — lim g(z);

lim [£(@)g(a)] = |lim £(2)] lim o(x)

iy [ £1] - 2T

Tr—a

provided the denominator is nonzero.

Second concept: limits can be interchanged with many common
operations

Theorem 3.7 (Interchange of Limit and Common Operations) Suppose lim f(z)
exists and is finite. Then:

1.

lim [k f(x)] = k- lim f(x) for any constant k.
lim [F@)]" = [l £(@)]

lim {/f(z) = o/l f (), provided both sides exist.
lim | (@) = |tim (z)]

im el @ = i
lim e/t = exp (glclg(lz f(x))
lim In f(z) = In @1&1} f(x))

lim sin f(z) =sin (glﬁlg(ll f(m))

Statements similar to (5), (6), (7) above hold for cos, arctan, and arcsin.
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3.2. Evaluation of limits: general concepts

Third concept: evaluate limits of cts functions by plugging in

If f is continuous at a, then }jl_rg f(z) = f(a).

Fourth concept: manipulate expressions with oo using rules

When evaluating limits, you often encounter expressions that work out to be +oo.
Although oo is not a number, you can sometimes work with oo as if it was a num-
ber (especially when computing limits).

Useful arithmetic rules with oo

When computing a limit, and you encounter an expression of the form

3 or -0 or L or = or anything else of the form "o o °
0% o %% oA 0
that expression will evaluate to =00 (you need careful analysis to determine

whether it is co or —o0).

Once you've encountered an expression with 0o in it, you can then continue
evaluating the limit using the following rules (which I hope you think are in-
tuitive):

Adding/subtracting a finite amount to +-00 doesn’t change it: For any c € R,
00 & ¢ = o0.

Multiplying/dividing +oco by positive constant doesn’t change it: Forany c >

0,c-00= — =00 (This includes oo - 0o = 00.)

Multiplying/dividing +co by negative constant reverses it: Forany ¢ <0, c-
00 = — = —00. (This includes —o0 - 00 = —00.)

Dividing a number by infinity gives 0: For any c € R, é = 0.

Natural exponentials and logs of co are co: €™ = oo and In oo = oc.

Positive powers of co are oo; If ¢ > 0, then 0o = oo. (This includes /oo = oo

and {/oco = 00.)

Negative powers of oo are zero: If ¢ < 0, then 0o = 0.
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3.2. Evaluation of limits: general concepts

WARNING: Here are some expressions that we haven’t covered with the rules
on the previous page. They are called indeterminate forms because they work
out to different things depending on the particular limit you are evaluating
(we will see more on how to deal with these in Section 8.2).

0. . .
0 is indeterminate

oo, .
— is indeterminate
o

oo — oo is indeterminate
0 - 0o is indeterminate
oo’ is indeterminate

0° is indeterminate

1% is indeterminate

When you encounter an indeterminate form in a limit, that doesn’t mean you
are done-you have to do some work to figure out what the limit is.

EXAMPLE 1

Determine if the following expressions evaluate to anything meaningful, or whether
they are indeterminate:

12—-8—-4
3+5-—38
5 6—4—2
3+8—-4
10-5
3.
3—3
4, e~

5. —5(o0 + 2°°/2000)
6. —5(00 — 2°°/2000)

4

7. 3+
In oo

58



3.3. Evaluating limits at infinity

3.3 Evaluating limits at infinity

The most important examples of limits to understand how to evaluate are those
for which z — oo (i.e. limits at infinity):

Limits at infinity of rational functions

EXAMPLE 1

4 + 32*
im —————
w00 812 + 3 + 2

Remark: this example could have been phrased differently: suppose you were
4 + 322

T 8?3142
compute the limit as above, and identify the HA as

asked to find the horizontal asymptotes of f(x) In this case, you'd

Rephrasing this as a story problem: Suppose the population of an endangered
4 + 3a?

T 812+ 3042
(the function from Example 1). What is the long-term population of this species in

this park projected to be?

species in a national park at time z, in thousands, is given by f(z)

EXAMPLE 2
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3.3. Evaluating limits at infinity

EXAMPLE 3
24T —2
hm —_—
T—00 r—1

General principle behind examples 1-3: Suppose f is a rational function, i.e.
has form

A"+ A1 T 4 U™ 2 4 4 a2 + i + ag
bn:r” + bn_ll‘nfl + bn_2$n72 + ...+ bQIE2 + blflf + b()

f(z) =

Then:

1. If m < n (i.e. largest power in numerator < largest power in denomina-
tor), then
Jim f(z) = lim f(x)=0.
2. If m > n (i.e. largest power in numerator > largest power in denomina-
tor), then
Jim f(z) = im f(z) = *oo.
3. If m = n (i.e. largest powers in numerator and denominator are equal),

then
Ay

lim f(z) = lim f(z) = B

T—00 T—r—00 n
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3.3. Evaluating limits at infinity

EXAMPLE 4
. T
lim
T—00 21,2 + 1
EXAMPLE 5

) T
)

61



3.3. Evaluating limits at infinity

Limits at infinity based on graphs

Corresponding

Slang version

Graph limit statement

{ lim e* = oo
r—r00

3

N

lim e* =0
Tr—r—00

2 lime™* =0
T—r 00
lime™™ =
r—r00

e =0
67(700) — 600 = 0

}
lim Inx = o0 _
S Inoco =00

1 2 3 4 5 .

lim Inz = —o00 In0 = —00

- z—07F

-2

) T T

lim arctanxz = — arctanoco = —

: T
lim arctanz = ——
T——00 2

arctan(—oo) = —

2

EXAMPLE 6

wh_g)lo (e’g‘” -+ arctan 291:)

EXAMPLE 7

lim sin z
T—00
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3.4. Evaluating limits not at infinity

3.4 Evaluating limits not at infinity

Evaluation of limits of continuous functions

Key fact: If f is continuous at a, then lim f (x) = f(a).

EXAMPLE 1

o 2243
lim
z—=3 1 — 1

EXAMPLE 2

lim 3 cos 2%
T3

EXAMPLE 3

lim e**
x—0
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3.4. Evaluating limits not at infinity

Evaluation of limits of functions which are not known to be
continuous

Given limit lim f(x), start by plugging in a to the function f.

1. if you get a number when you plug in, almost always this is the answer (and
the function is actually continuous at a);

2. if you get W, the limit is infinite; carefully analyze the sign of f(z) to

determine whether the answer is co or —oo;

0
3. if you get g/ usean algebraic technique to rewrite f:

a) if f can be factored, factor and cancel terms;

b) if f contains square roots which are added or subtracted, multiply through
by the conjugate (then factor and cancel);

¢) if f contains “fractions within fractions”, clear the denominators of the
interior fractions (then factor and cancel).

EXAMPLE 4

22 —=3x-10
lim ———M—
a—5 g2 + 1 — 20

EXAMPLE 5

22+ 2x—15
lim ——M—
e—3 12 — 7o + 12
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3.4. Evaluating limits not at infinity

EXAMPLE 6

4
lim

z—2t 4 — 2

EXAMPLE 7

4
lim

r—2— 4 — g2

EXAMPLE 8

li 1
x1—>H%4—x2

Solution: From Examples 6 and 7, we see that

Therefore the two-sided limit

lim .
z—2t 4 — 2 7 z—2— 4 — 12

4

—— | DNE|.

z—2 4 — g2
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3.4. Evaluating limits not at infinity

EXAMPLE 9

li 2 + 222
wig}+ (3}’ — 3)2 :E

EXAMPLE 10

x? — 3z — 10

lim —M——
z——2 3 4 522 4 62

EXAMPLE 11

20 — 1
im —M——
e—1/2 222 +x + 1
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3.4. Evaluating limits not at infinity

More complicated examples

0 .
Key idea: if you get 0 when you plug in, eventually you have to factor and cancel.
But in complicated situations, you first have to do some preliminary algebra to
rewrite the function. Here are some worked-out examples which illustrate some

techniques:

EXAMPLE 11

1
T

lim —5
r——1 — —
z+2

Solution: When I look at this, I see “fractions inside fractions”. In such a problem,
here is the procedure:

Multiply through the top and bottom of the “big fraction”
by the “small denominators”.

In this example, the “small denominators” are z and x+2, and the “big fraction”
1
. . . =+
is the entire function — . So you get

T+2
141 141)(@)(x+2
lim f; = lim <91” ) ) ) Distribute over the red + and — signs:
el T (s - ) (@) +2)

L) (x +2) + 1(2)(z + 2)

= m, (@)@ +2)— (@) +2)
T+ 2+ z(x+2)

—
- z(r +2)

r+24+ 2242

— ]
et T — 12— 21
2
3 2
= lim T rort Now factor and cancel:

r——1 —;1;'2 — X
~ lim (x +2)(x + 1)
e--1 —z(zx+1)

.or+2 —1+4+2
= Jim, = = —(—1) =[1
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3.4. Evaluating limits not at infinity

EXAMPLE 12

R
lim

t—4 t—4

Solution: I see a square root term plus/minus another term in the numerator of the
fraction. In such a situation, here is the procedure:

Multiply through the top and bottom by the “conjugate” of the square root
term.

In this problem, the “conjugate” of v/t — 2 is v/t + 2 (see below for more on
conjugates). So you get

Vie2 o (Vi-2) (VE+2)

lim = lim

t—4 t—4 t—4 (t—4)(\/7_f+2)

Now notice the numerator is of the form
(A — B)(A+ B), which becomes A* — B>.
Don’t multiply out the bottom.

. t—4
=t —4) (Vi+2)

1‘ 1 1
= [1m = =1
t—4\t+2 Ji+2 |4

How to find conjugates:

Expression | Conjugate Example Conjugate of example
O+vA | O-VA 3+vVr—1 3—Vzr—1
O-vA | O+VA 5 V2 5+ V2
VO+ VA | VO- VA | Vi+3+vVr—1| Vi+3-yz+1
VO-VA [VO+VA | Vu-3z Vu+ V3
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3.5. Homework exercises

3.5 Homework exercises

Exercises from Section 3.1

1. Consider the function f whose graph is given below:

6,

A
SN

a) At what value(s) of z, if any, is f not continuous?

b) At what value(s) of z, if any, does f have a removable discontinuity?
c) At what value(s) of z, if any, does f have a jump discontinuity?

d) At what value(s) of z, if any, does f have an infinite discontinuity?

e) At what value(s) of z, if any, does f have an oscillating discontinuity?

2. Consider the function g whose graph is given below:
|

-4 -2 2 4 6 8 10
2t

a) At what value(s) of z, if any, does ¢g have a removable discontinuity?

b) At what value(s) of z, if any, does ¢g have a jump discontinuity?
c) At what value(s) of z, if any, does g have an infinite discontinuity?

d) At what value(s) of z, if any, does ¢g have an oscillating discontinuity?
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3.5. Homework exercises

Exercises from Section 3.3

In Problems 3-14, evaluate the given limit (algebraically, by hand). If the limit does
not exist, say so.

3.

15.

16.

17.

lim a? +3 7 lim v 11. lim 8arctan 7’
T—00 3 — 9 z—oo 4+ 1
2+3 4

lim TS 8. lim 4l 12. lim
z—00 2 — 2 T—00 \/m T—00 e +

z?+3 ,
li 3 . 4x—5
rhee xr—2 9. lim [ 13. xh—>r£l<>e

z——o0 g3 4+ 1

y 3—22%+x ,
il dz(z — 1) 10. Ih_)rrolo In(4z + 1) 14. xh_)rg() e "
Suppose that the population of emperor penguins (in thousands of penguins)
. . . . is oiven by the f . B 350
in Antarctica at time ¢ (in years) is given by the function p(t) = W.

Estimate the long-term population of emperor penguins in Antarctica.

After taking a certain antibiotic, the concentration C' (in ppm) of a drug in a

patient’s bloodstream is given by C/(t) where ¢ (in hours) is the

402 — 80
time after taking the antibiotic. What is the long-term concentration of the

drug in the patient’s bloodstream? (Write your answer with correct units.)

If you are r km from the center of a black hole, general relativity theory sug-

gests that the velocity of a light wave at your position is given by v(r) =
300000r — 7800000

km/sec. If you are very, very far away from the black

,
hole, what is the velocity of a light wave at your position? (Write your an-
swer with correct units.)

Exercises from Section 3.4

In Problems 18-47, evaluate the given limit (algebraically, by hand). If the limit
does not exist, say so.

18.

19.

20.

. x—3 . x+2
A e g i
22 1
lim ———— i 2—)
o5t 22 — 25 22 :plgél— (x x
r+3 r+1
lim ———— .l
st 2 g — 2 2 I e
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3.5. Homework exercises

24.

25.

26.

27.

28.

29.

30.

38.

39.

40.

41.

42.

43.

44.

lim > 31. lim V/z + 3
20t sin T
lim 3 32. lim tan (x)
2—0- sin e 3
i +2 33. xlg{l?) sin Tx
z—4d r — 4
4. lim In 2
lim In(z — 3) 3 oo
z—3+
, x
xlin} (:z:2 — 4:6) 3. xlg?Jr 2 —5
i +5 36. xlg{ll arctan r
z—=3 12 — 1
1_1
i gt
. r+2 x<2 . . .
}cl_% f(z), where f(z) = { 2 r>9 Hint: Consider the left- and right-
hand limits at z = 2 separately.
20+1 =<2
lin% f(z), where f(z) = 8 x =2 Hint: Consider the left- and right-
o -1 x>2
hand limits at z = 2 separately.
r? — 3z — 10 12
i : T 2
:clLHJQ 22+ 5r+6 45. il—%x—
. 2 - 16 Hint: Use the method of Example 16.
l’lgfll x?+x —20 v
Vo +T7—7
23— 322 + 21 46. lim VT ti—=-vi/
lim ——M— 0 T
x—1 rx—1 .
Hint: Use the method of Example 17.
. 4+ +
im —————

z—0 2 —

y ?—1—6
im—
=3 222 — Tx + 3

47.

I l1—=x

im ——

z=1\/x + 3 — 2

Hint: Use the method of Example 17.

In Problems 48-51, find the equations of all horizontal and vertical asymptotes of
the given function.

Hint: for the VA, you need to find values of ¢ for which lim f (x) = +oo. This

means that when you evaluate the limit, you need to get

T—C
nonzero
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3.5. Homework exercises

3—x
48. f(:v):w+2
22 —4
49. f(x) = o
Answers
1. a)xz=-52z=1,
z=3
b) = -5
c)zr=3
d xz=1
e) nosuch x
2. a) nosuchzx
b) =0
) x=2
d) =6
3.0
4.1
5. o
6
7.0
5 5
9.7
10. oo
11. 4=
12. 0
13. o0
14. 0

15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.

35.

z + 10
50. =
I@) = 15
222 — 8z + 10
51. =
1@ = 17 30
350000 penguins 36. _TW
0 ppm 37. 0
300000 km/sec 38, 4
> 39. DNE
o0
40. -7
—00
41. §
m 9
42. —1
o0
43. —1
0
0 44. 1
-1
P 45. —
DNE 1
46. ——
. N
47. —4
12
1 48. HA:y = —1;
VA: z = -2
1
5 49. HA: none;
VA:z = -1
V3
50. HA:y =0;
0 VAiz=3,z=5
i 51. HA:y = 2;
1 VA: x = 6 (not x = 5)

72



Chapter 4

Introduction to Derivatives

4.1 Odometers and speedometers

Suppose you get in your car and drive to Grand Rapids. There are two ways to
record your motion as a function of elapsed time ¢:

1.
2.

As an example, here are two graphs representing the same trip:

odometer reading speedometer reading

time t time ¢
0 10 20 30 40 50 60 0 10 20 30 40 50 60

Essentially, Calculus 1 centers on the conversion from one of these pictures to the
other. In particular, we want to know:

1.
2.
In Chapters 4-8, we focus on the first question above and its other applications. We

will turn to the second question in Chapter 9.
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4.1. Odometers and speedometers

First major problem of calculus

Given a function f = f(¢) which represents the
position of an object at time ¢, compute the object’s
instantaneous velocity at time ¢.

Motivation: Given the graph of a position function (i.e. a function which rep-
resents an odometer), what attribute(s) of that graph are relevant to understanding
the velocity (i.e. speedometer)?

EXAMPLES
Here, you are given a series of pictures which represent odometers (that is, the
xr—axis represents time and the y—axis represents an odometer reading). On the
blank graph to the right, sketch the graph of the corresponding speedometer (that
is, the graph of a function where z represents elapsed time and y represents the
velocity at time z).

odometer reading speedometer reading

time t time t

odometer reading speedometer reading

time t time t

(four more graphs on the next page)
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4.1. Odometers and speedometers

time t

time t

odometer reading speedometer reading
time t
odometer reading speedometer reading
time t
odometer reading speedometer reading
\_/ time t timet
odometer reading speedometer reading

NS

timet

Punchline: Given a function f which measures distance traveled at time ¢, the
corresponding velocity at time ¢ is the slope or steepness of the graph of f at time

t.

But what is meant by “slope”? We know how to find the slope of a line (from

high-school algebra), but what is meant by the “slope” of a curve?

Big Ideas used to address these questions:
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4.1. Odometers and speedometers

Tangent lines and differentiability

Definition 4.1 Given a function f and a number x in the domain of f, the tangent
line to f at x (if it exists) is the line which most closely approximates the graph of f
at points very near x.

QUESTION 1: What is meant by “most closely” approximating the graph of f?
What makes one line a “better” approximation than another?

QUESTION 1 (A): Is it possible for a function f to have more than one tangent line
at x?

QUESTION 2: What does it mean (conceptually) for the tangent line to f to exist at
x? Why might a tangent line not exist at z?

Definition 4.2 A function is called differentiable at x if it has a tangent line at x.

Theorem 4.3 (Differentiability implies continuity) Suppose f : R — R is dif-
ferentiable at x. Then f must be continuous at x.

Theorem 4.4 A function f fails to be differentiable at x if:
1. f is not continuous at x; or
2. the tangent line to f at x is vertical; or

3. the graph of f has a corner or cusp at x.
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4.1. Odometers and speedometers

Second major problem of calculus

Given a function f and a particular number z
(sometimes I'll use a for the value of x),
tind (if possible) the slope of the line tangent to f at .

Why else might we care about finding the slope of a tangent line to a graph?

profit
250000 -
200000 -
150000 -
Business / economics:

10000 -

5000+

price

Optometry:

(There will be other reasons coming later.)

Can we find the slope of a tangent line to a graph using just algebra?
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4.2. Definition of the derivative

4.2 Definition of the derivative

RECALL
The second major problem of calculus is to find the slope of the line tangent to f at
.

Let’s try to solve this problem theoretically, thinking of the following picture:

/

GOAL: find slope of
this tangent line

f(x).

/,

So we define the slope of the red tangent line as
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4.2. Definition of the derivative

Back to the first major problem
(find instantaneous velocity given position function)

An object’s average velocity over some interval of time is given by

Aoutput  change in object’s position
Vavg = . = .
7 Alnput elapsed time

Therefore if the object’s position at time ¢ is given by f(¢), then the object’s average
velocity between times ¢; and ¢, is

Uty ,ta] =

So the object’s velocity over the time interval [z, z + h] is

Ulz,a+h]

and its instantaneous velocity at time x should therefore be
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4.2. Definition of the derivative

We have seen that the formula

h—0 h

solves both of the two major problems of calculus posed earlier in this chapter.
This motivates the following definition:

Definition 4.5 (Limit definition of the derivative) Let f : R — R be a function
and let x be in the domain of f. If the limit

i f@ )~ f(@)
h—0 h

exists and is finite, say that f is differentiable at x. In this case, we call the value of

d d
this limit the derivative of f and denote it by f'(x) or d;{: or ﬁ

The word “differentiable” is abbreviated “diffble”.

Some algebraic manipulation of the derivative formula:

Theorem 4.6 (Alternate limit definition of the derivative) Let f : R — R be a
function and let f be differentiable at x. Then

o) — il = 1@,

t—x t—=x
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4.2. Definition of the derivative

Notation and verbiage

e “derivative” is a noun. The verb form of this noun is “differentiate”, i.e. to
“differentiate” a function means to compute the derivative of that function.

* Given a function f and a particular value of z (say 4), the derivative of f at
x = 4 is denoted

These denote a number, which is the slope of the line tangent to f at z = 4.

e The fractional notation with “d”s above is called Leibniz notation.

The derivative as an operator

We can also think of the derivative as a function. But it is a different kind of
function than the ones you are used to. You are used to functions like f(x) = 2,
where

The derivative is a new kind of function. Its inputs and outputs aren’t numbers;
they are functions. This makes differentiation into something called an operator:

Definition 4.7 An operator is a function whose inputs and outputs are themselves
functions.

When thought of as an operator, the operation of differentiation is usually denoted

d
7 OF D or just’. In particular,
T

j (blah) = derivative of (blah)
X

(blah)" = derivative of (blah)

The output of the differentiation operator is itself a function, which we denote by
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4.2. Definition of the derivative

The function f’ takes input 2 (a number) and produces as its output f'(x) the slope
of the line tangent to f at x.

At this point, we know that the derivative is used to compute the following
quantities:

1. f'(z) gives the slope of the tangent line to f at the value z;
2. f'(z) gives the slope of the curve f at the value z;

3. f'(t) gives the instantaneous velocity of an object at time ¢, given that the
object’s position at time ¢ is f(¢);

4. f'(x) gives the instantaneous rate of change of y = f(x) with respect to =.

Units: If y = f(z) is measured in some unit U, and z is measured in some unit
U,, then the units of f'(x) are U,/U,. For example, if y is measured in lbs and z is
measured in ft, then f’'(z) will be measured in Ibs/ft.

QUESTION
What is the equation of the line tangent to differentiable function f at the point
where z = a (a is a constant)?

/

GOAL: write equation of
this tangent line

a

We will return to this formula many times, so it is good to remember it:

Theorem 4.8 (Tangent line equation) Suppose f is differentiable at a. Then the
equation of the line tangent to f at v = a is

y = f(a)+ f(a)(z —a).
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4.2. Definition of the derivative

EXAMPLE 1

Use the definition of derivative to compute the slope of the line tangent to f(z) =
v/ at the point (9, 3).

EXAMPLE 2
Use the definition of derivative to compute the instantaneous velocity of an object
at time 4, given that the object’s position (in m) at time ¢ (in sec) is given by f(¢) =
t? —t.

Solution: f'(z) = }133% flz+ h})L — f()
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4.2. Definition of the derivative

EXAMPLE 3
Let f(z) = |z|. Find f’(0).

Conceptual solution: Sketch the graph of f:

Justification of this: Again, use the definition:

O+ = fO) _ o A =0 L |A

/ _ — — -

FO=m = =i~

h
We studied the signum function |h| back in Chapter 2; here is its graph:
2,
1©
-3 -2 -1 1 2 3

.
=2t
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4.3. Estimating derivatives using tables or graphs

4.3 Estimating derivatives using tables or graphs

EXAMPLE 1
A straight piece of wire is placed over a heat source, so that at various points on
the wire, the temperature of the wire is different. Here is a table which gives some
temperature measurements at various points on the wire:

x T(x)
(cm from left end of wire) | (degrees Fahrenheit)
0 76
6 94
10 110
12 102
16 85

1. Use the information in this table to estimate 7'(8). Show the computations
that lead to your answer, and write your answer with correct units.

2. What does your answer to Question 1 mean, in the context of this problem?

3. Use the information in this table to estimate 77(8). Show the computations
that lead to your answer, and write your answer with correct units.

4. What does your answer to Question 3 mean, in the context of this problem?
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4.3. Estimating derivatives using tables or graphs

EXAMPLE 2
During a flight, an airplane crew takes periodic measurements of the distance they
have travelled and the amount of fuel left in their fuel tank. Their results are de-
scribed in the following chart:

(minutes after takeoff) 030 | 60 120 | 200 | 240
(miles trxavell ed) 0 | 170 | 405 | 945 | 1595 | 1775
(thousandsf of gallons) 18] 14 112 7 5 1.5
1. Use the information in this table to estimate (j;; . Show the computations
t=90

that lead to your answer, and write your answer with correct units.

2. What does your answer to Question 1 mean, in the context of this problem?

) d, )
3. Use the information in this table to estimate d]; . Show the computations

t=220
that lead to your answer, and write your answer with correct units.

4. What does your answer to Question 1 mean, in the context of this problem?

5. What is the rate of fuel consumption of this aircraft per mile travelled, when
the aircraft is at cruising speed? Show the computations that lead to your
answer, and write your answer with correct units.
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4.3. Estimating derivatives using tables or graphs

EXAMPLE 3
Given below is the graph of some unknown function f:

4 -

Use this graph to answer the questions below:

1. Give the values of = at which f is not continuous.

N

. Give the values of = at which f is not differentiable.
3. Estimate f(1).

4. Estimate f'(1).

5. Estimate f'(—5).

6. Find two values of x for which f'(x) = 0.

d
7. Estimate df

xr =5
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4.3. Estimating derivatives using tables or graphs

EXAMPLE 4 (TRICKIER)
The graph of some unknown function f is given below.

(x)
1500 -

1450 -

1400

1350 -

1300

1250 -

1200

1150

1100

1050 -

SIS
o
Nl
N
3

1. Use this graph to estimate f’(10).

2. Use your estimate from Question 1 to write the equation of the line tangent
to fatx = 10.
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4.3. Estimating derivatives using tables or graphs

EXAMPLE 5
The graph of some unknown function f is given below at left. On the right-hand
axes, sketch the graph of f’.

101 101

8t 8f

6F 6

4+ 4t

2t 2r
L i H o H /’X H L H H 2 o H H n o H L
-10. -8 \:6 . -4 2 4 6 8 .10 -10. -8 .-6.-4. -2 2 4 6 8 .10

-4 -4

-6 -6

=8f -8

-t0t =10
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4.4. Homework exercises

4.4 Homework exercises

Exercises from Section 4.1

In Problems 1-4, you are given the graph of an odometer. Sketch the graph of the
corresponding speedometer.

odometer reading odometer reading

time t time t

odometer reading odometer reading

time t time t

Exercises from Section 4.2

In Problems 5-10, you must compute all derivatives using the definition of deriva-
tive (do not use any “rules” you may know if you have already taken calculus).

5.

Let f(z) =4 — gx Find f'(z).

1

Find the derivative of f(z) = 3
T

d
. Compute i y =3z — 2.

dx

Find the equation of the line tangent to the function f(z) = 2*+1 when z = 1.

. Suppose that the power supplied to a machine (in kilowatts) at time ¢ (in

hours) is P = v/t. Find the instantaneous rate of change in the power sup-
plied to the machine at time 4; write your answer with correct units.
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4.4. Homework exercises

10. Find the instantaneous velocity of an object at time 6, given that the object’s
position (in miles) at time ¢ (in hours) is f(t) = 2t*+ 3t — 1; write your answer
with correct units.

11. Use Mathematica to sketch a graph of the function f(z) = [32% — 15z + 12];
use this graph to determine the values of x at which f is not differentiable.

12. Given the following graph of function f, give all the values x at which f is
not differentiable:

R S S I N N [ ——

-10-9 -8 -7 -6 5 -4 23 2 1

Exercises from Section 4.3

13. Use the graph of the function f given below to answer the following ques-
tions:

AN Wl O OO N 0 © ©o

| | | | | | | | | | | | | |
_¢_9_8_7_6_5_4_3_2_11 1 2 3 4 6/7 8 9 10 11 12
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4.4. Homework exercises

a) Estimate f(—6).

b) Estimate f'(—6).

c) Estimate a value of x between —3 and 5 for which f’(z) = 0.
d) Find all values of x at which f is not continuous.

e) Find all values of = at which f is not differentiable.

f) Estimate :Z;

r=-3

g) Is f'(2) positive, negative or zero? Explain.

d
h) Estimate &y
dx

i) Estimate lim, ., f(z).

=5

j) Estimate lim, .., f'(x).

k) Find the slope of the function f when z = —3.

1) Find the equation of the line tangent to f when x = —3.
m) Find the equation of the line tangent to f when z = 8.

n) On the graph above, sketch the graph of the tangent line to x when z =
2.

14. A botanist measures the height, in inches, of a plant each day after it sprouts.
Her data is gathered in the following table:

t
(days) 0(1(13|4] 8 |10

h
(height in inches) 012181911010

a) Use the given data to estimate »/(6). Show the computations that lead
to your answer, and write your answer with correct units.

b) What does your answer to part (a) mean, in the context of this problem?

c) Use the given data to estimate h'(1). Show the computations that lead
to your answer, and write your answer with correct units.

d) What does your answer to part (c) mean, in the context of this problem?

15. As time passes, a scientist records the temperature and pressure of a gas in-
side a chamber as the chamber is heated. His data is summarized in the
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4.4. Homework exercises

following table:

time ¢
(minutes after start 0 1 2 4 5 6 8
of experiment)
pressure PP
(pressure in kPa)

temperature 7'
¢ C)

696 | 764 | 818 | 891 | 916 | 935 | 963

20 | 48 | 71 [ 102|112 | 120 | 132

. . dP .
a) Use the given data to estimate —| . Show the computations that lead
t=1

to your answer, and write your answer with correct units.

b) What does your answer to part (a) mean, in the context of this problem?

ar
c) Use the given data to estimate —| . Show the computations that lead
t=2

to your answer, and write your answer with correct units.

d) What does your answer to part (c) mean, in the context of this problem?

e) Use the given data to estimate the rate of change in temperature with
respect to time when ¢ = 3. Show the computations that lead to your
answer, and write your answer with correct units.

f) Use the given data to estimate the rate of change in temperature with
respect to the change in pressure when ¢ = 5. Show the computations
that lead to your answer, and write your answer with correct units.

16. Given the graph of f below at left, estimate f’'(30) and f’(80).

300 - 300 -
270 - 270 -
240 - 240
210 210+
180 - 180 -

150

120

90
601 60 -

30+ 30}

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

1 L | | L
0 10 20 30 40 50 60 70 80 90 100 0 1 2 3 4 5 6 7 8 9 10 11 12

17. Given the graph of g above at right:

a) Estimate ¢'(5).
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4.4. Homework exercises

b) Write the equation of the line tangent to g when x = 5.

d
¢) Estimate &9
dr| _,

d) Sketch the graph of ¢'(x).

In Problems 18-21, you are given the graph of an unknown function f. Sketch the
graph of the function f’.

8

19. - Al

10 8 | -6 -4 -2 2 4 6

-10 —sl

Mathematica questions (for Exam 1 review)

22. For each problem, you are given a problem that a student was trying to
solve on Mathematica, and what the student typed in. What they typed in
is WRONG. Explain why what they typed in is wrong, and write what the
command should have been:

a) The student wants to find the sine of 7/6, but types in Sin(Pi/6)

b) The student wants to find log 7, but types in Log [7]

c) The student wants to solve the equation z* + 3z = 7, but types in
Solve[x™2 + 3x =7, x]

d) The student wants to define function f(z) = z?, but types in f [x] = x"2
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4.4. Homework exercises

e) The student wants to evaluate 222, but types in [32+9]/[63-17]

f) The student wants to define function f(x) = 2=, but types in
flx ] = x-1/x+1

23. In each problem, you are given some code in Mathematica (the code works).
Determine what output Mathematica will give you.

a) flx ] = x"2 + x; £[3]
b) Cos[2 Pi/3]

¢ glx_1 = 1/x-1; glx+1]
d) Solve[x+3 ==5, x]

e) Factor[x~2 - 4, x]

24. Suppose you typed in the following command into Mathematica:

Plot[x”3 Logl[x~2 + 1], {x, -3, 5}, PlotRange -> {0,4}]

a) What function is being plotted? (Write the function in hand-written no-
tation, not Mathematica syntax.)

b) What z—value will be at the left edge of the graph?
c) What y—value will be at the top of the graph?

Answers

speedometer reading speedometer readin

time t
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4.4. Homework exercises

speedometer reading

12. £ = —5 (cusp),
x = —2 (discontinuous),
x = 2 (discontinuous),
x = 4 (corner),

x = 9 (vertical tangency)

et 13. a) 3

speedometer reading b) 0
1
Q) T~ ——
) 2

d x=-5z=3x=4

e) x=-5r=-2x=3,x=4,x=06

‘\‘ ‘ f) 1
g) Positive, since the graph goes up
from left to right at x = 2.
-2
- h) -2
C 3 ‘)
; 1 i) 3
" a2+ 6249 j) o
3 k) 1
C 232 -2 ) y=1(x+3)+3
Ly=2+3(x-1) (ak.a.y=x+6)
1 2
L P'(4) = kw/hr m) y~ g(z—8)+15
. 97 mi/hr n) Theline shoul.o'l.go through (2, f(2))
and have positive slope, lying tan-
.x=1landx =4 gent to the graph at (2, f(2)).
—h(4 10 — 1
a) h'(6) ~ he) —htt) 1029 _1 in/day (answer can vary somewhat)

8—4  8—-4 4
b) On day 6, the plant is growing at a rate of 1 inches per day.

iy (1) =h(0) 2-0 poy L h(3)—=h(1) 8-2 i
c) h(l)~ 10 —1_0—2andh(1)~ 31 —3_1—3,averag

ing these gives 1/(1) ~ 2.5 in/day (this answer can vary somewhat)

d) On day 1, the plant is growing at a rate of 2.5 inches per day.

a) > ~ P) = 2(0) = 764~ 696 = 68 and ar ~ w —
dt t=1 1-— 0 1 dt 1 21
18 — 764 P
w = 54; averaging these gives a ~ 61 kPa/min (answer can
t=1

vary somewhat)

96



4.4. Homework exercises

b) 1 minute after the start of the experiment, the pressure in the chamber is in-
creasing at a rate of 61 kPa/min.

dr T(2)-1T(1 71 —48 drT T4) -T2 102 - 71

o) — ~ (2) (): =23and — ~ () (): =
dt |;—s 21 1 dt |,—s 4-2 2

. . T .
15.5; averaging these gives ’r ~ 19.25 °© C/min (answer can vary some-
t=2
what)
dr T4)-T(2 102 - 71

d — R~ () (2) = = 15.5 ° C/min (answer can vary some-
dt ;-3 4-2 2
what)

o I o T()-T(4) _12-102 10 . dT| _ T(6)-T(5) _
dP|,_s ~ P(5)—P(4) 916—891 25 dP|,_s ~ P(6)—P(5)
120 — 112 8 dr
935 916 — 13~ 421; averaging these gives ap|,_. ~ .411 ° C/kPa (answer

can vary somewhat)

16. f'(30) ~ 6; f'(80) ~ —3 .
17.  a) ~45 :
19, o\ /
b) y = 120 + 45(z — 5) N
Q) ~ 120 .
gl
d)
20. —
4 2
18 : 21. R
8 6 4 7)\72 2 4 6 8

22.  a) Used parentheses instead of brackets: command should have been Sin[Pi/6]
b) Logcomputes natural logarithm, not logarithm base 10: command should have
been Logl0[7] or Log[10,7]
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4.4. Homework exercises

23.

24.

c) Equation inside solve command needs two equal signs, not one: should have
been Solve[x"2 + 3x == 7, x|

d) Missing underscore after the x: command should have been f[x_] = x"2

e) Used brackets instead of parentheses: should have been (32+9)/(63-17)

f) Forgot parentheses: should have been f[x_] = (x-1)/(x+1)

a) 12

b) —1/2

1
Q9 —— 1
xr

d) 2

e) (z —2)(z + 2) (the order doesn’t matter)
a) 3In(z? +1)

b) —3

c) 4
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Chapter 5

Elementary Differentiation
Rules

MOTIVATING EXAMPLE

Compute the derivative f'(0), given that

f(z) = (x + 2)"Vcosa.

Practical approach to the answer: Graph f using the Mathematica code

Plot[(x+2)"4 Sqrt[Cos[X]], {x, -2, 2}]

to obtain this graph of f, then estimate the value of f'(0):

Problem with this practical approach:

Analytic solution: based on what we know so far, the exact answer is

71(0) = i LOEW O _ ) S0 = JO) (A4 2) Veosh =28

h—0 h h—0 h h—0 h
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5.1. Constant function and power rules

GOAL
We want to figure out how to compute derivatives without using the limit defini-
tion (and without having to resort to estimates coming from graphs and/or tables).

General procedure for computing derivatives

1. Memorize the derivatives of a few basic functions

(power, exponential, trigonometric, logarithmic, etc.)

2. Learn some rules which tell you how to compute the derivatives of more
complicated functions in terms of the derivatives you have memorized.

Over the next two chapters we will develop these rules, which allow us to compute
derivatives without having to resort to the limit definition. Eventually we will
come to a list of rules which are given on page 165 in Section 6.7.

5.1 Constant function and power rules

EXAMPLE 1
Find the derivative of f(x) = ¢, where c is a constant.

First, what should this be? The graph of f(z) = cisa

whose slopeis . So f'(x) should equal .

Justification of this intuition:

d
Theorem 5.1 (Constant Function Rule) Let c be a constant. Then d—(c) = 0.
i

As a reminder, dd(blank) means “derivative of blank”.
T
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5.1. Constant function and power rules

EXAMPLE 2
Find the derivative of f(x) = mx + b, where m and b are constants.

First, what should this be? The graph of f(z) = mx + bis a (straight) line, whose

slope is . So f'(x) should equal

Justification of this intuition:

f’(a:) — lim f(l’ + h) — f(l’)

h—0 h

[m(x + h) + b] — [mx + b]
h—0 h

Theorem 5.2 (Linear Function Rule) If f(z) = mx + b, then f'(x) = m.

d
ial C — =
Special case d$(x)
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5.1. Constant function and power rules

EXAMPLE 3

Find the derivative of f(z) = z*.

Solution:

EXAMPLE 4

f'(w) = lim h
o @+ Y - 2]
h—0 h

= Jim h
. 2xh + h?
= lim
h—0 h

Find the derivative of f(x) = 2™, where n is a nonnegative integer.

Solution:

f'(w) = lim h
N RO e
h—0 h

(continued on next page)
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5.1. Constant function and power rules

From the previous page,

N L o F ey ey R
fz) = Jim h

EXAMPLE 5
Find the derivative of f(x) = /x.

Solution: Just to show you that you can use either definition of derivative, we’ll
do this example with the alternate definition:

BRVZESN AN PN
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5.1. Constant function and power rules

EXAMPLE 6

Find the derivative of f(z) = !
T

Solution:

! T f(t)—f(l‘)
Fla) = lim = —==
11

— limt %
t—xr t —

Examples 1-6 illustrate the following general principle:

Theorem 5.3 (Power Rule) Let f(x) = 2", where n # 0. Then f'(x) = nz™'.

n

d
The Power Rule can also be written this way: . (z") = na""! whenever n # 0.
x

Theorem 5.4 (Special cases of the Power Rule)

jx(a:)—l
jx(m:c—i-b):m
=0==
2 (3=
2 () =2z
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5.1. Constant function and power rules

EXAMPLE 7
An object’s position (in meters) at time ¢ (measured in seconds) is given by y = t*.
Find the object’s velocity at time 3.

Old solution:

v(3) = f/(3) = lim JB+h) = /) = lim w =...

h—0 h h—0

New solution:

Using exponent rules with the Power Rule

EXAMPLE 8
Compute the derivative of each function:
L f(z) =2V
2
2. = —
fla) = o
4
3. flz) = 5
Solution: Rewrite f as f(z) = —4z7°.
Then f(z) = —4(—52°"1) =202
2
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5.2. Linearity rules

Ve
5. flx) = o
; . 1 5/2 / 5 51 5 3/2
Solution: Rewrite f as f(x) = SR Then f'(z) = 5 5% ==
3Va?
6. =
f) =25
. 3 282 3 3
Solution: Rewrite f as f(z) = 1 3;—2 = Zx%_Q = ZI_I/Q
3 -1 - -3
Then fl(iﬂ) = Z . 71’7171 = KSU?B/Q

5.2 Linearity rules

QUESTION
If f and g are differentiable functions,
e does (f+g)=f+g?
does (f —g) =" —¢'?
does (¢f) = c¢- f' when c is a constant?
does (fg)' = [~ ¢?

does <f> = i:?
g g

Theorem 5.5 (Sum Rule) If f and g are differentiable at x, then f+g is differentiable
at xand (f +g)'(z) = f'(z) + ¢'(2).

PROOF OF THE SUM RULE By definition, (f + g)(z) means f(z) + g(z). Now using
the definition of the derivative,

_ iy S 9+ h) — (f +9)(2)
h—0 h

o ) gl + 1) = [f(@) + ()
h—0 h

(f +9) ()
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5.2. Linearity rules

Theorem 5.6 (Difference Rule) If f and g are differentiable at x, then f — g is
differentiable at x and (f — g)'(x) = f'(x) — ¢'(z).

PROOF OF THE DIFFERENCE RULE is similar to the proof of the Sum Rule.

Theorem 5.7 (Constant Multiple Rule) If f is differentiable at x, then cf is differ-
entiable at x for any constant c and (cf)'(z) = ¢ - f'(x).

PROOF OF THE CONSTANT MULTIPLE RULE:

() (z) = lim LHETH) = (@)

h—0 h
— tim cflx+h)—cf(z)
e h
@)~ ()
h—0 h
o )~ (o)
h—0 h
=c f'(z).

Together, the Sum Rule, Difference Rule and Constant Multiple Rule are called
the linearity rules for differentiation (for reasons that you learn in linear algebra
(MATH 322)).

EXAMPLE 1
Compute the derivative of y = 3z* + 2/z — 1.

EXAMPLE 2
Suppose the cost of producing = units of a drug is given by c¢(z) = 102" — 8z + 7.
Find the instantaneous rate of change in the cost when = = 1.
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5.2. Linearity rules

EXAMPLE 3
2 .
Lety = 3y/z — 35 + (37 — 2)°. Find 2.

. . . 2
Solution: First, rewrite y as y = 3z'/% — gx_?’ + 922 — 62 + 4.

d 1., 2
Then, dﬁ =3- g5 = S(=3)27"" +9(22) — 6+ 0, which simplifies to
ua
d
7y — .CE_2/3 —|—2x_4—|— 182z — 6.
dx
EXAMPLE 4
: 2 (v +1)?
/ —
Compute ¢'(z), if g(z) = NG + PO

WARNING: Products do not behave nicely under differentiation. Here is an
example to show why (fg) # f' - ¢"

3

Suppose f(x) = z? and g(z) = 2°.

Then f'(z) = 2x and ¢'(z) = 32>
Therefore the product of the derivatives is f'(z)g' (z) = (2z)(3z?) = 62°.

BUT (fg)(z) = f(z)g(x) = 2%2® = a°.

Therefore the derivative of the productis (fg)'(z) =
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5.3. Derivatives of sine, cosine and tangent

5.3 Derivatives of sine, cosine and tangent

To figure out what the derivatives of sinx, cosz and tanx are, let’s first use
graphs to get some intuition as to what these derivatives might be:

11 f(x) =sinx A
g Wﬂ' ;—T T 32—" 27T
-1} -1}
/_\ f(x) =cosx Al
o Z 7T = 27T \ m z T 32—" 27T
| | fo) = tam x | I I I
| | | | | |
| | | I I I
1} 1t
| | | | | |
f T 31’1 T | } T 3% 27T I
1t 1}
| | | I I I
| | | | | |
| | | | | |
Theorem 5.8 (Derivatives of sine, cosine and tangent)
? (sina) % (cos) = s (tan.2) = soc?
— (sinz) = cosx — (cosx) = —sinz — (tanx) = sec” x
dx dx dx

The derivatives of cot x, secz and csczx, as well as the derivatives of arctan x
and arcsin  will be derived in the next chapter.

I have written proofs of the statements in Theorem [5.8]at the end of this section,
but I probably won’t go over the proofs in class. Essentially, you establish these
derivative formulas rigorously by writing out the limit definition of derivative,
and using a bunch of algebra and trig identities (and some other stuff).
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5.3. Derivatives of sine, cosine and tangent

EXAMPLE 1
Compute f'(z) if f(z) = 2sinz —

COS T

+ 4.

EXAMPLE 2

d
Let y = 8V/23 + 52 — 2 tan 2. Compute d—i

EXAMPLE 3

Find the equation of the line tangent to y = 4cosz — 2 when z = g
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5.3. Derivatives of sine, cosine and tangent

Proofs of the derivative formulas for sine, cosine and tangent

First, when computing these derivatives, we will need some trigonometric identi-
ties that are listed and numbered here for convenience:

sin(x 4+ h) = sinz cosh + coszsin h 6.1)

cosz = 1 — 2sin? (g) (5.2)

cos(x + h) = cosxcosh —sinxsinh (5.3)
tanx + tan h

t h) = 5.4

an(z +h) 1 —tanxtanh 54)

1 +tan’z = sec’z (5.5)

We will also need a couple of preliminary results:

sin h

=1.
h

Preliminary result # 1: lim
h—0

PROOF OF PRELIMINARY RESULT # 1 Consider the following picture, where the
black arc is a quarter-circle and h is the angle between the z-axis and the diagonal
line:

1
C
. B~ T
sin Af-——————-—----> I
I I
: : tan &
I |
I I
I
h 1A l
0 cos h 1

From this picture, it is clear that

area of pink triangle < area of blue pizza wedge <  area of green triangle

with corners O, A and B with vertices O, A and C
1
1(base) (height) < ar;gle (7 radius®) < i(base)(height)
T
1(cosh)(sin h) < i7r(1)2 < 1(1)(taun h)
2 - 27 - 2
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5.3. Derivatives of sine, cosine and tangent

From the previous page, we have

(1)(tan h).

DN | —

1 h
— i < — 2 <
2(cos h)(sinh) < 27T7r(1) <

sin h

Cancel the 7s in the middle term, rewrite tan h as
cOS

by 2 to get

sin h

coshsinh < h < .
cos h

Divide everything by sin h to get

h 1
<

cosh < — .
~ sinh ~ cosh

Take reciprocals (this flips all the inequality signs) to get

1 sin h
> > cos h.
cosh h
This proves the relationships between the graphs of cos/,
below:
. .
\ 7/
1 AN ///
cosh N~ - sin &
== ~—
7 cos A~ N
1 1
-1 -2 0 > 1
We can conclude that since
) ) 1
lim cosh = cos0 =1 and lim =
h—0 h—0 cos h

sin h

h

in h
that Illir% —Slz must also equal 1, proving preliminary result # 1. [
—

and

cosh

. and multiply everything

seen
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5.3. Derivatives of sine, cosine and tangent

h—1
Preliminary result # 2: }lLim RS,

—0 h

PROOF OF PRELIMINARY RESULT # 2 Multiply the top and bottom by (cosh + 1):
cosh—1  (cosh—1)(cosh+1)
=11

ilzli%T N ilz—rf(l) h(cosh + 1)
. cos’h—1
_h%m

—sin? h

= }1111)% heosh+ 1) (by trig identity cos® h + sin® h = 1)

. <sinh> —sinh
= lim

h—0\ h )cosh+1
—sin( —0
()(COSO+1) I1+1
d ., .
PROOF THAT d—(sm T) = COos T:
x
Use the limit definition of derivative:
_ . sin(x 4+ h) —sinz
. (sinz) = }gr(l) 7
. sinzcosh 4 cosxsinh —sinx .. .
= }ngtl) : (by trig identity (5.1) above)
) sinh .., cosh—1
= ]ljgr(l)((,()b ) + }lllg(l)(sm x)T
. sinh , . cosh—1
=cosz | lim +sinz | lim ————
h—0 h h—0 h
=cosz-1+sinz-0 (by the preliminary results)
= COS .
d :
PROOF THAT — (cosz) = —sinx:
dz
d . cos(zr+h)—coszx
. (cosz) = Ilgr(l] .
. cosxcosh —sinzsinh — cosx .. .
= ]11151) - (by trig identity (5.3) above)
. cosh—1 . . sin iy
= ]llli%(cos m)T - }lllirtl)(sm x)
=cosz-0—sinz-1 (by the preliminary results)
= —sinx.
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5.3. Derivatives of sine, cosine and tangent

d
PROOF THAT d—(tan r) = sec® r:

dx

X

(tanz)

. tan(z 4+ h) —tanz
lim
h—0 h

tanz + tan h

—tanx
. 1 —tanztanh . .
flllir(l) Y (by trig identity (5.4) above)
. tanz +tanh — tanz(1 — tanx tan h)
lim
h—0 h(1 — tanz tan h)
’ tanz + tan h — tan z + tan® x tan h
im
h—0 h(1 — tan x tan h)
. tanh 4+ tanhtan’z
lim

h—0 h(1 — tanz tanh)
tan h(1 + tan” )

i

h—0 h(1 — tan x tan h)

tan hsec? x

,lgr[l) h(1 — tan s tan 7) (by trig identity (5.5) above)
sin h sin iy
20 li — by writing tan &
T cosh-h-(1—tanztanh) (by writing tan 1 as cosh)
sec’ x - lim ( ! ) !
h—0 \ cos h 1 —tanztanh
, 1 1
sec’x - —- (1) ———
1 1—tanz-0
sec? z.
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5.4. Exponential and logarithmic functions

5.4 Exponential and logarithmic functions

Question: What are the derivatives of ¢* and In z?
Better question:
To get some intuition for this, let’s try to compute the derivative of an exponential

function with an arbitrary base b > 0. To do this, let f(z) = b* where b is a constant.
First, some pictures to give us an idea of what to expect:

A

So it looks like the derivative of an exponential function is

To check this, use the limit definition of derivative:

d N ) bx+h — b
g ) = =g
b — b7
= lim ——
h—0
. bx(bh -1)
I —
. v —1
=0 [,{13% h ]

What this tells us: the derivative of an exponential function with base b is itself,
times a constant that depends on 0. Next, we will give a name to that constant:
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5.4. Exponential and logarithmic functions

Definition 5.9 Let b > 0. The natural logarithm of b, denoted Inb (and executed
with Log[b] in Mathematica), is

h _
lnb:limb 1.
h—0

Theorem 5.10 (Derivative of exponential functions that have arbitrary base)
Let b > 0 be a constant. Then
d

—(b%) = b” - Inb.
7 (%) n

EXAMPLE 1
Compute the derivative of f(x) = 3 - 2% + 572,

The graph of Inx

Theorem 5.11 (Basic logarithm facts) Let a,b > 0. Then:
Logof 1is 0: In1 = 0.
Logs are increasing: if a < b, then Ina < Inb.

Logs have VA atz = 0: lim Inb = —ooc.

b—0+

Logs have no HA: lim Inb = oc.

b—o0

PROOF For the first statement, use our definition of natural log:
Inl=
For the second statement (logs are increasing), notice that if a < b,

ah—1<bh—1
h h

Taking limits as h — 0 preserves this inequality, so Ina < Inb.
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5.4. Exponential and logarithmic functions

-1 0-1
For the third statement (VA at z = 0), notice that as b — 07, ; — =
-1 1
—. Take limit as h — 0 of this to get 9= o
h _
For the fourth statement (no HA), notice that as b — oo, gets bigger and

bigger without bound, so taking limits as h — 0 means In b will also get bigger and
bigger without bound. Thus blim Inb=o0. 0
— 00

The preceding theorem tells you about the graph of Inz: it must go through
(1,0), increase from left to right, have VA z = 0, and no HA, so it looks like:

The number e

Definition 5.12 The number e, called Euler’s constant, is the number which satis-
fies Ine = 1. (In Mathematica, this number is obtained by typing E.) The natural
exponential function is the function

xT

exp(x) = €.

e is an irrational number that is roughly 2.71828....
e cannot be expressed in terms of rational numbers, roots, or trig functions.

You probably have heard of e before, but you probably didn’t hear why you were
being told about e. Mathematicians like base e for their exponents and logarithms
because they lead to easier derivatives than other bases do. In particular:

d
Theorem 5.13 (Derivative of the natural exponential function) T () = e”.
x

d
PROOF %(ex) =e"-lne=e"-1=¢€".0
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5.4. Exponential and logarithmic functions

EXAMPLE 2
Find the derivative of y = 2¢* — 4sinx + cosz — 22° — 1.

More logarithm rules

In this section, I have told you the following definition of natural logarithm:

h _
lnb:limb 1.
h—0

You probably have heard of logarithms before, but they were probably presented
to you differently. However, this is the same notion of logarithm that you already
knew about. In particular, we can derive algebraic rules for logarithms (that are
hopefully familiar to you) using only this limit definition:

Theorem 5.14 (Algebra with logarithms) Let a,b > 0 and let n € R. Then:

Log of a product is the sum of the logs: In(ab) =Ina + Inb.
Log of a quotient is the difference of the logs: In (Z) =1Ina—Inb.

Exponents in a log can be pulled in front: In(b") = nlnb.

Cancellation laws: Ine? = band e™? = b.

PROOF To prove the first statement, notice

h 1 ph—1
lna—l—lnb:lima + lim
=0 h h—=0 h
h bh o
=1-lim + lim
h—0 h—0 h
h _ bh _
= lim b" - lim ¢ + lim
h—0 h—0 h—0 h
bh h 1 bh -1
= lim (a ) lim
h—0 h h—0
hbh, __ hh bh _
= lim + lim
h—0 h—=0 h
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5.4. Exponential and logarithmic functions

Continuing from the previous page:

hph — ph b —1
Ina+1nb=lim ar=o + lim
h—0 h
albh — v b —1
RS0 h + h

= Jim h
oadw—1

= lim
h—0

_ o (@) =1
}lg% - = In(ab)

The second and third statements have similar proofs; these are omitted.
To prove the first cancellation laws, observe Ine® = blne = b(1) = b.

That leaves the second cancellation law: suppose b = e*. Then

(in the red equals sign, we used the first cancellation law). [

EXAMPLE 3
Evaluate each expression:

Ine® = en? =
In/e = etnd =

1
Ine® = 3e2 16 —

The last examples above generalize into the following fact, which is incredibly
useful:

Theorem 5.15 (Change of base formula for exponentials) Let a > 0and let b €
R. Then

ab _ eblna.

In calculus, we use the formula of Theorem to simplify expressions like the
e*n3 in Example 3, and also use it to rewrite expressions so they are easier to dif-
ferentiate.
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5.4. Exponential and logarithmic functions

EXAMPLE 4
Rewrite each expression so that it contains no In nor e:

3 4ea:1n 1.6 _

eSlnx —

46% In(2z) _

EXAMPLE 5
Simplify each expression and then rewrite it so that it is a constant times a single
exponential expression, whose base is e (in other words, reverse the technique of
the previous example):

—92.5% —
3(2633)46?@6723; —
<€2x)42—3$ —

5T =

The derivative of ¢’

EXAMPLE 6
Find the derivative of y = .

Example 6 generalizes into the following result, which previews something we’ll
learn later called the Chain Rule:
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5.4. Exponential and logarithmic functions

T

d
Theorem 5.16 For any constant r, e (") =re
G5

EXAMPLE 7

o . . : . . 2e™ 4 et
An object’s position at time ¢ (¢ is measured in hours), is f(t) = ———— km.
€

Compute the object’s velocity at time ¢, and the object’s velocity at time 0.

Logarithms with arbitrary bases

Definition 5.17 Let a > 0. Define the logarithm base a of b by the following
formula:

EXAMPLE 8
Rewrite each expression in terms of only natural logarithms:

log z (if no base is given, this means log,, )

4logs(4x) =
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5.4. Exponential and logarithmic functions

Theorem 5.18
log, © =y if and only if a’ = .

PROOF This is a direct calculation, using the definition in Definition

Inz
log, 2 =y <= — =y
Ina

< Inzx=ylna
<= Inz =1Ind?
<— x=4a".0

This rule is used to actually compute logarithms in arbitrary bases:

EXAMPLE 9

Evaluate the following expressions:

1. log 10000

2. logy 3

1
3. logs 77

) 1 1 _
Solution: o7 = 3 =373, 50 log, % = '

4. logg 36
Solution: 36 = 62, so logg 36 = [2],

5. log, 64
Solution: 64 =2-2-2-2-2-2 =25 s0log, 64 = 6]

6. log, 32

. 5
Solution: 32 =4-4-2 =44 442 = 411412 = 45/2 50 Jog, 32 = .
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5.4. Exponential and logarithmic functions

The derivative of In z

First, let’s get some intuition as to what the derivative of Inz should be, using

graphs:
1 /

What function do we know that has a graph that looks like the one at right?

To verify whether this guessed derivative of Inz is correct, we’ll use a trick,

dx
dx d d
mg — (the rate of change of x with respect to y). To understand how —y and dz

where we compute —= (the rate of change of y with respect to z) by first comput-

are related, let’s consider an example:

Suppose y is position and x is time. Then

XY= velocity = rate of change of position per unit of time

dx
do _
dy
dy d
In particular, if i 5 m/sec, then d;j
1
In general, @ = d—x = ——. In other words, the Leibniz notation for
dx dy dy

dz
derivatives works the way fractions do when taking reciprocals (even though deriva-
tives aren’t fractions).

Now, let’s use this observation for the computation of the derivative of y = In x:
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5.4. Exponential and logarithmic functions

d 1
Theorem 5.19 (Derivative of the natural logarithm function) e (Inx) = —.
x T

EXAMPLE 10
Find the slope of the line tangent to the function f(z) = 3Inz + /r atx = 4.

EXAMPLE 11

21
Find the derivative of A\(z) = ;Z + log z — 2log, =.
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5.4. Exponential and logarithmic functions

Summary of Section 5.4

/AT /T

Definitions of “In”, “e”, “exp” and “log,” are as follows:

h
—1
® Inb=Ilim b }
h—0 h
e ¢is the number such thatlne = 1.

e The natural exponential function is exp(z) = €”.

Inx
® log,x = —.
Ina

The graph of In z goes up from left to right, passes through (1,0), has VA z = 0
and no HA.

Derivatives and limits to know

d X X

)=

d rxr T

%(e ) =re

d .

- = - In €SS 1mportan
() =b b (1 portant)
d 1

o) =

lirgl+lnx:—oo
T—
235, In@ = 00

Rules used to manipulate expressions containing logarithms
Inab=1Ina+1Inb

ln% =Ina—1nb

Int" =nlnb
Ine® =b
6lnb — b

Change of base formulas

Inz
IOgaZE _ CLb — eblna
Ina

Rule used to evaluate logarithms

log, * = y means a” = x
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5.5. Higher-order derivatives

5.5 Higher-order derivatives

We will see that many problems can be studied not just by differentiating a func-
tion once, but by repeatedly differentiating it many times. First, we establish nota-
tion to describe this procedure:

Definition 5.20 Let f : R — R be a function.
* The zeroth derivative of f, sometimes denoted %, is just the function f itself.

. dy . .
o The first derivative of f, sometimes denoted f*) or d—y, is just f'.
T

d*y . L
* The second derivative of f, denoted f" or f® or d—’g, is the derivative of f';
Xz

in other words, f" = (f'). The third derivative of f, denoted f" or f©® or
3

d
chz?{’ is the derivative of f”; in other words, f" = ((f')’)".

n

* More generally, the n'" derivative of f, denoted f™ or Zy,is the derivative of
:L»TL
f0=Y; in other words f™ = ((((f))---).

2

d
Why is the Leibniz notation d—g?
T

EXAMPLE 1
Let f(z) = 22°. Find f"(z).

EXAMPLE 2

d2
If y = cosx + sin x, find oy
dz?

r=m/4
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5.5. Higher-order derivatives

Physical interpretation of the second derivative

Suppose an object’s position on a number line after ¢ seconds of elapsed time is
given by f(¢). Then

f'(t) = rate of change of position = velocity

1"(t) = (f")(t) = rate of change of velocity =

EXAMPLE 3
A bee is flying back and forth along a number line, so that its position (in ft) after ¢

seconds of time is f(t) = ?td + 3t*. What is the velocity of the object at the instant

where its acceleration is zero?
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5.5. Higher-order derivatives

Graphical interpretation of the second derivative
Let f be a twice- differentiable function. Then
f'(xz) = slope of graph of f atx
f"(z) = (f")'(z) = rate of change of slope at

EXAMPLE 4

1 1
Let k be a constant and define f(z) = §kx2 +(1—k)z+ ik' Examine the behavior
of f(z) at z = 1 for various k:
1 1
f(1) = 51{: +1—-k+ 51{; = 1 = graph goes through (1,1)
fl(x)=kr+1—k= f'(1) =k+1—-k=1= graphhasslope 1 at (1,1)

fz)=k=f"1)=k

B : ’ 4
\ ' _ H 1
\ k=12 A4 k=0
\ p Y 4
\ " K
\ H / /
\ — Y - —
\\\k_4 .': II' / - - k__
\ 4
\\ “‘ ,'i'l (d
N T
1 N
_______ ‘\\
o \ k=—3
_ Py N
ey Y,
- /) Y,
7/ K
/70 k =— \\
/7l \
/ \
/ . \
1
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5.5. Higher-order derivatives

Compiling information from the first and second derivative, we can determine the
general shape of a graph near a value z as follows:

f'(x) >0 f'(x) <0 fz)=0

F(x) >0

f(x) <0

() =0

Before the days of Mathematica and graphics calculators, this is how people learned
to sketch the graphs of functions.

EXAMPLE 5
Suppose f is some unknown function such that f(3) = =2, f/(3) = land f”(3) = 2.
Sketch a picture of what the graph of f looks like near z = 3:
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5.5. Higher-order derivatives

EXAMPLE 6
Suppose f is some function whose graph is given below:

12 3 4 5 6 7 8 9 10

1. Estimate f(—6).

2. Estimate f'(—6).

3. Estimate f/(1).

4. Estimate f”(1).

5. Estimate f”(—3).

6. Estimate a value of = for which f’(x) = 0 but f"(x) < 0.

7. Estimate a value of = for which f'(z) < 0 but f”(x) > 0.

8. Is f(9) positive, negative, or zero? Explain.

9. Is f"(—7) positive, negative, or zero? Explain.
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5.5. Higher-order derivatives

EXAMPLE 7
Suppose that you look at your Fitbit periodically to measure the number of steps
you have walked and record what you see in the following table:

time ¢
0] 2 ) 7 11 15
(minutes after noon)
steps taken f(t) ‘ 0 ‘ 35 ‘ 115 ‘ 147 ‘ 163 ‘ 191

Use the table above to estimate the answers to these questions. Show your work;
use correct mathematical language and use appropriate units.

1. How fast are you walking at 12:06 PM?

Solution: This is asking for the velocity at time 6, which is f’(6). We estimate
this with a difference quotient, as in Chapter 4:

oo f(T) = f(5) 147115 32 :
1'(6) ~ e = w_% —5—16steps/m1n.

Note that the concept generalizes as follows:

2. What is your acceleration at 12:07 PM? Use appropriate units.
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5.5. Higher-order derivatives

EXAMPLE 8
The graph of some unknown function f is given below at left. Sketch the graph of
/" on the right-hand axes:

8 4
of 2
4 L

2 4 6 8
2} Ll
0 2 4 6 8 -4
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5.6. Homework exercises

5.6 Homework exercises

In these problems (and in all future problems), you may (and should) use differen-
tiation rules to compute any necessary derivatives (i.e. you do not have to use the
limit definition).

Exercises from Sections 5.1 and 5.2

—_

Find @ if y = 3.
dx

Find f'(z) if f(z) = 2° + 2/x.

. Findi (31‘—4—1—1).
dx

S5z

A business estimates that if it employs x thousands of people, then its profit,
in millions of dollars, is given by the function f(z) = 22 + 2 — z~'. Find the
rate of change of the business’ profit relative to the change in x, when z = 2.

. Find the instantaneous rate of change of y with respect to z, if y = (z —2)(2?+

1),

5/2

Find the slope of the line tangent to y = 2z 7%/2 when z = 4.

1
Find the equation of the line tangent to f(z) = 3 — 2* + — when z = 1.
T

. Suppose an object is traveling along a number line so that its position (in

meters) at time ¢ (in seconds) is f(t) = 2t — 4t72. Find the object’s velocity
when ¢ = 2.

. Suppose an object’s position at time ¢ is given by f(t) = 4¢* — 5t + 2. Find all

times ¢ where the velocity of the object is —1.

In Problems compute the derivative of the indicated function:

10

11.

12.

13.

14.

r) = 3 x_(m—kl)(w—l)
ﬂ)5f'y5 15. f(z) = NG
hz) =Tz 16. g(x) =3 +4x — Jx
g) = (t+2)(VI - 1) 17, fa)= 5 —2

2 2z oz
Fla) = - 18-f(a:)—3$5
f(z) = (2z)? 19. v(z) = 20v/z! — 32223
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2. fluw) = BV 13)(ﬂ —3) 20, f(t) =22+ 3t — ;t

Exercises from Section 5.3
2
22. Find f'(x) if f(z) = 3 sinx + icosx — 2%

23. Find the derivative of y = 2 — x — 4 tan x.

d
24. Let f(x) = cosz — 3. Find d{;

z=n/4

25. Find the slope of the line tangent to y = 3tanx — cosx when z = %

26. Find the instantaneous velocity of an object at time ¢ (measured in hours), if
the object’s position at time ¢ is f(¢) = 3t + sint (measured in km).

Exercises from Section 5.4

27. Simplify each of the following expressions:

a) 4Ine° c) 41n ve? e) Inl g) ent
1.4
b) 2¢2n3 d) exp (2 In 9) f) erMnla—1) h) Ine®

28. Write each of the following expressions as a single exponential term, where
the base of the exponent is e (meaning your answer should look like e7):

a) t* J) 64:@“7" e) 7T el g) (6z)t1e”
e eSa:
b) 48 d) 6v-1237 f) (3x)% h) o

29. Rewrite the following expressions in terms of natural logarithms:

a) logy b) 3log, 11 9 10%1/2?) d) log,(z + 4y)

30. Evaluate each expression:

a) log.01 e) 10g4116

b) 5lne’ f) 4logs 625 + log, 27
c) logy3 g) log, 36 — log, 9

d) log, 49® h) log, 527
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In Problems 31744} compute the derivative of each given function.

31.

32.

33.

34.
35.

36.

37.

45.

46.

fla) =1 38. f(x) =522 — 2V + ln;

39. O(x) =4 — §—F21nx
x

flz) = - 40. G(z) = 4log, =
g(t) = 4e' — 5t(1 — t) + sint 41. f(t) = In(7¢)
g(z) =53 — 4cosx 42. r(x) =e"(e™" —3)

1 o 1 T x/2
f(a:):@+3\5/5 43. q(a:)—x3x—4lnx—|—8€ —e
h(z) =5lnz — 11e” 44. f(z) =Inz 4+ 4¥/x — tanx + 16

Suppose the volume of dirt on an ant hill at time ¢ (in days) is ¢t + Int¢ cubic
inches. Find the rate at which the volume of the anthill is changing at time
= 6.

Write the equation of the line tangent to y = 4€** 4 5¢* when z = 0.

Exercises from Section 5.5

47.

48.

49.

50.

51.
52.
53.
54.
55.

1
Find the second derivative of f(z) = 2* — — + 4sinz.
T

2 2
Find 0" () if o(z) = gxﬁ -t

Note: o is the Greek letter sigma.

. o dy
Let y = 2sin 6. Find FToR
., d*f ) 2
Find ] B if f(z) = (x + ﬁ)
If f(z) = 4e® — 52* + 3z, find f"(x).

Find the third derivative of f(z) = Inz when z = 2.
Find the 33rd derivative of f(z) = e”.
Let f(z) = sinz. Find & (z).

Find the acceleration of an object at time 3, if the object’s position (in inches)
at time ¢ (in seconds) is f(t) = 2t3 — ¢? + 4t.
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56

57

58

59

60

61

62

2
. Find the acceleration of an object at time %, if the object’s velocity at time ¢

isv(t) = 3sint 4+ 2 mi/hr.

. An object moves in such a fashion that its position after ¢ units of time is
f(t) = e' — 2t. As time passes, is the object speeding up or slowing down?

. An object moves in such a fashion that its position at time ¢ (measured in
minutes) is f(¢) = ¢* — 9t* cm. Find all times ¢ where the acceleration of the

object is zero.

. Suppose f is some unknown function such that f(4) = 0, f'(4) = —1 and
f"(4) = 5. Sketch a picture of what the graph of f looks like near z = 4.

. Suppose g is some unknown function such that g(—1) = 3, ¢’'(—1) = 0 and

—2
g'(-1) = = Sketch a picture of what the graph of g looks like near z = —1.

. Suppose f is some unknown function such that f(4) = 1, f'(4) = ! and

7

—2
f"(4) = ——. Sketch a picture of what the graph of f looks like near z = 4.
3 P grap

. Pictured below is the graph of some unknown function f.

PN W A o N ®
T T T T T T 1

1
2
_3L
4
5

T R T R
1 2 3 4 6 7 8 9

Use the graph to determine, with justification, whether each of the following
quantities are positive, negative, or zero:

a) f(5) d) f(-6)
b) f'(5) e) f'(—6)
) f"(5) f) f(-6)

g f(-=1) ) f3)
h) f'(=1) k) f(3)
i f(=1) ) (3

63. Pictured below is the graph of some unknown function g.
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@ A O N ®

;77V4321 12 3 4 5 6 8 10

Use the graph to answer the following questions:

©® N O g B W N -

a) Estimate ¢”(1).

b) Estimate ¢”(5).

c) Estimate ¢"(—7).

d) Find a value of = such that ¢’(z) = 0 but ¢"(z) > 0.
e) Find a value of z such that ¢'(z) = 0 but ¢"(z) < 0.
f) Find a value of x for which ¢”(z) DNE.

64. The position of a bug which is crawling back and forth along the z-axis at
various times ¢ are given in the following chart:

time ¢
(seconds) S o e
pos.1t10n$<t> 14| 7| =51401 220
(inches)

a) Use the information in the chart to estimate 2/(3). Show the computa-
tions that lead to your answer, and write your answer with appropriate
units.

b) In the context of this problem, what does your answer to part (a) mean?

) Inthe context of this problem, what is the significance of the sign of your
answer to part (a)?

d) Use the information in the chart to estimate 2”(6). Show the computa-
tions that lead to your answer, and write your answer with appropriate
units.

e) In the context of this problem, what does your answer to part (d) mean?

f) In the context of this problem, what is the significance of the sign of your
answer to part (d)?
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65. During a snowstorm, you periodically measure the depth of snow that has
fallen outside your house. Your observations are recorded in the following
table:

time ¢

el olilslalsl7]s
depth of snow f(t) | | 1= | 15190 21 | 24

(inches)

a) Use the information in the chart to estimate f’(4). Show the computa-
tions that lead to your answer, and write your answer with appropriate
units.

b) In the context of this problem, what does your answer to part (a) mean?

c) Use the information in the chart to estimate f”(6). Show the computa-
tions that lead to your answer, and write your answer with appropriate
units.

d) In the context of this problem, what does your answer to part (c) mean?

66. The graph of some unknown function g is shown below at left. Use this graph
to sketch graphs of the functions ¢’ and ¢".

81 6

6} g al

67. The graph of some unknown function f is shown above at right. Use this
graph to sketch graphs of the functions f" and f”.

68. The graph of some unknown function & is shown below. Use this graph to
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sketch graphs of the functions #/, A" and h"".

69. Sketch the graph of any differentiable function f which has all of the follow-
ing properties:
* ['(3)>0; e f'(—1)>0;
* f"(3) <0; o /(1) >0.
70. Sketch the graph of any differentiable function g which has all of the follow-
ing properties:
* 9() <0 * 9(0)=0;
* ¢"(5) <0 * ¢"(0) < 0.

71. Sketch the graph of any differentiable function 2~ which has all of the follow-
ing properties:

e h'(2)=0; e W(—4)>0;
* h/'(2)>0; e h'(—4)=0.
Answers
97 ...
1. 0 4. T million $ per 1000 people
1
2. 62° + —
v VT 5. 322 — 4z + 4
4
3. 3+ 5.2 6. 37
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10.

11.

12.

13.

14.

15.

16.

17.

18. —

19.

20.

21.

22.

23.

24.

25.

26

27.

3 1
5\/5 + 533_3/2

1
4 1,23
3.ZU

—14x7°

2
§$—5/3

5527/ — 1524

gx_3/2 + 3772

1
+3+ —
+ +3t2
2 .
—CcoST — Zsmx — 2z

3
—1—4sec?z

V2

2

| ©

. 34+ costkm/hr
a) 20
b) 18

8
C)g

28.

29.

30.

31

32

33.

34

2
d) 3
e) 0
f) (a—1)*
g) 6
h) 8

a) e Int

b) 68 In4

Q) e

d) 6(3:—1) In6+3x1n2
e) 64:1:—1 In7
f) 643: In3z

g) T+ (t+1) In6z
h) 63x—m In2

Iny
In10
3In1ll

In4

2
1n§

a)

b)

<)

In(x + 4y)

d) In2
a) —2

b) 15
) -
d) 16
e) —2
f) 19
g) 2
h) -3
L7 In 7

2\* 2
.6-8-In8+3(=] In-
ns—+ <5> n5

L

4
. det —t + 10t + cost
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35.

36.

37.

38.

39.

40.

41.

42. —

43.

44.

45.

59.

60.

61.

15€3% + 4sin x

1 3
766_33 + 51,—4/5
§—1lex
T
10 ! + 1

r—

Ve o 3x
32
2z

4 1
In7 =z
1
t
3e’
As 4 gL

3 x
1 4
f+fa:72/3—sec T
r 3

g cubic in/day

46.
47.
48.
49.

50.

51.

52.

53.
54.
55.

56.

57.

58.

y=9-—"T(x—0)
6x — 222 — 4sinx
20zt — 4273

—2sin6
§

f(x) =cosx
34 in/sec?

_?3 mi/hr?

Speeding up (since acceleration is
positive)

t=3

Passes through (4, 0), slope of tangent line is —1 and lies above the tangent line at 4:

Passes through (—1, 3), curved downward such that the “peak” of the graph is at

(—1,3):

/N

Passes through (4,1), slope of tangent line is %, and graph lies below the tangent

line:
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5.6. Homework exercises

62.

63.

64.

z 3 O g g

10)
05|

—na%

10

a) f(5) =0 (graph at x—axis at x = 5)

b) f'(5) > 0 (graph going up from left to right)
c) f”(5) > 0 (graph lies above tangent line)

d) f(—6) > 0 (graph above x—axis at z = —6)

e) f'(—6) > 0 (graph going up from left to right)
f) f”(—6) < 0 (graph lies below tangent line)

g) f(—1) > 0 (graph above z—axis at x = —1)

h) f’(—1) < 0 (graph going down from left to right)
i) f"”(—1) =0 (graphis straight at z = —1)

j) f(3) < 0 (graph below z—axis at z = 3)

k) f'(3) = 0 (tangent line horizontal)

1) f”(3) > 0 (graph lies above tangent line)

a) 0
1
b) =~ 2 (a small positive number)

¢) ~ —b (a negative number)
d) =~ —5.25,r~8.1

e) x~—6.8, r~—28

f) x=-2

a) 7/(3) ~ x(4i : T(l) = _45__17 = —4in/sec.

b) The bug’s velocity at time 3 is —4 in/sec.

c) Since the velocity is negative, the bug is moving from right to left at time 3.

r(8) —wx(4) 40— (-5)

d) 2/(6) ~ - e 11.25 in/sec;
12) — 220 -4
7'(10) ~ il 1; — 5(8) = 1(2) — 80 = 451in/sec;
"(10) — 2/(6 45 —11.25
x//(6)%37(1())_§(): T %Sin/secz.

e) The bug’s acceleration at time 6 is 8 in/sec?.

f) Since the acceleration is positive, the bug is speeding up at time 6.
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5.6. Homework exercises

65.

z(4) — x(3)

a) f(4) ~ Jw = 2and f'(4) ~ 4_;

estimate f’(4) = 2.5 in/hr.

b) At time 4, the snow is falling at a rate of 2.5 inches per hour.

= 3; averaging these we

o £(5)~ IO yang priny £ HZSO) L qpen, g6y T2
5—2 -3,
QT = in/hr?.

d) At time 6, since f”(6) < 0, the rate at which the snow is falling is decreasing
(i.e. the snowstorm is “letting up”).

69. Answers may vary; one possible answer is

\ |~
\

70. Answers may vary; one possible answer is

5

71. Answers may vary; one possible answer is

n
/
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Chapter 6

Intermediate Differentiation
Rules

6.1 Product rule
Question: What is C;i(fg) (a.k.a. (fg))interms of f, g, f' and ¢'?
First, what is (fg)' not equal to?

Some intiution involving units: Suppose z is time (measured in sec) and f(z) and
g(x) are both distances (measured in meters). Then

f'(z)is which is measured in

g'(x)is which is measured in

So f'(z)g¢'(x) would be measured in

But (fg)(z) = f(x)g(z)is ——,whichismeasuredin |

which means (fg)'(z) would be measured in

So this reinforces that (fg)' (z) # f'(x)g'(z). But how do you compute (fg)'(z)?
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6.1. Product rule

More intuition: Suppose you have a rectangle whose length is [ = f(z) and
whose width is w = g(z). This makes the area lw = (fg¢)(x). Suppose you increase
[ and w by a small amount. How much does the area change?

A rate g'(x)

w = g(x) rﬁﬁx)

[=f(x)

CONCLUSION:

Justification of this intuition:

(o) (@) = lim LOE 1) = ([9)(2)

- ;:“z flz+h) g?fv +hh) — f(z)g(z)

~ lim fle+h)g(z+h)— flz)g(z +hh) + f(x) glz + h) — f(z) g(x)

~ lim lf(:cm) (a;+h})L f(w)g(x +h)+f(x)g(af+h})L—f(:c)g(:c)]
e e e

= g(x) f'(z) + f(x) g'(x).

This work proves the following theorem:

Theorem 6.1 (Product Rule) Let f and g be differentiable at x. Then fg is differen-
tiable at x and

(f9)'(z) = f'(z) 9(z) + ¢'(2) f(=).
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6.1. Product rule

The Product Rule says, in English, the following:

the derivative of a product is “the derivative of the first times the second plus the
derivative of the second times the first”.

EXAMPLE 1
Find ¢/ if y = 32° sin x.

EXAMPLE 2
Find the slope of the line tangent to f(z) = (22° + 42 — 1) tanz, at x = 0.

EXAMPLE 3

d2
Find d?y? if y = 2le”,

Solution: First, by the Product Rule,

d
9 _ 423e® + ezt

dz

EXAMPLE 4
Find f/(x) if f(x) = cos®z.
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6.2. Quotient rule

6.2 Quotient rule

Theorem 6.2 (Quotient Rule) Let f and g be differentiable at x, where g(x) # 0.
Then Z; is differentiable at x and

(f)' (2) = f'(@) g(x) — ¢'(z) f(=)

9

The proof of this is similar to the proof of the Product Rule and is omitted.

The Quotient Rule says, in English, the following:

the derivative of a quotient is “the derivative of the top times the bottom minus the
derivative of the bottom times the top, all over the bottom squared” .

EXAMPLE 1

Find ¢'(x) if 0(z) = 2Y 2 =371

5lnx

Solution: Apply the Quotient Rule:

_ TOP'- BOT — BOT' -

9/
(@) BOT?
EXAMPLE 2
> +1 :
Let f(z) = T Find the slope of the line tangent to f when = = 0.
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6.2. Quotient rule

EXAMPLE 3

Suppose that at time ¢ (measured in seconds), the energy in a nuclear reaction is
t

76 Joules. Find the rate of change of the energy with respect to time.

EXAMPLE 4
Find f(z) if

~ 3tanz 4 62° — 5z 4 2
 —dcosx —3r723 427

()
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6.3. Derivatives of secant, cosecant and cotangent

6.3 Derivatives of secant, cosecant and cotangent

The quotient rule can be used to compute the derivatives of sec z, csc z and cot x.
You can either memorize the answers that are derived below, or remember how to
“re-compute” them using the quotient rule, as necessary.

EXAMPLE 1
Find the derivative of f(x) = sec .

d(sc)—d< 1)
dx ex_dz COS T

EXAMPLE 2
Find the derivative of f(x) = cscx.
Solution:

d(cscx)_d< 1 >
dx ~ dr \sinz
li

(1) -sinz — (sinx) - 1

(sinx)?
O-sinxz —cosx-1 —Cos 1 COS &
e R BRI
sin” z sin® x sinz sinz
EXAMPLE 3
Find the derivative of f(x) = cot .
Solution:
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6.3. Derivatives of secant, cosecant and cotangent

Theorem 6.3 (Derivatives of secant, cosecant and cotangent)

d (secx) = secxta (cscx) cse x cot (cot x) csc?
— x) = secx tanx — xr) = —cscrcotx — T)=— x
dz dx dx

EXAMPLE 4
Find the instantaneous rate of change of the function f(z) = 2xsecz + 1 when
= 0.

EXAMPLE 5
3 cot d
Lety = M, Find ¥
T —sinx dx
EXAMPLE 6

Find jt (2\5/25_4080 t).
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6.3. Derivatives of secant, cosecant and cotangent

EXAMPLE 7

Suppose an object’s position, measured in feet, at time ¢, measured in seconds, is
given by f(t) = e’ sect. Find the object’s velocity and acceleration at time 0.

EXAMPLE 8
Find ¢’ (g) if g(t) = t*sint.

Solution: First, by the Product Rule, ¢'(t) = 2tsint + (cos )%

:2 7T
3 2
3 18
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6.4. Chain rule

6.4 Chain rule

Goal: Compute derivatives of compositions. This means that given differentiable
functions f and g, we want to find the derivative of f o g in terms of f, f/, g and ¢'.

Motivating example:

Suppose Mrs. Young (y) is moving 5 times as fast as Mrs. Underwood (u).
Suppose also that Mrs. Underwood is moving 3 times as fast as Mrs. Xavier (z).
What is the relationship between Mrs. Young’s speed and Mrs. Xavier’s speed?
Answer:
In the language of derivatives, the motivating example becomes the following
question:
e _

du
The answer is found as follows:

5 and d—u = 3, what is @?”
dz dx

The general idea described here is what is called the Chain Rule:

Theorem 6.4 (Chain Rule, Leibniz notation)

dy dy du

de  du dz’
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6.4. Chain rule

EXAMPLE 1
Find jy if y = v/sinz.
x

Question: What’s missing here, given what we did on the previous page?

Continuing with this example, let F'(x) = v/sinz. Then,
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6.4. Chain rule

Theorem 6.5 (Chain Rule, prime notation) If f and g are differentiable functions,
then f o g is differentiable and

(f o 9)'(z) = f'(9(x)) g'(x)-

I like to think of a composition as having an “outside” part (the f, which is the last
thing you do in the function) and an “inside” part (the g, which is the first thing
you do). If you are familiar with diagramming functions, this means the function

diagrams as

IN OUT
LI I or r— 2=

The Chain Rule says, in English, the following;:
the derivative of a composition is “the derivative of a composition is the derivative of

the outside, with the inside plugged in, times the derivative of the inside” .

EXAMPLE 2

Z
Find i [(1 — sinx) ]
dr | \z

1

Alternate solution: Let u = — — sinz. Then y = u*, so by the Leibniz version of the
T

Chain Rule,

dy dy du e (—1 ) 4 <1 , >3 <—1 >
L =2. —=4u’ - |— —coszx | = — —sinx — —coszx )|
dr du dx ! T2 2

EXAMPLE 3

Find ¢/, if y = /32z + 4.
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6.4. Chain rule

EXAMPLE 4
Find the equation of the line tangent to F'(x) = (32° — 3z — 1)’ when x = 1.

EXAMPLE 5
If an object’s position, in feet, at time ¢ (measured in minutes) is given by f(t) = e,
find the object’s velocity and acceleration at time ¢.

Alternate solution: We already learned ddl’ (™) = re™, so we could just apply that
rule (which is really a special case of the Chain Rule with IN = rz and OUT = e”).

EXAMPLE 6
Compute the second derivative of y = cos(z?).
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6.4. Chain rule

When to use the Product Rule, as opposed to the Chain Rule

EXAMPLE

dCfL' (:1:2 sin x) VS. ;; (sin a:2>

Use of the Chain Rule in conjunction with other rules

EXAMPLES
Find the derivative of each of these functions:

1. y =2z In(42® + 1)

2. f(z) =a2?cos®x — 4z tan’x
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6.4. Chain rule

3. y=

(e + 2% —2)3
(-3 — 1)302

Inz — 2
4, = si _
f(:v) St <cosx + x)

Solution: Start with the Chain Rule, because “sin” doesn’t mean anything by
itself:

f'(x) = outside’(inside) - (inside)’
(1nx—2> <1nx—2>/
=cos| —— | - [ ———
cosT + cosT +x

Now use the Quotient Rule to compute the inside’:

Inz -2\ 2i(cosz+z)— (—sinz+1)(lnz—2)
coST + & '

(cosz + x)?

< o

5. g(z) = cos(y/sec )
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6.5. Implicit differentiation

6.5 Implicit differentiation

Another application of the Chain Rule

Suppose z = siny and y = f(z), where you don’t know what the function f is.

-,
dz
dz d
. _ — & / _ 7 .
Some ex: y = f(x) z =siny 2'(x) il (siny)
26
v
eZU
sec

General answer: By the Chain Rule,

EXAMPLE 1

d
Suppose that y is some unknown function of z. Find . (y2 + 6y — 2).
x

In general: if y is an unknown function of z, then

L w) = 1w Y

. , d
Note: If y is a constant, rather than a function of z, then e (y2 + 6y — 2) =
x

EXAMPLE 2

jx< 4—siny+5>:?
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6.5. Implicit differentiation

EXAMPLE 3

jx (y3 sin x) =7

Implicit differentiation of equations

MOTIVATING EXAMPLE
Consider the equation z* + y* = 25.

This equation is not a function y = f(x), for two reasons:
1.
2.

Suppose you wanted to write the equation of the tangent line to z* + y* = 25

d
at some point. You would need to compute d—y at that point to get the slope. But
X

which equation do you differentiate:
y=v25—22 or y=—Vv25—a?

In this example, the choice is obvious:

159



6.5. Implicit differentiation

But for a more interesting equation, there is no way to tell which equation to
use. Consider the equation

st =) =t

If you solve for y, you will get four different solutions:

I

L

There’s no (easy) way to tell which solution goes with which graph.

. d . . .
Question: Is there a way to compute d—y for some equation without solving for
T

y in terms of z?

Answer: Yes. The method is called implicit differentiation. To implement it,

start with the equation and differentiate both sides with respect to = (i.e. “take T
T
of both sides”).

General procedure to implement implicit differentiation:

d
1. Take e of both sides (as with the examples earlier).

2. If you are given x and/or y values, plug them in.

3. Solve for @
dx
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6.5. Implicit differentiation

EXAMPLE 4
Find the slope of the line tangent to the circle 2 + y* = 25 at the point (3, —4).

Follow up question # 1: What is the equation of the line tangent to the circle z* +
y? =25 at (3, —4)?

Follow up question # 2 (time permitting): In the preceding example, how would
you determine the value of the second derivative at (3, —4) (i.e. how would you
measure the concavity of the circle)?

(If we skip this, omit problems 89 and 90 in the homework problems of Section
6.7.)
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6.5. Implicit differentiation

EXAMPLE 5
d .
Compute & for the equation z* + y* = 6zy.
r=3,y=3
EXAMPLE 6
d .
Compute Y for the equation = + e**¥ = 10y>.

dzx
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6.6. Derivatives of inverse trigonometric functions

6.6 Derivatives of inverse trigonometric functions

Implicit differentiation can be used to find the derivatives of arctan x and arcsin :

EXAMPLE 1
Compute the derivative of f(z) = arctan z.

First, what should the graph of CZJ arctan = look like?

N
To figure out the derivative of arctanz, we will recall that y = arctanz means

tany = x. So we will find jly by implicitly differentiating tany = x:
x

EXAMPLE 2
Compute f'(1) if f(x) = \/z arctan z.
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6.6. Derivatives of inverse trigonometric functions

EXAMPLE 3
Find the derivative of f(x) = arcsin x.

Solution: As in Example 1, rewrite the function and use implicit differentiation:
Yy = arcsinx < r = siny

1 dy
= cosy ——
dx

dy
1= 2
= 4/cos?y .

d
1= 1—sin2y—y

dz

1=v1—2a? &y

dz
S
VI—a2| du

Theorem 6.6 (Derivatives of arctangent and arcsine)

1 d ) 1
%(arctan x) = PN %(arcsm x) = Wi

EXAMPLE 4
Compute ¢/, ify =

3 arcsin x.

Solution: Use the Product Rule:

/

y = (%) arcsinz + (arcsin z)'z*

3

= |3z arcsinz + x° |.

1
Vi—a?

EXAMPLE 5

C t i (1 i :L’)
ompute - { arcsin - J.
Solution: Use the Chain Rule (outside = arcsin z; inside = 7):

y = OUT'(IN) - IN’

SR
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6.7. Summary of differentiation rules

6.7

Summary of differentiation rules

Derivatives of functions that you should memorize:

(c)=0

(z™) = nz"! (so long as n # 0)

Constant Functions
Power Rule

Special cases of the Power Rule:

d
dx
da
dx
d (2 _
(r%) =2z
Trigonometric Functions 4 (sinz) = cosx
d
4= (cosz) = —sinx
d — o2
o (tanx) = sec’ x
d _ 2
4 (cotz) = —csc’ o
d _
4 (secr) = secwtanw
d — .
4= (cscr) = —cscwcotx
Exponential Functions Lem) =e
d (,rz) _ T
() =re
d (px\ _ pz
A (p7) = b Inb
Natural Log Function d(lng)=1
X x
. . d 1
Inverse Trig Functions 5 (arctanz) = 4
d i -1
i (arcsinr) = —

Sum Rule (f+9)(x) = f'(z)+g(x)
Difference Rule (f—9)(z)=f(z)—d(x)

Constant Multiple Rule (kf)(x) =k - f'(x) for any constant k
Product Rule (f9)'(z) = f'(z) g(x) + ¢'(z) f(x)
Quotient Rule (5 /(x) = L)g ([?(;ﬁ;(x)f(x)

Chain Rule (fog) (z) = f(g(x))g(x)
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6.8. Homework exercises

6.8 Homework exercises

Exercises from Sections 6.1-6.3

1.

2.

3.

10.
11.

12.

13.

14.

15.

16.

d
. Find —
mn dx

Let g(z) = (2* + 1)(2* — 3z + 4). Find ¢'(x).

Let f(z) = 42*Inz. Find ;l];
Find the derivative of f(z) = J:Q—Lx—l—l
Find ¢/(1) if g(z) = \/Ex+ -

. Differentiate f(x) = si;?x'

Find the derivative of f(x) = \/x sin .

Find & if y = (22% — 27%/3)e”.

. Find the instantaneous velocity of an object at time ¢t = g seconds, if the

position of the object is given by f(¢) = t*sin ¢ meters.

<ix2 — 1) In x}

Find the second derivative of f(z) = zInz.

a) Find f'(2) if f(x) = 2sinx+/x.

b) Explain in your own words what your answer to part (a) means.
2+ 1
x3—1

Differentiate f(z) =

COST
VT

Find the slope of the line tangent to the graph of f(x) = 4coszsinx when
™

Find ¢/ ify =

r = —.

4
Find the acceleration of a particle at time ¢ (measured in minutes), given that
3t2 — 4 @

the particle’s position at time ¢ is
p p ?2+1

82° —sinx dy
Lety= oo 9% ping W
ety Inz+5 m dx
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6.8. Homework exercises

17

18

19

2

o

21

22

23

. Find f'(n) if f(z) = 2*sin z.

COS T

. Find the equation of the line tangent to the graph of y = when z = 7/2.

. Find the equation of the line tangent to f(z) = (z — 1)(z? — 2) at the point
(0,2).

. Suppose f"(x) = 2x cosz. Find f®(x).
. Suppose f and g are functions such that f(3) = 2, f/(3) = —1, g(3) = 4 and
¢'(3) = 2. Find (fg)'(3) and (g) (3).

. Here is a table which lists of values of functions f, g, f’ and ¢’:
v || 4[=3[-2[-1]0 |1 |2[3]4
F@y 21 -2[-5]3]0]1]2]3
fllx)| 3 |—-1]| 4 2 |—1] 3 |2|2] 5
g@) 2 [=5[0 | 31 [—4[2]0]—-2
g@)| 3 |-2|—-1|-2] 4| 1]0[3]| 7

Use this information to compute the following quantities:

a) (fg)'(2) e) <f>/(2)
, f+yg
b) (f9) /<0) f) 1(3),if h(z) = 22f(x)
0 @ ) g) K(~2),if k(z) = 4a®g(x)
d z
d) (f +39)(~1) T (g(x)) 1

. The graphs of two functions f and g are shown below:

WIALA, o~

-‘VV-M \[4\/—‘2\/ 2 4 6\Js 6 4 2 V2 4 5 03

4} _af

Use the graphs to estimate these quantities:
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6.8. Homework exercises

a) (£9)'(0) QO <f>’(_5)
9
b) (f9)'(3) e) b'(6),if b(x) = bxg(x)
)

if
A} o 4 (9
) (g (2) ) dr \ =z
24. A team of biologists studies the behavior of a bacteria colony under the effect
of exposure to radiation as time passes. They produce graphs of functions
n and m, where n(t) is the bacteria population (measured in thousands of
bacteria) at time ¢ (measured in hours), and m(t) is the number of mutated

bacteria (measured in thousands of bacteria) at time ¢ (measured in hours).
Graphs of these functions are shown below:

z=—6

thousands of bacteria

time

0 2 < 6 8 10

a) Let p be the proportion of bacteria that have mutated at time ¢. Write p
as a function of m and n.

b) Estimate p'(7) from the given graphs. Write your answer with appropri-
ate units.

¢) In terms of the context of this problem, what does your answer to part
(b) mean?

25. Suppose that at time ¢ (measured in months), a raw material needed by a
business costs ¢(t) dollars per unit. Suppose also that at time ¢ (in months),
the business estimates that it needs z(¢) units of the material. If the graphs
of c and z are as given below, what is the instantaneous rate of change of the
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6.8. Homework exercises

company’s total raw material costs relative to time, when ¢t = 7?

cost (per unit) H units needed
1000 501

800} 40}
600} C 30} X
400} 20}

200} 1ol

time time
0 10

In Problems 26-33, find the derivative of the given function.

26. f(x) = 2cotx 30. y = xsinz — 2
cotx

27. y =3zt cscx 1
. 31. f(x):Z\/E+3—5csca:
28. f(z) = — +secx —4sinx

x 32. y=+/r+6tanz — 3cotx
_ secx

29. f(x) = 33. f(x) =Inzsinzx

T

Exercises from Section 6.4

34. a) Find the derivative of f(z) = (x — 3)? using the Chain Rule.

b) Find the derivative of f(z) = (z — 3)~* by rewriting the function (to get
rid of the negative exponent) and using the Quotient Rule.

c) Verify that the answers you got in (a) and (b) are the same.

35. Find the derivative of y = (2z — 3)%.
36. Find f'(2) if f(z) = V8 — x.

37. Find Zy if y = /422 + 5.
x

38. Differentiate 7(z) = csc? z.
Note: In this problem, 7 is not the number 7; it is just the name of the function.

39. Find the derivative of f(x) = 4In(cos z).

3mt
40. Suppose an object’s position at time ¢ (in seconds) is cos ( ;T) mm. Find the

velocity of the object at the instant ¢ = 1.
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6.8. Homework exercises

41.

42.

43.

44.

45.

46.

47.
48.

49.

50.

51.

52.

53.

54.

Py -
Flndﬁlfy: (b —1)73

Find the derivative of f(z) = €.

Find the derivative of f(x) = sin g

Find the slope of the line tangent to f(z) = 3 cos(z?) when z = 0.
Find ¢/ ify = sec}c — 22

Let f(x) = isin4(2x). Find f'(z).

Find the equation of the line tangent to f(z) = V22 + 2z + 8 when z = 2.

Suppose an object’s position (in feet) at time ¢ (in seconds) is given by f(¢) =
(t* + 3)e?. Find the velocity of the object when ¢ = 0.

Suppose f and g are functions such that f(1) = 4, f'(1) = =3, f(3) =

#/(3) = 5,9(3) = 1 and /(3) = 2. Find (fg)(3) and (f o g)/(3).

dy d
Suppose — =3 an d — = 6. Whatis d—y7
dy dy
&9 _ bt ~Za
Suppose =8an d dx = 4. Whatis T
dy B dr dy )
Suppose i 5 and T 3. What is ot

Use the table of values given in Problem 22 above to compute the following
quantities:

a) (fog)(2) f) 1'(2),if h(z) = (f(2))?

b) (g0 f)'(=3) g) H'(2),if H(z) = f(z?)

c) (fof)(0) h) #'(0), if k(z) = f(g(x) cos z)
d) (g0 f)'(4) i) 2(=2),if 2(t) = 2 f(g(1))
e) r'(1),if r(z) = g(27) ) w'(1),ifw(z) = g(f(x)g(x))

Use the graphs given in Problem 23 above to estimate these quantities:

a) (fog)(0) d) (fo f)(=5)
b) (g f)(0) e) r'(=1),if r(z) = f(2z)
c) (fog)(6) f) h'(=2),if h(z) = (g9(x))”
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6.8. Homework exercises

In Problems 55-74, find the derivative of the given function.

55.
56.

57.

58.

59.

60.

61.
62.
63.
64.

fl) =2z - 2)*
flz) =2xv4 — a2

o= (557)
f(z) = vz cosz

3 —2
f(x) = \/m

. (T +1
- m()
f(z) = cos(tan z)
f(z) = cosxtanx

f(x) = cos(z tan x)

y = cot*(bx + 1)

Exercises from Section 6.5

75.

76.

Compute jx (3y2 + 5y).

Compute 4 4y° — 32%).
dz

T
65. y = —
66. f(x) = esin®
67. f(z) =e*>
68. g(x) = In(z* + 8z +5)
69. f(x) = sec?(4x)
70. f(z) = i —Vr +2?sinz
71. f(z) =2+ 1Inz —z7e*”
3+ z%cotx
72. Jlw) = 4y/x — sin(e?)
73. f(z)=2a"
74. f(z) = 2™
77. Compute i (gfe?’x)
: - :
78. Compute 4 (4:c3y2)
: . :

In Problems 79-84, find the derivative j—g.

79.
80.
81.
82.

83.

84.
85.

r? + y* =49
2 —ay+y? =4
sinx + 2cos2y =1

x = cos(zy)

X

ey

e =

Iny =coszx

Find the slope of the line tangent to 2%y — y* = —8 at the point (0, 2).
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6.8. Homework exercises

86. Find the equation of the line tangent to (z? + y*)? = 422y at the point (1, 1).

2

2
87. Find the equation of the line tangent to the elllipse % + % =1lat(1,2).
y2 .7:'2

88. Find the slope of the line tangent to the hyperbola 58" 1 at the point

(—2,-3).

Py,
89. Find — if x* + y* = 4.
dx?

Hint: First find d—y, then take the derivative of that expression implicitly.
T
2

90. Find 4y if y? = sin .
dx?

Exercises from Section 6.6

In Problems 91-96, find the derivative of the given function.

91. f(x) = arctan2x 94. f(x) =4arcsin 3z
92. f(x) =2’ arctanx 95. f(x) = xarctan 2z
1
93. f(z) =arcsine — — +Inz — 2 96. f(z) = exctane
T

Mathematica questions (for Exam 2 review)

97. Write Mathematica commands which will compute the derivative of the func-
tion f(z) = 3sin(22* — 8) tan(3Inz) when z = 4.
98. Write Mathematica commands which will compute the eighth derivative of

2
the function f(z) = — — csc .
T

99. Write the output you will get (either in Mathematica syntax or hand-written
notation) when you execute the following commands in Mathematica:

glx_] = Log[x] +3
g"[2]
100. Write the output you will get (either in Mathematica syntax or hand-written
notation) when you execute the following commands in Mathematica:
hix_] = Cos[x] + 3x"20
Dihx], {x, 42}]
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6.8. Homework exercises

Answers

—_

10.

11.

12.

13.

14.

15.

16.

17.

. 2z(2% — 3z +4) + (20 — 3) (2% + 1)

8rlnx + 4z
2 —z+1—-2022-1)

(22 — x4 1)2
3
8

x2cosx — 2xsinx

P
1

NG sinz + v/z cosx

2
(6%2 + §$—5/3)€x + (2%3 _ x—2/3)e$

8~

2
a) 2v/2cos2 + 32—4/5 sin 2

b) The answer in part (a) is some
number which gives the slope of
the line tangent to f at z = 2.

2z(2% — 1) — 32%(2? + 1)

(@7~ 17

—/Tsinz — - cosz

23

X

0

14(1 — 3t%)

(7228 — cosz)(Inz + 5) —

1(82% —sinx)

(Inz +5)2

18.

19
20

21

22.

23. Answers can vary a bit here:

24,

25.

27.
28.

Ly=2-2z

. 2cosx — 2xsinx

(o) (3) =0; (;)'@) -2

a)
b)

<)
d)
e)
f)
g
h)

a)
b)
<)
d)
e)
f)

a)

b)

4

11
-31
4
—4

4

9
30
32
7

9
0
1
3
-2
3

/ ~
p(7)~4

c) Attime 7, the proportion of mu-
tated bacteria is increasing at a

rate of 1/4 per hour.

—675 dollars per month

. —2cscx

2x 3

1222 csc . — 3 esc x cot x

+secxrtanx —4cosx
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6.8. Homework exercises

29.

30.

31.

32.

33.

34.
35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.
49.
50.
51.

52.

xrsecxrtanx —secx
2

X

2cot x + 2z csc? x

sinx +xcosx — 5
cot®x

1
ﬁ+5cscxcotx
1
Zaz—?’/‘L +6sec’x + 3csc x

1 .
—sinx + Inz cosx

X
—3(x—3)74
16(2x — 3)7
-1

2v/6

8x

?(41,2 + 5)—2/3

—2csc?zcot

—4tanx

3
5y mm/sec

300(5z — 1)~°

55

1 T
— COS —

2 2
0

-1 1 1
Tsec—tan— — 2z
T z z

2sin®(2x) cos(2x)
y=4+ Z(SE -2)
6 ft/sec

(f9)'(3) =9; (fog)(3) = —6.
18

wlot N

53. a) 0 f) 4
b) —1 g) 20
) —2 h) 12
d) 15 i) -8
e) —4 j) —48
54. a) 0 d) 0
4
b) 3 e) 2
c) ! f
1 ) =3
55. 2x(x — 2)* + 4(x — 2)322
2
56. V4 — 12 — ——
4 — 2
_ 4 _ (1 —
57 5 (1 233) 2(x+1) - (1-2x)
x+1 (x +1)2
1
58 m . (COSSU — xSinx)
1175
5o, STV AT pue (@ —2)
' 6 +1
r+1 -2
60. cos (x — 1) . @12
61. —sin(tanx)sec? x
62. —sinztanz + coszsec?
63. —sin(xtanz) - (tanx + zsec? 1)
64. —20 cot®(5x + 1) csc?(5x + 1)
1 -1
65. .
2./-2 (z—1)?
66. 57 cos x:
67. 2e2r=5
2x + 8
68, ———
22 +8x+5
69. 8sec?(4x)tan(4x)
_3 1 . 2
70. P m + 2xsinx + x° cosx
1
71. = — 7254 — 477t
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6.8. Homework exercises

72.

73.
74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

97.

98.

99.

100.

(22 cot x — x? csc? ) (4y/x — sin(e?)) — (<= — e® cos(e?))(3 + 22 cot z)

V7
(4y/z — sin(e®))?
(1 +1nx) 85. 0
2 (2Inx + 2) 86. y =1
dy . dy 87. y=2—2(z—1)
6y— + 5—
ydx + dx 1
88. —
d
20412 92 2
dx —4
d 89. —
2y£e3m + 36372 Y
dx 2 2
90 —2y“sinx — cos“ x
d .
12222 + 8x3yd—y 4y?
x
2
_ 91. —
?x 1+ (22)?
3
T
_ 32 92. 322 arct —
3/2 3z xarcanx+x2+1
Yy—x
1 1 1
Cos X B =+ 5+
4 sin 2y L-a? o v
12
—cscxy — Yy M, —
/ v1-—9z
. 1 — 922
2
e® 12y —y ey 95. arctan 2z + TZﬂ
—xe
1
—ySiIl.’E 96 earctanx . . n x2
This takes two lines as shown here:

flx_] = 3 Sin[2x"4 - 8] Tan[3 Log][X]]
4]
This could be done in one line:
D[2/x - Csc[x], {x, 8}]
A different (but less good) way to do this is in two lines:
flx_] = 2/x - Csc[x]
£
-1
4

— COST
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Chapter /

Optimization Analysis

7.1 What is an optimization problem?

There are many situations in the real world where you need to determine how to
make some quantity as large or as small as possible. Here are some examples:

EXAMPLE 1

If an archer shoots an arrow into the air at angle 6 from the ground, it will travel a
v sin 20

horizontal distance of

, where v and g are constants. At what angle should

the archer shoot the arrow to make it travel as far as possible? (Equivalently, what
is the maximum range of the archer?)

EXAMPLE 2
An epidemic spreads through a population in such a way that the number of in-
fected people, I, is a function of the number of susceptible people, z, by the for-
mula

A
I =4In{— ) — )
() n(?)o) z + 30

What is the maximum number of people who will become infected?

EXAMPLE 3
A patient’s temperature change 7, when given dose d of some medicine, is given

by
T:<1—d>d2
3

What dosage maximizes this temperature change?
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7.1. What is an optimization problem?

EXAMPLE 4
A farmer has 50 feet of fence with which to build a rectangular pen. What dimen-
sions of the pen make its area as big as possible?

EXAMPLE 5
A box with a square base and no top is to be constructed from plywood. If there is
48 square feet of plywood available, and if the length, width and height of the box
must be at least 1 foot, what is the largest volume of a box that can be made?

Common characteristics of Examples 1-5

1. In each example, there is some quantity you are allowed to “choose”; this
quantity is the variable.

2. In each example, there is a second quantity which depends on the vari-
able. This quantity is called the utility; the goal of the problem is to
maximize or minimize the utility.

Any problem which asks you to maximize or minimize a utility function de-
pending on one (or more) variables is called an optimization problem.

Here is the variable and utility for each of the first three examples on the previ-
ous page:

Variable Utility

Example 1

Example 2

Example 3
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7.1. What is an optimization problem?

Constrained optimization problems

Examples 4 and 5 are a little different, because there are two variables present in
the problem.

In MATH 220, we can only solve an optimization problem with two or more
variables if there is some extra information which relates the variables. This extra
information is called a constraint on the variables. (Take MATH 320 - Calculus 3 -
if you want to learn how to solve general optimization problems with more than
one variable.)

Variables Utility Constraint

Example
4

Example
5

We call problems like Examples 1 to 3 free optimization problems and problems
like Examples 4 and 5 constrained optimization problems.

¢ Free optimization problem:

¢ Constrained optimization problem:
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7.1. What is an optimization problem?

Converting a constrained optimization problem to a free
optimization problem

The techniques of Math 220 are best suited to solving free optimization problems.
So if you are given a constrained optimization problem, you first have to convert
it to a free optimization problem by

1.
2.
Let’s see how this works in Examples 4 and 5:

EXAMPLE 4
(variables x and y) (utility A = zy) (constraint 2z + 2y = 50)

EXAMPLE 5
(variables = and y) (utility V' = 2%y) (constraint 2% + 4zy = 48)

Henceforth we will focus on solving free optimization problems. Keep in mind
that whenever you are given a constrained optimization problem, the first step is
to convert it to a free optimization as above.
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7.2. Theory of optimization

7.2 Theory of optimization

Our goal is to determine the maximum and minimum of some utility function
f(x). To understand how this is done, we first need a lot of vocabulary:

Definition 7.1 Given a function f and a specified domain D of that function:

1. We say f has an absolute maximum (a.k.a. global maximum) at x = c if
f(z) < f(e) forall x € D. In this case f(c) is called the absolute (global)
maximum value of f on D.

2. We say f has an absolute minimum (a.k.a. global minimum) at x = c if
f(z) > f(c) forall x € D. In this case f(c) is called the absolute (global)

minimum value of f on D.

3. Wesay f has alocal maximum (a.k.a. relative maximum) at v = cif f(z) <
f(c) for all x € D sufficiently close to c. In this case f(c) is called a local
(relative) maximum value of f on D.

4. We say f has a local minimum (a.k.a. relative minimum) at x = cif f(x) >
f(c) for all x € D sufficiently close to c. In this case f(c) is called a local
(relative) minimum value of f on D.

5. Collectively, all maxima and minima are called extrema.

Note: If one says “f has a local maximum of 5 at 3”7, then one means that 5 is
the y—value and 3 is the x—value, i.e. that the maximum is at the point (3, 5).

Note: A function can have lots of local maxs/local mins, but has at most one

global max and at most one global min. A list of all the local maxs (local mins) of a
function always includes the global max (global min).
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7.2. Theory of optimization

EXAMPLES
For each of the following graphs, identify all global extrema and all local extrema.
At all local extrema which are not endpoints, find the derivative of the function at
the extrema.

GLOBAL MAX:
GLOBAL MIN:

h LOCAL MAX:

—5—4—.5—2—\{L L 23 45 [OCAL MIN:
-,
_al

GLOBAL MAX:

GLOBAL MIN:

— N W B W

LOCAL MAX:

-1 LOCAL MIN:

GLOBAL MAX: 2, atx = —4

none (there is no point

GLOBALMIN: " " graph at (0,0))
LOCAL MAX: { b=
latz =3

LOCAL MIN: none

GLOBAL MAX: 2, atall

. GLOBALMIN: 2, atall z

‘ LOCAL MAX: 2, atall z

-5 -4 =3 =2 -l 1 2 3 4 5

= LOCAL MIN: 2, at all »
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7.2. Theory of optimization

8 GLOBAL MAX:8atx =3

6r

al GLOBAL MIN: DNE

2t . o

. /\ e LOCALMAX:{ gZEI:34ff{3() 4)
~10 -8 —¢[ —4 — 2 4l 6 8 10 = =

_2»

4 LOCALMIN: —latz = —1 f’(—l) =
gl /

Definition 7.2 An optimization problem is a problem in which you are asked to
find the absolute maximum and/or absolute minimum value of a function on some
domain.

Question 1: Does a function necessarily have an absolute maximum and/or
absolute minimum? (In other words, does a generic optimization problem neces-
sarily have a solution?)

Theorem 7.3 (Max-Min Existence Theorem) If f is continuous on a closed and
bounded interval [a,b], then f has a global maximum value and a global minimum
value on that interval.

Note: The preceding theorem may fail if f is not cts, or if the interval is not
closed, or if it is not bounded.

Question 2: How do you find the absolute maximum value and/or absolute

minimum value of some function on some domain? (In other words, how do you
solve an optimization problem?)
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7.2. Theory of optimization

Definition 7.4 A critical point (a.k.a. CP) of a function f is a number c such that
f'(c¢) = 0or f'(c) does not exist.

Note: Critical points are numbers, not points. (They are the z-coordinates of
points).

Theorem 7.5 (Critical Point Theorem) All local extrema of a function (and there-
fore all global extrema) on an interval must occur at

1. endpoints of the interval, and/or

2. critical points of f lying in the interval.

Note: Not all critical points are local extrema.

The Critical Point Theorem suggests a method of finding the global extrema of
a function on an interval:

To optimize function f on interval [a, b]:

1. Find the critical points of f by
(a) setting f'(x) = 0 and solving for z, and
(b) finding all = for which f’(z) DNE.
2. Discard any critical points which are not inside the interval [a, b].
3. Plug each of the remaining critical points, as well as the two endpoints a
and b, into the function f.

The largest number you get is the absolute maximum, and the smallest
number you get is the absolute minimum.

EXAMPLE A
Find the absolute extrema of the function f(x) = 8 — z* on the interval [—4, 2].
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7.2. Theory of optimization

EXAMPLE B

Find the absolute extrema of the function f(z) = 223 — 62* + 1 on the interval [1, 3.

Solution: First, find CPs:
f'(x) = 62% — 122
f(x)=0: 622 — 122 =0
6x(z—2)=0
r=0,x=2

f'(z) DNE : no such points

=CPs:z=0,z=2

ExXAMPLE C

Third, test CPs and endpoints:

Find the absolute extrema of the function f(z) = 9/« on the interval [—1, §].

Solution: First, find CPs:

3
f/(.f) =UuU: m =0
3=0
no such points
3

f'(x) DNE : 7 DNE

Third, test CPs and endpoints:
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7.2. Theory of optimization

Solving optimization word problems

General procedure to solve optimization word problems

1. Read the problem carefully, and draw a picture if necessary.

2. Identify any variable(s) and the utility (the quantity that needs to be max-
imized and/or minimized).

3. If there is more than one variable, find a constraint and convert the prob-
lem to a free optimization problem using the procedure outlined on p.
182.

4. Optimize the utility function using the procedure on p. 186 (find critical
points, plug in critical points and endpoints to the utility, and choose the
maximum and /or minimum value).

5. Make sure you answer the question that is asked.

EXAMPLE 1 (FROM PAGE 180)
If an archer shoots an arrow into the air at angle 6 from the ground, it will travel a
horizontal distance of 1000 sin 20 ft. What is the maximum range of the archer?
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7.2. Theory of optimization

EXAMPLE 4 (FROM PAGE 181)
A farmer has 50 feet of fence with which to build a rectangular pen. What dimen-
sions of the pen make its area as big as possible?

EXAMPLE 5 (FROM PAGE 181)
A box with a square base and no top is to be constructed from plywood. If there is
48 square feet of plywood available, and if the length, width and height of the box
must be at least 1 foot, what is the largest volume of a box that can be made?
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7.2. Theory of optimization

EXAMPLE 2 (FROM PAGE 180)
An epidemic spreads through a population in such a way that the number of in-
fected people, I (measured in thousands), is a function of the number of suscepti-
ble people, = (measured in thousands), by the formula

T
I(x) =41In (3()) —z + 30.

What is the maximum number of people who will become infected?
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7.3. Graphical analysis using derivatives

7.3 Graphical analysis using derivatives

Tone

Definition 7.6 1. A function f is called increasing on an open interval if for any
1 and xo in that interval,

xy < @y implies f(z1) < f(z2).

2. A function f is called decreasing on an open interval if for any x, and x5 in
that interval,

r1 < xo implies f(x1) > f(x2).

3. A function f is called monotone on an open interval if it is either increasing or
decreasing on that interval.

Note: Constant functions are both increasing and decreasing.

Note: Functions are always said to increase or decrease on an open interval, not
at a point.
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7.3. Graphical analysis using derivatives

Theorem 7.7 (Monotonicity Test) If f is differentiable on (a,b), then

1. f'(x) > 0on (a,b) = f is increasing;

2. f'(x) <0on (a,b) = fisdecreasing.

EXAMPLE

. ) Inz . . ) .
Determine whether or not the function f(z) = — is increasing or decreasing on
T

the interval (0,1). Determine whether or not f is increasing or decreasing on the
interval (4, 5).

Solution: Whether or not the function is increasing or decreasing depends on
whether the derivative f'(z) is positive or negative. By the Quotient Rule,
L.y—1-lnz 1—-Inx

f(w) = = -

2 T2

When z € (0,1),

When z € (4,5),

Concavity

Definition 7.8 Let f : R — R be a function.

1. fis called concave up (smiling) on an open interval if ' is increasing on that
interval.

2. fis called concave down (frowning) on an open interval if f' is decreasing on
that interval.

3. A number cis called an inflection point of f if the concavity of f changes at c.
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7.3. Graphical analysis using derivatives

Theorem 7.9 (Concavity Test) Let f be a function so that " exists on (a,b). Then:
1. if f"(z) > 0 forall x € (a,b), then f is concave up on (a,b);

2. if f"(x) < 0 forall x € (a,b), then f is concave down on (a,b).

3. cis an inflection point of f if and only if the sign of f" changes at c.

Remark: Based on the discussion from Chapter 5, if a function is concave up
at/near z, then it will lie above the tangent line at z. If a function is concave down
at/near z, then it will lie below the tangent line at z. If the function crosses its
tangent line at z, then z is an inflection point of f.

EXAMPLE
Determine whether the function f(z) = z?e™* + 2ze™* — e~ " is concave up or con-
cave down on the interval (1, 2).

Solution: We need to determine whether f”(x) is positive or negative on (1, 2).
So we compute f”(x):

f(z) = 2% + 2z —e ™"
= f'(z) = {2376_”” - (—e_”")xﬂ + [26_”” - (—e_x)Qx} — [—e™]

=2re ¥ — 2T 42 % —2re T e ”

= g2 43"

= f(x) = {—23:6’33 — xz(—e*x)} + {—36"”]

= 2x¢ " 4+ 2% — 37"

When z € (1,2),
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7.3. Graphical analysis using derivatives

EXAMPLE
Find the inflection points of the function f(z) = 2® 4+ 32* — 2z + 1.

Solution: Compute the second derivative of f:
f'(z) = 32° + 62 — 2

f"(z) =6x+6

The second derivative can also be used to classify critical points as local maxima
or local minima using the following test:

Theorem 7.10 (Second Derivative Test) Suppose f'(c) = 0 and that f" is contin-
uous on an open interval containing c. Then:

1. if f"(¢) > O, then f has a local minimum at c;
2. if f"(c) <0, then f has a local maximum at ¢;

3. if f"(c) = 0, then this test is inconclusive.

More sophisticated ideas along the lines of the Second Derivative Test were
developed in your lab assignment on applications of derivatives. These ideas are
summarized in this theorem:

Theorem 7.11 (n'" Derivative Test) Suppose f is continuous on an open interval
containing cand f'(c) = f"(c) = f"(c) = ... Y(c) = 0 but f™(c) # 0. Then:

1. if nis even and f™(c) > 0, then f has a local minimum at c;
2. ifnisevenand f™(c) < 0, then f has a local maximum at c;

3. if nis odd, then f has no local extremum at c.

Before the days of Mathematica and graphics calculators, this is how people
learned to sketch the graphs of functions. In 2024, it is more useful to use these
ideas to study applied optimization problems.
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7.4. More examples of optimization problems

7.4 More examples of optimization problems

EXAMPLE 6
A farmer grows zucchini. He has 10 acres available to plant; if he plants = acres his
profit/loss will be 22* — 332 + 108z dollars. How many acres should the farmer
plant (assuming he wants to make as much money as possible)?
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7.4. More examples of optimization problems

EXAMPLE 7
In the human body, arteries must branch repeatedly to deliver blood to the entire
body. Suppose a small artery branches off from a large artery at angle 6 < [0, 7J;
the energy lost due to friction in this setting is approximately

1 —cot6
16

Find the value of ¢ that minimizes the energy loss.

E =cscl +

Solution: First, write E as E = csc + ;= (1 — cot #) and differentiate to get
1
E'(8) = —cscHcot 6 + 16 csc? 6.
Next, find critical points: let £'(f) = 0 and solve for 6§ to get
0= Both+ — csc? 6
= —cscfco T

1
OchCQ(—cotQ—i-chch)

csc = - is never zero, so the only critical point is where — cot§ + 1= cscf = 0.

Rewriting with trig identities, we get

—cosf N 1
sin 0 16sin 0

1 1 1
=0 = —COSQ—FE:O = COS@IE = Gzarccosﬁ.

1
Plug the EPs § = 0 and 0 = g and the CP arccos 16 into the utility E:

1 —cot 1 — DNE
0=0: E:CSCO—FLO:l—i—iWhiChDNE.
16 16
1 1 1 1
0 = arccos — : FE = csc(arccos —) + 16 (1 — cot(arccos 16)>

16 1 1
-+ |1
V255 ' 16 ( \/255>

1
:E(H\/Q%)'

T 7 l—cotZ 1—-0 17

= — E: — 72:1 _—

=3 eyt TG Y6 T 16

.1 1 1 17 .
Notice 16 (1 +V 255) <1 (1 +V 256) = 1—6(1 +16) = T the absolute mini-

) 1
mum is at| 0 = arccos 6l
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7.4. More examples of optimization problems

EXAMPLE 8
A 12”7 by 12” square sheet of cardboard is made into an open box (i.e. no top)
by cutting squares of equal size out of each corner and folding up the sides along
the dotted lines (see the pictures below). Find the dimensions of the box with the
largest volume.
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7.4. More examples of optimization problems

EXAMPLE 9
Find the maximum area of a rectangle if one side of the rectangle is on the z—axis

1
and two corners of the rectangle are to be on the graph of y = 12 — gxz (this graph
is shown below):

14|

N A OO 0 O

8 6-4-20 2 4 6 8
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7.4. More examples of optimization problems

EXAMPLE 10
Michigan wants to build a new stretch of highway to link two sites on either side
of a river (see the picture below) which is 2 miles wide. The second site is 12 miles
downriver from the first site. It costs the state $13 million per mile to build over
water and $5 million per mile to build over land. How should the state build its
road to minimize costs?

CITY 1
[ )

River ' 2 mi

- : ;‘
12 mi CITY 2

Solution: First, it only makes sense to build a bridge in a straight line over the
river, then to build along the riverbank to the other city. So the road goes along the
solid lines shown below:

12 —x
®

Letting = be as indicated in the picture, that means the cost of the road is

C(z) = cost of road along shore + cost of bridge

=5(12 —x) + 13vV4 + 22

Our goal is to maximize this utility on the interval [0, 12]. First, differentiate (use
the Chain Rule on the second term):

13 132
C'(2) = -5+ — =2 . (22) = —5 + ——oF
(z) i ) Vit

Set this equal to zero and solve for x (details omitted, ask me if you don’t follow
this):

0 9+ Loz =5 13z = i5
= — —_— e — xr = —
Va4 22 Va4 22 6

Plug the endpoints = 0 and « = 12 and the critical point z = 2 into the utility
C; you will find that the minimum value of C is when = = 2. Therefore the state

should angle the bridge so that it goes | 5/6 mile downastream | as it crosses the
river.

196



7.5. Homework exercises

7.5 Homework exercises

Exercises from Section 7.1

In Problems 1-10, you are given a word problem. Identify the utility and write
the utility as a function of one variable. (You do not need to actually solve the
problem.)

1.
2.

10.

Find the maximum product of two numbers whose sum is 12.

On a given day, the rate of traffic flow on a congested roadway is given by

v
Fv) = 7,
W) = o
which maximizes the rate of traffic flow.

where v is the velocity of the traffic. Find the velocity

. A farmer will build a rectangular pen, where one side of the pen is against a

river (and does not need to be fenced). If he wants the pen to enclose an area
of 3 acres, what is the minimum amount of fence that he can use?

Find the maximum sum of two numbers, where the second number is three
times the reciprocal of the first.

. Abox has a square base. Find the maximum volume of the box, if the surface

area of the box is 300 square cm (assume that the box has a top and a bottom).

The potential energy of a particle moving along an axis (say the z—axis) is

2z
minimizes this potential energy?

2
a a "
E=10 ( — — | where q, b are positive constants and x > 0. What value of «

A box with four sides and a bottom, but no top, has a square base. Find the
minimum surface area of the box, if its volume is to be 80 cubic cm.

. A rectangular box (with a top and bottom) has its length equal to twice its

width. Find the maximum volume of the box, if the surface area of the box is
120 square inches.

. Suppose the perimeter of a rectangle is P units, where P is a constant. Find

the maximum area of such a rectangle.

A 6-foot tall wall runs parallel to the side of a building, 4 feet away from the
building. Find the minimum length of a ladder that can lean up against the
building and touch the ground, while just touching the top of the wall.

Hint: Write the utility as a function of the angle the ladder makes with the
ground.
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7.5. Homework exercises

Exercises from Section 7.2

In Problems you are given a graph of some unknown function f. In each
picture, you should assume the graph continues to the left and right (i.e. that the
extreme left and right ends of the graph have arrows on them). For each function:

(a) Give the location of any local minima of f;
(b) Find the global minimum value of f on the interval [—1, 4];
(c) Give the location of any local maxima of f;

(d) Find the global maximum value of f on the interval [—1, 4].

= N W H O

5-432-1| 12345
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7.5. Homework exercises

In Problems find all critical points of the given function.

17.
18.
19.
20.

25.

f(z) = 2?(2* — 4) 21. f(z) =4e™"
fz) =32"% +2 22. f(x) = 273 — 2821/3
flx) =23 -3z +4
23. f(z) = 2333
f(@) = || vl
Hint: consider the graph of f. 24. f(x) =sinz + cosx
Show that the functions f(z) and e/(*) have the same set of critical points.

Hint: Let g(x) = e/(®. Explain why solving ¢/(z) = 0 and f'(x) = 0 gives the
same solutions.

In Problems tind the absolute extrema of the given function on the indicated

interval.
26. f(z) =sinx + cosx on [0, 27| 31. f(z) =5o0n[-3,4]
27. f(z) = 2?3 on [~1,27] 32, flz) = — 5 on[3.5]
T —

28. =123 —12 4 -3,5

8. f(x) == r+4on[-3,5] 33, f(fc)zxfflon[(),?]
29. f(x) =2 —12x +4 on [-3,0]

34. f(x)=5—xon]|l,4]
1 -

30. f(z) = 5672 on [—4, 4] 35. f(z) = arctan(z?) on [0, 1]
36. If a person eats n sausages, then they will get heartburn in the amount of

37.

h(n) = —n® 4+ 12n. If a person has the most amount of heartburn possible
from eating sausages, how many sausages do they eat?

A farmer has 96 feet of fence with which to build a rectangular pen divided
into two pieces as follows:

What dimensions should the farmer use to build her pen, if she wants the
enclosed area to be as big as possible?
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7.5. Homework exercises

38. In an endurance contest, athletes start 2 miles out to sea need to reach a lo-
cation which is 2 miles inland and three miles east of their initial location
(assume the seashore runs east-west). If an athlete can run 10 miles per hour
and swim 5 miles per hour, what is the minimum amount of time she will
need to reach the finish? (Use Mathematica to compute the derivative of your
utility function, then use the NSolve command in Mathematica to solve for the
critical point.)

39. Suppose that if a company spends x hundred dollars on advertising, then
their profit will be P(x) = —32? + 22522 — 3600z + 18000. How much should
the company spend on advertising if they want to maximize their profit, as-
suming that they only have enough capital to spend $3000 on advertising?

40. A box is made with a square base and no top. If the surface area of the box is

80 square units, what is the largest possible volume of the box?

Exercises from Section 7.3
In Problems {41144} you are given a function f and an interval (a,b). Determine,
with justification, the sign of f’ on (a,b). Use the sign of f’ to draw a conclusion
about the behavior of f on (a,b).

41. f(z) =22+ i? on (0,1) 43. f(z) = —22% 4+ 32* —5on (2,3)

X
1
42. f(z) =e* —e“on (—1,1) 4. f(z) =In <:v + w) on (0,1)

In Problems find all the local extrema of the given function, and classify
them as local maxima or local minima.

45. y = o* +42° + 422 - 3 48. f(z) = V/*’
Hint: Th 1t of Problem[2
46. f(z) = zlnz int: The result of Prob emmaybe
useful.
1 1
x x

In Problems you are given a function f and an interval (a,b). Determine,
with justification, the sign of f” on (a,b). Use the sign of f” to draw a conclusion
about the behavior of f on (a,b).

50. f(z) =€e" + e * on (—o0,00) 52. f(z) = —5sinzon (5, )

1
51. f(z) = 2* — 162* + 5 on (6,7) 53. f(z) =1In <:E + w) on (0,1)
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7.5. Homework exercises

In Problems find all inflection points of the function.

54.

55.

59.

60.

61.

62.

63.

flx) =a% = 32% +4x — 1 56. f(z) = ze %
57. f(z) = 2*+ 2z + 3
1
f(x):x—k; 58. f(x) =sinxz — cosw
Suppose f is some function such that f/(2) = f”(2) = f"”(2) = 0and f¥(2) =

—3. Is z = 2 the location of a local maximum, local minimum, or neither?

Suppose f is some function such that f'(4) = f"(4) = f"(4) = ... = f1Y(4) =
0and f(1%(4) = 2. Is # = 4 the location of a local maximum, local minimum,
or neither?

Suppose f is some function such that f'(—-1) = f"(-1) = f"(-1) = ... =
fOY(=1) = 0and f1?(—~1) = —5. Is z = —1 the location of a local maximum,
local minimum, or neither?

Suppose f is some function such that f/(0) = f”(0) = f”(0) = ... = f100(0) =
0 and f1°Y(0) = —17. Is x = 0 the location of a local maximum, local mini-
mum, or neither?

Suppose f is some function such that f'(4) = f"(4) = f"(4) = ... = f(4) =
0and f1%9(4) = 2. Is z = 4 the location of a local maximum, local minimum,
or neither?

Exercises from Section 7.4

64.

65.

66.

2

Let f(z) = a:2$+ 1 for x > 0. Determine where the graph of f is steepest (i.e.

where the slope of the graph is a maximum).

The Gompertz growth curve, whose formula is
W(t) = ae ",

is useful in several fields (including biology and economics). Assuming a
and b are positive constants, find the value of ¢ at which the rate of change of
W (t) with respect to t is largest.

Suppose that a worker can make Q(t) = —¢* + 12¢? 4 60t items in ¢ hours.

a) Explain why the efficiency of the worker at time ¢ can be measured by
Q'(t).

b) Find the time at which the worker is most efficient.
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7.5. Homework exercises

67.

68.

69.

70.

71.

72.

A rectangular poster is to be made which consists of a printed region and an
unprinted margin, which is 3 inches on the top and bottom but 2 inches on
the left and right side. If the total area of the poster is to be 120 square inches,
what dimensions of the poster maximize the area of the printed region?

Suppose a wire of length 4 ft is cut into two pieces. Each piece is bent to form
a square; find the largest possible combined area from the two pieces.

The velocity of air moving through a person’s windpipe is V (r) = Cr?*(A—r)
for constants C' and A, where r is the radius of the windpipe.

a) Find the radius which maximizes this velocity.

b) Suppose that normally, a person’s windpipe has radius A. When a per-
son coughs, the windpipe changes radius so that air moves through the
windpipe as quickly as possible. Based on your answer to (a), does a
person’s windpipe get wider or narrower when a person coughs?

Find the point on the curve y = /= which is closest to the point (2,0). Hint:
Don’t minimize the distance to the point; minimize the square of the distance
to the point.

To transmit data (like a music file) electronically, the file has to be translated
into a sequence of Os and 1s so that it can be read by a computer or phone.
An important computation related to the coding of files by 0s and 1s is the
computation of a quantity called entropy, which is given by the following
formula:

h(z) =xlnz+ (1 —z)In(1 — x)

Find the value of z € (0, 1) which maximizes the entropy h.

A 12—inch wide piece of sheet metal is bent to form a rain gutter. A cross-
section of the gutter is shown in the picture below. What value of § maxi-
mizes the volume of water that can be held by the gutter?

4in

Answers

1.

The utility is the product, denoted by U(z) = z(12 — x).
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7.5. Homework exercises

10.

11.

12.

13.

14.

15.

v

The utility is the rate of traffic flow, denoted by F(v) = 24§ 012"

6 3
The utility is the amount of fence used, denoted by A(z) =z + _or A(x) =2z + o

depending on your setup.

. The utility is the sum of the numbers, denoted by U(z) = = + %

e 5 300 — 222
The utility is the volume of the box, denoted by V' (z) = z* - —

e a® a
The utility is the energy, denoted by E(z) =b | — — — |.

€T xT

e 5 320

The utility is the surface area of the box, denoted by S(z) = z* + —.
T

The utility is the volume of the box, denoted by V' (w) = gw(GO —2w?).

P—-2
The utility is the area of the rectangle, denoted by A(z) = = ( 5 :c)

The utility is the length of the ladder, denoted by L(#) = 6 csc 6 + 4sec.

a) x=—4,z=0,2=3.5 b) —2
) x=-12,x=14 d) no absolute max
d) 4 6. a) =2
a) all x are local mins b) —2
b) 3 c) r=-2
¢) all z are local maxs d) 3
d) 3
) 17. 2 =0,2 = V2,2 = -2
a) r=-3
b) —1.2 18. x =0
¢) no local max 19. z=1,2=-1
d) 5 20. =0
a) r=-1 21. None
b) 0

22. z=0,x=2,x = -2
¢) no local max
d) no absolute max 23. z=1Lz=-1

a) r=2 24, x = — +1n
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7.5. Homework exercises

25.

26.
27.
28.
29.

30.

31.

32.

33.
34.

35.

36.
37.

38.
39.

40.

41.
42.
43.

44.

45.

46.

47.

Let g(z) = ¢/(®). By the Chain Rule, the derivative of g is ¢’(z) = ¢/ f'(z). Since
e/(*) always exists and is never zero, ¢'(z) = 0 only if f/(x) = 0 and ¢'(2) DNE only
if f’(z) DNE. Thus g(z) and f(x) have the same critical points.

Max is v/2 at 7/4; min is —/2 at 57 /4
Maxis9atx =27, minisOatx =0
Maxis 69 atx = 5, minis —12atx = 2
Maxis20 atx = —2; minis4atz =0
.1 R S
Max1s§atx:0;m1n1s§e atx = +4
Max and min are 5 occuring at all x
. ... 5
Max1s3atx:3;mm1s§atx:5
No max or min because of the asymptote at z = 1
Maxis4atz = 1;minislatx =4
Maxis%atx: 1;minisOatx =0
2 sausages

Relative to the picture in the homework assignment, the height should be 16 feet and
the width (all the way across) should be 24 feet.

.728134 hours
$3000

@ § cubic units
3 3 )

fl(x) =22 2273 =2273(2* - 1) = (+)(~) < 0on (0,1), so f is decreasing on (0, 1).
f'(x)=€e"+e®>0o0n(—1,1),s0 f is increasing on (—1,1).

)
"(z) = =622 + 6z = —6(x)(x + 1) = (=) (+)(+) < 0on (2,3), so f is decreasing on
) ).

f

(2,3

f(z) = ! (1 - 1) = l(—) < 0on (0,1),so f is decreasing on (0, 1)
B l""% x2)  + Y & e

z = 0 local min; z = —1 local max; x = —2 local min

1
z = — local min
e

z = —2 local min
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7.5. Homework exercises

48.
49.
50.
51.

52.

53.

54.
55.
56.
57.

58.

59.

66.

67.
68.
69.

70.

71.

72.

No local extrema

z = —1 local max; x = 1 local min

f"(z) = e®* + el —z) > 0 on (—o0,00), s0 f is concave up on (—oo, 00).

f"(z) = 122% — 962 = 12x(x — 8) = 12(+)(—) < 0 on (6,7), so f is concave down on

(6,7).

f"(x) =5sinz > 0on (gﬂr),so f is concave up on (;,w>.

4o

f'(x) = @1ip

:)::Z—i-ﬂn

local maximum

60.
61.
62.
63.

64.

65.

= { > 0on (0,1), so f is concave up on (0, 1).

neither
local maximum
neither

local minimum

The graph is steepest at z =

Att=1Inb.

Sl

a) The efficiency of the worker is the rate at which the worker makes items; this
rate is given by the derivative Q' ().

b) Att = 4.

The width should be 41/5 inches and the height should be 6+/5 inches.

1 sq ft. (Cut the wire into a piece of length 4 ft and a piece of length O ft.)

a) r=2A/3.

b) It gets narrower, since 24/3 is less than A.
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Chapter 8

Other Applications of
Differentiation

8.1 Tangent line and quadratic approximation

Motivation: Suppose you wanted to estimate /102 without the use of a calcu-
lator. (Put another way, how does your calculator produce an approximation of

V102?)

A way of rephrasing this is as follows: let f(z) = \/z. What is the approximate
value of f(102)?

What we know is that f(100) = /100 = 10, and since 102 is a little bit bigger
than 100, /102 should be a bit bigger than 10. But how much bigger?

To address this issue, we use the ideas of calculus. Recall from Chapter 4 that
the tangent line to a function at z = 100 is the line which most closely approximates

the function at values near 100. Let’s give a name to the tangent line at 100 and call
it L.

12} == 101}

4r 9.9+

20 40 60 80 100 120 140 160 180 200 99. 99.5 100. 100.5 101. 101.5 102. 102.5 103.
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8.1. Tangent line and quadratic approximation

Now from a calculation we did on page 85 of these notes, we found that the
tangent line to a function f at a is

L(z) = f(a) + f'(a)(z — a).

In our setting, f(z) = \/z so f'(z) = ﬁ and a = 100. So we have

L(x) = f(a) + f'(a)(x — a)
= £(100) + f'(100)(z — 100)

1
— /100 + 100
2105 " )

1
=10 + — (z — 100).
0+ 55 (x — 100)

The whole point of this is that the tangent line closely approximates the original
function, so

1 2
V102 = £(102) & L(102) = 10 + 55 (102 = 100) = 10 + 5 = 10.1.

Note: the actual value of /102 is 10.0995... so our approximation of 10.1 is correct
to four decimal places.

Definition 8.1 (Linear approximation) Given a differentiable function f and a num-
ber a at which you can easily compute f(a) and f'(a), the values f(z) for x close to a
can be estimated by the formula

f(z) = L(z) = f(a) + f'(a)(z — a).

This procedure is called tangent line approximation or linear approximation.

The function L(z) described above (which depends on f and a) has lots of
names. It is also denoted P (x) and is called:

1. the tangent line to f at q;

2. the linearization of f at q;

3. the standard linear approximation to f at a; and

4. the first Taylor polynomial of f centered at a.
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8.1. Tangent line and quadratic approximation

EXAMPLE 1
Estimate v/17 using tangent line approximation.

Note: You do not need to know the formula for f to perform a tangent line
approximation. All you need to know are the values of f(a) and f'(a) (these two
numbers can often be determined experimentally if f is some unknown function
dealing with some experiment).

EXAMPLE 2
A biologist is growing bacteria in a petri dish. At 2:00 PM, she estimates that there
are 20000 living bacteria in the dish, and that the number of bacteria is growing at
a rate of 500 bacteria per minute. Use tangent line approximation to estimate the
number of bacteria in the dish at 2:05 PM.

A more interesting calculus problem: In the example above will the answer
overestimate, or underestimate the number of bacteria that are actually in the dish?
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8.1. Tangent line and quadratic approximation

1 of bacteria

22500} /
y

0 5

time

To get a better approximation which accounts for this kind of error, we approx-
imate f not by a line but by a parabola which has the same slope and concavity as
f ata.

Question: What would the equation of this parabola be?

Let’s call this parabola Q(z). Since (z) is a parabola, we could write

Q) =
but it is actually easier to write the equation of this parabola “centered at a”, i.e.

Q(z) = co + c1(z — a) + co(z — a)?.

To find ¢y, ¢; and ¢, use the concept that () has to have the same value, slope and
concavity as f at a.

The value of Q at a is

This should be the same as the value of f at a, which is

Conclusion:
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8.1. Tangent line and quadratic approximation

The slope of Q at a is

This should be the same as the slope of f at a, which is

Conclusion:

The concavity of @ at a is Q" (a) = 2c¢,.
This should be the same as the concavity of f at a, which is

Conclusion:

From all this, we know that

Q(z) = co + c1(z — a) + co(z — a)?.

where

w=f@) o=f@) o=

To summarize:

Definition 8.2 (Quadratic approximation) Given a twice-differentiable function
f and a number a at which you can easily compute f(a), f'(a) and f"(a), the val-
ues f(z) for z close to a can be approximated by the formula

f) = Qx) = f(a) + f'(a)(z — a) + ;f”(a)(ﬂf —a)”.

This procedure is called quadratic approximation.

In general, quadratic approximation of a function is more accurate than lin-
ear approximation. In Math 230, you will learn how to approximate functions f
by polynomials of larger degree which can produce highly accurate estimates to
problems.

The function @)(z) described above (which depends on f and a) also has lots of
names. It is also denoted P, (x) and is called:

1. parabolic approximation to f at q;

2. the standard quadratic approximation to f at a; and

3. the second Taylor polynomial of f at a.
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8.1. Tangent line and quadratic approximation

EXAMPLE 3
Approximate /102 using quadratic approximation.

EXAMPLE 4
Suppose the biologist in Example 2 assumes (in addition to what she knew in Ex-
ample 2) that the number of bacteria in her petri dish at time ¢ is given by a function
whose second derivative at 2:00 PM is 10. Estimate the number of bacteria in her
dish at 2:15 PM using quadratic approximation.
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8.1. Tangent line and quadratic approximation

EXAMPLE 5
A pharmacy researcher measures a patient’s blood pressure periodically after re-
ceiving a dose of an experimental medicine. His data is collected in the following
table:

(minutes after dosage)
P(t)
(blood pressure in mmHg)

230 | 190 | 162 | 142 | 128

Use quadratic approximation at ¢ = 3 to estimate the patient’s blood pressure at
time 6.
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8.1. Tangent line and quadratic approximation

Differentials

We will now establish some additional notation which will be used later in the
course. Given a function y = f(z), we create a new function with 2 inputs and one
output. The two inputs are:

x = an “initial” value of =
dx = a change in the value of =

Thus, we think of z as changing from z to x + dx. Given these inputs, we de-
fine dy to be the estimated change in y that we would compute using tangent line
approximation at z:

dy = L(x + dx) — L(z)
= [f(@) + f'(2) (@ + de — 2)] = [f(2) + ['(z)(z — 2)]
— () + @) do] — [f(2)]
= f'(z) dx.

The quantities dy and dx are called differentials. They represent small changes in y
and z, respectively and are related by the formula

dy = f'(z) dx

EXAMPLE 6
Suppose y = 22° + sinx — 3. Compute dy (in terms of = and dx).
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8.2. L'Hopital’s rule

A picture associated to differentials:

f(x+AX) i

X X+AX

In principle dy ~ the actual change in y, since L(x) ~ f(x).

8.2 L'Hopital’s rule

Recall that most limits are evaluated by “plugging in”, i.e.

. 2z+1 205)+1 11
lim = = —.
=5 r — 3 5-—3 2

Other limits are not so easy:
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8.2. L'Hopital’s rule

IQ

_24 or by plugging in 0 to

The 8 obtained by plugging in 2 to the expression

sinx . . ”
is called an “indeterminate form”. Note that both examples above are of the
T

0
form —, but evaluate to different answers. More generally:

Definition 8.3 An indeterminate form is an expression which can work out to one
of many different answers, depending on the context.

Examples of indeterminate forms:

0
— x 0-00 00 — 00 1*° o 0°

Forms which are not indeterminate:

0 nonzero constant
nonzero constant 0
00 0 1 0
H:ioo — =0 0-0=0 00=20 1"=1
0
o0 nonzero constant
(nonzero constant)’ = 1 = +o00 =0
nonzero constant o0

In Chapter 3, we learned to evaluate limits that have indeterminate forms in
them by factoring and cancelling, or performing other algebraic manipulations
(like conjugating square roots and clearing fractions within fractions).

One additional, and very useful, method to evaluate indeterminate forms in
limits is called L'Hopital’s Rule:
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8.2. L'Hopital’s rule

Theorem 8.4 (L'Hopital’s Rule) Suppose f and g are differentiable functions. Sup-
pose also that either

lim f(z) = lim g(x) =0

r—a r—a
or
lim f(z) = lim g(z) = +oo0.
Then:

lim —= .
e g(z) =4 g'(a)

@) o, f@)
g

Application: Expressions like 0 or = can often be evaluated by taking deriva-
00
tives of the top and bottom independently, then plugging in a.

WARNING: We are not differentiating / here. To do this, use the quotient rule
g
(but that has nothing to do with the evaluation of the limit).

WARNING: Be sure that the limit you are calculating is a common (i.e. easy)
indeterminate form before using L’'Hopital’s Rule.

Notation: The symbol L is used to denote usage of L'Hopital’s Rule. It is just
an equals sign, and the L tells the reader that you are using L'Hopital’s Rule.

EXAMPLE 1
o2 —4
lim
=2 — 2
EXAMPLE 2
. sinzx
lim
z—0 x
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8.2. L'Hopital’s rule

EXAMPLE 3

o3
lim —
z—0 xQ

EXAMPLE 4

T —3
1m
ac—>32$—|—1

EXAMPLE 5

. 7+ 222
lim —m——
z—oo 12 — 3z + 1

EXAMPLE 6

. cosz —1

im ——-

z—0 q,’?

Solution:
cosr—1 "0" ) sinz 0" . —cosz —1

im :7zhm _7:111'{1 ==
xz—0 T2 0 =0  2x 0 z—0 2 2
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8.2. L'Hopital’s rule

EXAMPLE 7
.
lim

EXAMPLE 8

Evaluate this limit, where n is a positive integer:

n

. X
lim —
T—00 el

Harder indeterminate forms

You can also evaluate other indeterminate forms (like 0 - 0o, 0o — 0o, 1°°, o?, 0°) by
tirst doing some algebra, then using L'Hopital’s Rule:

EXAMPLE 9

) . (1
lim zsin ()
T—00 T
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8.2. L'Hopital’s rule

EXAMPLE 10

lim (cscx — cot x)

z—0+
Solution:
lim (cscx — cot z) =" 00 — 00" which is indeterminate
z—0
Rewrite as
] ) 1 COS T - 1—cosz "0
lim (cscx —cotx) = lim [ —— — — = lim — = —
z—0+ z—0t \sinx  sinz z—0+t  sinzx 0
L .. sinx 0
= lim = - =0.

z—0T COS X 1

EXAMPLE 11

1 xX
lim (1 + )
T—00 €

Note: The answer to this problem should be memorized.

219



8.2. L'Hopital’s rule

WARNING: L'Hopital’s Rule is a dangerous thing to rely on too much for two
reasons:

1)

EXAMPLE 12
, cosz — 14 a2
iﬂ%ex_l_g;_lxz_lxs
2 6
2)
EXAMPLE 13
. 2 +1
lim
T—00 €T
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8.3. Newton’s method

8.3 Newton's method

Goal: use calculus to quickly and accurately approximate solutions to equa-
tions.

First, to solve any equation in one variable, it is sufficient to solve equations
where one side is equal to zero (i.e. to find roots a.k.a. x-intercepts of functions).
This is because if you are given an equation of the form

9(z) = h(z)
you can rewrite it as
g(x) — h(z) =0or h(z) — g(x) = 0.

So our goal is: given function f, find (or at least approximate)  such that f(r) =
0. The procedure we will use is called Newton’s method and works as follows:

Newton’s method

1. Guess the value of r. Call your 7. You get a sequence of points

guess z (¢ is called the “initial
guess” or “seed”).

. Draw the tangent line to f at x.

. Find the x—intercept of the tan-
gent line from step (2). Call this
r—int z;.

(Ideally, z; is closer to r than z,
is.)

. Draw the tangent line to f at x;.

. Find the z—intercept of the tan-
gent line from step (2). Call this
r—int z,.

(Ideally, z, is closer to r than z;
is.)

. Repeat the procedure over and
over: given z,, sketch the tan-
gent line to f at xz,; call this
r—int of this tangent line x,,;.

X, T1,T2,T3, ...

The numbers z,, should (hope-
fully) get closer and closer to 7,
so they approximate r better and
better as n gets larger.
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8.3. Newton’s method

Let’s implement this procedure for an arbitrary function f and initial guess z:

The tangent line to f at x,, has equation

and z,,1, the z—intercept of this line is found as follows:

EXAMPLE 1
Approximate a solution to z* — z = 2 by using Newton’s method with initial guess
2 and two steps.
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8.3. Newton’s method

EXAMPLE 2
Approximate a solution to z° — r = 2 by using Newton’s method and getting an
approximation correct to 4 decimal places.

Newton’s method on Mathematica

Newton’s method is easy to implement on Mathematica. You need three lines of
code, all in the same cell. For example, to implement Newton’s method for the
function f(z) = 2> — 2 where x, = 3 and you want to perform 6 iterations (to find

¥¢), just type

flx_] =x"2-2;
Newton[x_] = N[x - f[x]/f'[]];
NestList[Newton, 3, 6]

and execute (all three lines at once). The first line defines the function f, the second
line gives a name to the formula you iterate in Newton’s method, and the last line
iterates the formula and spits out the results.

The resulting output for the code listed above is:

{3, 1.83333, 1.46212, 1.415, 1.41421, 1.41421, 1.41421}

These numbers are zg, z1, 29, ..., g S0 for example, 5 = 1.46212 and z4 = 1.41421...
and z¢ = 1.41421 (the same as z4 to 5 decimal places).

To implement Newton’s method for a different function, different initial guess
and different number of iterations, simply change the formula for f, change the 3
to the appropriate value of z; and the 6 to the number of times you want to iterate
Newton’s method.
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8.3. Newton’s method

EXAMPLE 3
Use Newton’s method to approximate the solution to

cos2x + 3x = sin .

Obtain an approximation which is accurate to four decimal places.

Mathematica code:

In: f[x_] = Cos[2x] + 3x - Sin[x];
Newton[x_] = N[x - f[x]/f'[x]];
NestList[Newton, -1/2, 10]

Out: {-1/2,-0.373791, -0.367115, -0.367093, -0.367093, -0.367093,
-0.367093, -0.367093, -0.367093, -0.367093, -0.367093}

Potential problems with Newton’s method

EXAMPLE 4
Use Newton’s method to find a solution of

g3 =0
using initial guess x = 1.
4_
2
-10 -5 5 10
2
_ql
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8.3. Newton’s method

EXAMPLE 5

Use Newton’s method to find a solution of
2 — 12 =0
using initial guess = = 1.

2

EXAMPLE 6

Use Newton’s method to find a solution of
22 —2r4+2=0
using initial guess x = 0.

4
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8.3. Newton’s method

EXAMPLE 7
Here is a graph of f(z) = ;(z + 2)(z — 3)(z — 4)(z — 5) + 4

This function has two roots, a negative one which is about —2 and a positive one
which is about 3. If you use initial guess =y = 3.4, you get the following:

r1 = —8.9451; 19 = —6.28878; x5 = —4.38652; ... x,, = —1.96114

which is the negative root. In other words, you get a root, but not the root you
wanted.

Major reasons why Newton’s method fails

1. “overshooting” (as in Example 4) - caused by vertical tangency at the root

2. f'(z,) being equal to zero for some n (as in Example 5) - caused by hori-
zontal tangency at ),

3. periodicity in the sequence z,, (as in Example 6) - caused by “poor” or
“unlucky” initial guess

4. getting an unexpected root (as in Example 7) - caused by having a point
where f’(z) is small too close to the root you want

Reasons for the failure of Newton’s method can always be explained graphi-
cally.

226



8.4. Homework exercises

8.4 Homework exercises

Exercises from Section 8.1

In Problems 1-4 below, compute the linear approximation L(z) to f at the given

value of a:
1. fx)=r,a=1 3. f(z)=sin3z,a=m
2. f(z)=cotx,a=m7/4 4. f(x)=2z€e",a=0

In Problems 5-8 below, compute the quadratic approximation Q(x) to f at the given

value of a:
5. f(z) =2%3,a =27 7. flz)=In(x+1),a=0
6. f(x) =4cosx,a=m 8. f(x) =3secx,a=0

In Problems 9-16 below, estimate the following quantities using tangent line ap-

proximation:
9. V50 13. /66
10. (8.1)3 14. sin(.2)
11. In(1.3) 15. arctan(1/3)
12. e? 16. cos(§ +1/8)

17. Is the estimate you made in problem 9 an overestimate or an underestimate?
Explain (without obtaining a decimal approximation to /50 using a com-
puter or calculator).

18. Is the estimate you made in problem 10 an overestimate or an underestimate?
Explain (without obtaining a decimal approximation to (8.1)% using a com-
puter or calculator).

In Problems 19-22 below, estimate the following quantities using quadratic approx-

imation:
19. 173/2 21. /3
1
20. cos 5 22. /150
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8.4. Homework exercises

23. After turning his gas grill on, a cook looks at the grill’s internal temperature
regularly, writing what he sees in the following table:

t
(minutes after grill is lit)
T(t)
(temperature in °F)

70 | 240 | 320 | 440 | 475

a) Use linear approximation to estimate what the temperature of the grill
will be 7 minutes after it is turned on.

b) Use quadratic approximation to estimate what the temperature of the
grill will be 7 minutes after it is turned on.

¢) Use the same quadratic approximation you computed in part (b) to es-
timate what the temperature of the grill will be 13 minutes after it is
turned on.

d) Does your answer to part (c) make sense? Explain.

e) What about the procedure of quadratic approximation made our answer
to part (c) so far off?

In Problems compute the differential dy.

24. y =32 —4 26. y = arcsinx

25. y = a1 — a? 27. y =¥

1
28. a) Compute dy if y = 5353, when 2 = 2 and dz = .1.

b) Sketch a picture representing the computation done in part (a) of this
problem, labelling z, dx and dy appropriately.

29. a) Computedyify =1—2* whenz =1and dz = .1.

b) Sketch a picture representing the computation done in part (a) of this
problem, labelling z, dx and dy appropriately.

Exercises from Section 8.2

In Problems compute the indicated limit (indicating if the limit is +00 or
does not exist):

. 2r—6 VA —22 =2
L P Ml
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8.4. Homework exercises

2% — 22 — 2 @
32, lim — =t 7 < 39. lim
z—0 T2 z—o0 9
22 —2x —3 2014
33. lim —m . 2000x
e 3 40. Jim —
2
1
34, liI%x+20 » hm( R )
2T o2t \22—4 -2
. sindx . . . g
35. lim — Hint: Add the fractions by finding a
==0 sin 9z common denominator.
32 —2x+1
36. m — 55— 42. lim 2¥*
37 1 at Hint: Follow the procedure of Exam-
gt et/3 ple 11 on page 224.
1
38. lim —r 43. lim 2"
T—=00 z—0

Exercises from Section 8.3

44. Approximate (by hand) a solution to 2% + 22 — r = —1 by using Newton’s
method with initial guess + = —1 and two steps.

45. Approximate (by hand) a solution to z° = 4 by using Newton’s method with
initial guess x = 1 and two steps.

In Problems (46149 use Mathematica to estimate a solution to the following equa-
tions using Newton’s method; solutions should be correct to 4 decimal places:

46. 22 =3 48. 3v/x — 1 ==z

47. P+ r=1 49. 22% = cosz

In Problems use Mathematica to estimate all solutions to the following equa-
tions using Newton’s method; solutions should be correct to 4 decimal places.

Hint: First, have Mathematica plot both functions on the same xzy—plane; use
the plot to determine the number of solutions to the equation. For each solution,
run Newton’s method with an initial guess close to the x—value of the appropriate
solution.

50. e =1Inx 51. arctan 2z = 22 — 1 52. 6sin £ = 8z — x3
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8.4. Homework exercises

In Problems 53}{60}, use the graph of some unknown function f shown here. As you
can see, the equation f(x) = 0 has two solutions, r; (the negative one, near —5) and
ro (the positive one, near 8).

53.

54.

55.

56.

57.

58.

Suppose you were to execute Newton’s method for this function with initial
guess © = 4. Will this produce an approximation to r; or r, (or will it not
work at all)? Explain.

Suppose you were to execute Newton’s method for this function with initial
guess v = —6. Will this produce an approximation to r; or ry (or will it not
work at all)? Explain.

Suppose you were to execute Newton’s method for this function with initial
guess v = —10 (assume that —10 is the x—coordinate of the “peak” of the
function). Will this produce an approximation to r; or ry (or will it not work
at all)? Explain.

Suppose you were to execute Newton’s method for this function with initial
guess x = 3. Will this produce an approximation to 7, or 7, (or will it not
work at all)? Explain.

Suppose you were to execute Newton’s method for this function with initial
guess x = —1. Will this produce an approximation to r; or ry (or will it not
work at all)? Explain.

Suppose you were to execute Newton’s method for this function with initial
guess v = 2. Will this produce an approximation to r; or 7, (or will it not
work at all)? Explain.
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8.4. Homework exercises

59. Suppose you were to execute Newton’s method for this function with initial
guess x = —7.5. Will this produce an approximation to r; or ry (assume that
the slope at —7.5 is a very small positive number)? Explain.

60. Suppose you were to execute Newton’s method for this function with initial
guess x = 10. Will this produce an approximation to r; or 7, (or will it not
work at all)? Explain.

61. Attempt Newton’s method on the function f(z) = 42® — 122 + 122 — 3 with

I 3 . .
initial guess = = 3 Try lots of iterations.

a) What happens?

b) Sketch the graph of the function f using Mathematica and explain, via
the graph, the phenomenon you observe in part (a).

Answers
1
1. L(z) =1+ 5(95 —1) 12. 1.2
13
2 L(x)zl—Q(a:—Z) 24
14. .2
3. L(x) = —-3(x — ) 5 1
4. L(zx) == 3
1
_ 2 1 9 16. —=
5. Q(z) =9+ 9(90 27) 750 (z —27) 8
: "
6. Q(z) = —4 + 2z — 1)’ 17. Overestimate, because f”(49) < 0.
9 18. Underestimate, because f”(8) > 0.
7. Q(r) =x — T
2 19 2243
T332
8. Q(z) =3+ —a?
2 7
20. -
o 8
u 2 2
10. 531.2 - 18
11 4703
-3 384

23.  a) 545° F (answers may vary)
b) 520° F (answers may vary)

c) 355° F (answers may vary)
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8.4. Homework exercises

d) No, because the grill should be hotter at time 13 than it was at time 5.

e) Since we approximated using a parabola () that opens downward, eventually
(@ starts to decrease. But the temperature 7" probably continues to increase; it is
just that it increases at a slower rate.

24. 6xdx

1 3
30. - 36. —
3 2
31. 0 37. 0
32. 1 38. 0
33. 4 39. ©
40. 0
.
41. 33
4
35. —
9 42. 1
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8.4. Homework exercises

43.

44.

45.

46.

47
48

55.
56.
57.
58.
59.
60.
61.

1 49. 721406
—2% 50. 1.01884 and 5.53738
129 . L and 5.

35893 51. —.482303 and 1.49966

25600

1.44995 52. —2.65184, 0 and 2.65184
. 754878 53. 12
. 7.8541 54, r

won’t work (since tangent line at + = —10 never hits z—axis)

r2

won’t work (tangent line at z = —1 is vertical)

won’t work (function not differentiable at z = 2

ro (tangent line at —7.5 hits z—axis close to )

T2

a) Starting with the second iteration, you get infinity.

b) If you sketch the picture associated to Newton’s method, after the first iteration

the tangent line is horizontal.
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Chapter 9

Theory of the Definite Integral

9.1 Motivating problems: area and displacement

RECALL
To define the derivative of a function, we started with a real-world problem we
wanted to solve:

Then, we approximated the solution to that problem (by finding the slope of
some secant line):

Next, we observed how the approximation got better:

This told us how to define the answer to the problem (using a limit):

(In principle, we don’t use this definition to compute derivatives; we use rules

like the Power Rule, Product Rule, Chain Rule, etc.)
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9.1. Motivating problems: area and displacement

For the rest of the semester, we will consider two new classes (actually only one
class) of real-world problems.

We need to define a new mathematical object which will solve these problems.
To create this new object, we will:

1. Approximate the answer to the problem.

2. Observe how the approximation gets better.

3. Define the answer to the problem using a limit.

What are the two new classes of real-world problems?

1.

First remark: Problems (1) and (2) above are really the same problem in dis-
guise. Why?

Suppose you are in a car and you look at the speedometer once an hour:
(hr) t Jo]1]2]3
(mph)  o(t) |40 | 43| 38| 34

How far do you travel from ¢ = 0 to ¢t = 4 (i.e. what is your displacement from
time 0 to time 4)?

velocity e  observed values of v(t)
44}
42t —— actual values of v(t)
40 (unknown)
38f —— assumed values of v(t)
361 (based on observations)
34}
32r
i_ 1 é ; i 7 4 time
021322333

This is just an approximation. How might the approximation improve?
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9.1. Motivating problems: area and displacement

Suppose you look at the speedometer every 30 minutes:

(mph)  w(t) ‘ 40 ‘ 421 ‘ 43 ‘

() ot

velocity
a4} e  observed values of v(t)
) —— actual values of v(t)

(unknown)
4

38t
36}
34t So the displacement is

3ol ~ A0 (3) +41 (1) +43(3) +41(3

L ime 438 D+ 3 (3)+ 3 (3)+ 3 (3)

4 =154 mi|

—— assumed values of v(t)
(based on observations)

3
2
Take more and more measurements:
velocity
44+t
42+
40
38f
361
34¢
32¢

- time

This suggests the following important principle:

displacement of an object
fromt=0tot =4, =
given velocity function v(t)

area under the graph of v
fromt=0tot =4
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9.1. Motivating problems: area and displacement

More generally: Suppose an object’s position at time ¢ is given by function f(t).
Then its displacement from time ¢t = a to time ¢t = bis f(b) — f(a).

At the same time, its velocity at time ¢ is given by f'(¢), and the displacement
from time a to time b is equal to the area under the graph of f' from ¢ = a tot = b.
Putting this together, we have the following important idea:

area under the graph of f’
fromt=atot=>

= f(b) = fla)

This means: the problems of finding the area between the graph of a function
and the x—axis, and the problem of finding displacement given velocity, are really
the same problem. The process that solves these problems is probably something
like “differentiation in reverse”.

EXAMPLE 1
Suppose that the velocity (in m/sec) of a bird at time ¢ (in seconds) is given by

2 4
v(t) = gt + 3" Find the distance travelled by the bird between time 0 and time 6.
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9.1. Motivating problems: area and displacement

EXAMPLE 2

In each situation A through D described below:

1.

Based on the description given, sketch a graph of the velocity, plotted against
time.

Determine how far you travel between time ¢ = 0 and ¢ = 3 (throughout this
assignment, ¢ is in hours).

. Determine how far you travel between times t = 5and t = 9.

Without being given any other information, do you know what your odome-
ter reading is at time ¢ = 4? If so, what is it?

. Without being given any other information, do you know what your odome-

ter reading is at time ¢t = 8? If so, what is it?

Suppose your odometer reading at time ¢ = 0 is 0. Now, do you know the
odometer readings at time 8? If so, what is it?

Suppose your odometer reading at time ¢ = 0 is 10000. Now, do you know
the odometer readings at time 8? If so, what is it?

. Suppose your odometer reading at time ¢t = 0 is C, where C' is an arbitrary

constant. What is the odometer reading at time 4? What is the odometer
reading at time 8?

Situation A: Assume that the velocity at all times is 60 miles per hour.

Displacement fromt =0tot = 3:

velocity v(¢)

100

90t Displacement from ¢ =5tot = 9:

80r

70t Odometer reading at t = 4:

60¢

50¢ Odometer reading at ¢t = 8:

40¢

30t If initially 0, odometer reading at ¢t = 8:
20r

10} If initially 10000, odometer reading at ¢t = 8:

e ————— 1111
01234546 7289101112

If initially C, odometer reading at ¢ = 8:
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9.1. Motivating problems: area and displacement

Situation B: Assume that the velocity is 50 miles per hour for the first six hours,
then 80 miles per hour at all times after the first six hours.

velocity v(7)
100-y

90r
80r
701
601
501
40r
301
207
107

s ———— 111 [
0123456 7289101112

Displacement from ¢ = 0 to ¢t = 3:
Displacement from ¢t = 5tot = 9:
Odometer reading at t = 4:

Odometer reading at t = 8:

If initially 0, odometer reading at ¢t = 8:

If initially 10000, odometer reading at ¢ = 8:

If initially C', odometer reading at ¢t = 8:

Situation C: Assume that the velocity at time z is equal to .

VCI(I%I[}/ V(1)

L1t
107
().
x.
7.
6.

—_— N W B W

0123456 7289101112

time ¢

Displacement from ¢ = 0 to ¢t = 3:
Displacement from ¢ = 5to ¢t = 9:
Odometer reading at t = 4:

Odometer reading at t = 8:

If initially 0, odometer reading at ¢t = 8:

If initially 10000, odometer reading at t = 8:

If initially C', odometer reading at t = 8:

Situation D: Assume that the velocity at time x is equal to 2.

velocity v(¢)
]50-y

1401
1307
1201
110t
100t

0123456 7389101112

— time ¢

Displacement from ¢t =0to ¢ = 3:
Displacement from ¢ =5tot = 9:
Odometer reading at ¢t = 4:

Odometer reading at ¢t = 8:

If initially 0, odometer reading at ¢t = 8:

If initially 10000, odometer reading at ¢t = 8:

If initially C, odometer reading at ¢t = 8:
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9.1. Motivating problems: area and displacement

Concepts illustrated in the preceding example

¢ At the beginning of the semester, we discussed the “big picture” problem
of converting from a function which represents an odometer to a function
which represents a speedometer. The operation we eventually cooked up to
do this is differentiation. In other words:

ODOMETER PERYAIVE  gpEEDOMETER
POSITION PERYAIVE  vELOCITY

fo) PSR f(@)

* Now, we are looking at the same problem in the other direction. That is, we
want to assume we are given a speedometer (i.e. a function that represents
velocity), and we want to determine the function that was the odometer:

ODOMETER <+— SPEEDOMETER

POSITION <+— VELOCITY
7 f(a)

* If you are given a function f which represents your velocity, then you cannot
use f by itself to determine your odometer reading at a certain time (because
you didn’t know what the original odometer reading was).

* But, if you are given a function f which represents your velocity and you are
given an initial odometer reading (a.k.a. the odometer reading at time a),
then you can determine your odometer reading at any time ¢ by the formula

original odometer reading
odometer reading +
at time ¢ ~ area under velocity function
from time a to time ¢

EXAMPLE 3
The graph of some function f’ is given below at left. If f(0) = 2, sketch the graph
of f on the middle axes. On the right-hand axes, sketch all possible graphs of f (if
you don’t know f(0)).

4 4 4
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9.2. Riemann sums

9.2 Riemann sums

Summation notation

Suppose a;, is some expression which can be computed in terms of k. (ay, is like
a(k).) For example, if a; = k* + k, then

ap=12+1=2 as=2>4+2=56 az =3>+3=12 etc.

Frequently in mathematics we want to add together values of a; where £k ranges
over some set. For example, we might want to add up

a9 + a3 + a4 + a5 + ... + a9g.

We use the following notation to represent this kind of addition:

Definition 9.1 Given numbers a,, as, ... the sum from k& = 1 to n of a;, is

n
Zak =a; +ag +as... +a,.
k=1

(More generally, > ar = ap + Gyt + Qs + ... + ay.)

k=m
EXAMPLE 1
32 42 52 1 2
Write the expression 5 + 5 + 5 + ...+ > in Y-notation.
EXAMPLE 2
3
Compute —
PUie 2. 0
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9.2. Riemann sums

Approximating the area under a function

Idea: Approximate the area under a function by finding the total area of some rect-
angles.

Definition 9.2 Given an interval [a,b], a partition P is a (finite) list of numbers
{zo, 21, %2, ...,z } such that a = o < 21 < ... < T,y < x, = b. Such a partition
divides [a,b] into n subintervals; the k' subinterval is [x;_,,x;]. For each k, set
Ay, = xp, — 251, Ay, is called the width of the k' subinterval. Call the largest Ay,
the norm of the partition; denote the norm by ||P]||.

)

EXAMPLE 3
a=0;b=1,P = {0,

oo |

13
A

EXAMPLE 4
P = partition of [a, b] into n equal-length subintervals.

a X1 X2 X3 X4 Xk—1 Xk Xn—1 b
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9.2. Riemann sums

Definition 9.3 Given function f : [a,b] — R and given partition P = {xy, ..., x,}
of [a, b], a Riemann sum associated to P for f is any expression of the form

n

> fler)Amy,

k=1

where for all k, ¢y, belongs to the k'™ subinterval of P. The points cy, ca, ..., ¢, are called
test points for the Riemann sum.

velocity v(¢)

S T b fime s
a=xg X x> X3 X4 b=x;

A Riemann sum approximates the area under f(z) from x = a to z = b by adding
up areas of rectangles as above. Different choices of P and different choices of ¢,
(even for the same P) give different Riemann sums.
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9.2. Riemann sums

EXAMPLE 5
I 7
Let f(z) = 2 — z?and let P = {O, 3 1, 1
we get different Riemann sums for this partition. Compute each of the following
specific Riemann sums associated to this f and this P:

, 2}. By choosing different test points,

1. Left sum (this means that we choose each test point c;, to be z;_;, the left
endpoint of the k™" subinterval)

> flew) Az =

k=1

2. Right sum (this means we choose each ¢, to be z, the right endpoint of the
k" subinterval)
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9.2. Riemann sums

3. Upper sum (this means we choose each c;, to be the z—value corresponding

to the absolute maximum of f on the k" subinterval, making the rectangles
as tall as possible)

4
Zf(ffk)AiEk
k=1
1 1\ 1 1 3 71
=f(=)= 1)= 1) = )=
£(3) 5+ + 1M+ 1)y
! 3\ 1 1 3 7\ 1
, =(S)Z+M=+ ()2 — )=
I <4>2+(>2+()4+<16)4
3,1 T
, | | -y 8 2 4 64
xoE0 x1=1/2 xo=1 x3=7/4 x4=2 - 24 _|_ 32 _|_ 48 + 7
N 64
1
| 64

4. Lower sum (this means we choose each ¢, to be the x—value corresponding
to the absolute minimum of f on the k' subinterval, making the rectangles

as short as possible) A

> f(er) Ay,
k=1
1\ 1 7 1
= f(( ) = i R -
03+ (3) 41 () 3 1)
1 3\ 1 7\ 3 1
— O o o o o
()2+<4>2+(16)4 (0)4
=0 + 3 + 2 0
| B 8 64
XoE0 x1=1/2 x=1 x3=7/4 x4=2 24 + 2]_
64
45
64

The upper and lower sums associated to a partition P for a function f are of

particular importance. Why?

Note: If f is increasing on [a, b, then

Note: If f is decreasing on [a, b], then
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9.3. Definition of the definite integral

EXAMPLE 6
Estimate the area under f(z) = 2 from z = 0 to = 1 by using a lower sum for a
partition into 6 subintervals of equal length.

Therefore this Riemann sum works out to

0<1>+ 1 <1>+1(1>+1<1>+8<1>+1Q5<1>_25
6 216 \6 27 \ 6 8 \6 27 \6 216 \6/ 144

9.3 Definition of the definite integral

In the last section: we approximated the area under f from a to b by the Rie-
mann sum

n

> f(ew)Azy,

k=1
Next task:

Key observation: As ||P|| — 0, the rectangles under the graph of f get skinnier
and skinnier, so the corresponding Riemann sum estimates become more and more
exact. So "

lim cx)Ax
. kZ:fl fex) Ay
should give the exact area under the graph. This motivates the following defini-
tion:
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9.3. Definition of the definite integral

Definition 9.4 (Limit definition of the integral) Given function f : [a,b] — R,
the definite integral of f from a to b is

/f x—hm chkAxk

IPl—=0

if this limit exists (in MATH 220 and MATH 230, it always will). If the limit exists,
we say f is integrable on [a, b].

Notation:

Two ways to think about the integral:

1. The definite integral is “continuous addition of areas of rectangles of in-
finitely small width”.

2. The definite integral is “accumulation” of values of f from z = atoz = 0.
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9.3. Definition of the definite integral

Some integrals can be computed without doing any sophisticated calculus:

EXAMPLE 1
Evaluate the following definite integrals:

7
1. / 5 dx
4

81
2. ; Zxdx

3
3. / V9 — 22 dx
-3

4 /1 (3— |a|) da
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9.3. Definition of the definite integral

Evaluating an integral using the definition of integral is much harder:

EXAMPLE 2

Compute

1
/ xdx
0

using the limit definition of the definite integral.

Aside: The answer is

Computation using the limit definition:

1 n
/ rdr = lim Y f(ep)Azy
0

I1P][=0 &=

We need to choose partitions whose norm — 0,
and we need to choose a type of Riemann sum.

I will choose a partition into n equal-length subintervals

1-— 1
(this makes all the Ax), = =0 =-)
n

n
and compute a right-hand Riemann sum

n

1-0 1 k
(thismakes ¢y =z, =0+ k < > =0+k- —)
n

n

and notice that ||P|| — 0 is the same as n — oo in this context.

So the integral becomes

L k 1
1i S
n1—>I£lo ];1 f <n>

n

"k 1

=1 — i =
nl_)IglO];n - (since f(r) = x)
lim "k
= 1m —

n—)OOanzl

1
= lim —(1+2+3+..+n).

n—oo n,

Now the question is, whatis 1 +2 + 3+ ... +n?
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9.4. Elementary properties of Riemann integrals

From the previous page,

L 1 1 1
/:chx—llm—(1+2+3—|— )= lim &M
0 n—o0 n2 n—soo 12 2
o o n+1
= lim
n—oo 2TL

I
3
i':
gE
DN | —
I
o=

This example was very hard (even though the integrand was very simple). This
suggests that computing integrals like

T 4
/ sinxdx or / 2 dx
0 1

using the definition of definite integral is impossible. We need another method,
which we will discuss in Section 9.5.

9.4 Elementary properties of Riemann integrals

Theorem 9.5 All continuous functions are integrable.

Definition 9.6 Let a < band let f : [a,b] — R be integrable. Then

/baf(x)dx:—/abf(x)dx.

Definition 9.7 Let f : [a,b] — R. Then / " (@) de = 0.

a

Theorem 9.8 (Linearity properties of integrals) Let f and g be integrable; let k
be any constant. Then:

1 / dx—/bf(x)dx—i-/abg(m)dx
2. / dx—/abf(x)dx—/abg(x)dx;

3, / kf(x)dx:k;/abf(x)da:
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9.4. Elementary properties of Riemann integrals

WARNING: integrals are not multiplicative nor divisive:

b
b b b @), @

Theorem 9.9 (Inequality properties of integrals) Suppose that f and g are inte-
grable functions. Then:

1. (Positivity Law) If f(z) > 0 on [a,b], then [° f(z)dz > 0.
2. (Monotonicity Law) If f(z) < g(z) forall x € [a,b], then

/abf(x) dx < /abg(x) dx.

3. (Max-Min Inequality) Let m and M be the absolute min value and absolute
max value of f on [a, b], respectively. Then

m(b— a) < /abf(a:)dx < M(b—a).

T~ "

a b

Theorem 9.10 (Additivity property of integrals) Suppose f is integrable. Then
for any numbers a, b and c,

[ i@ de+ [ fayde= [ f(o)da
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9.4. Elementary properties of Riemann integrals

Note: It is possible for integrals to be negative (so integrals actually compute
something called “signed area”):

EXAMPLE 1
Suppose f and g are functions such that

/37f(33)d27:6 /78f(a:)da::4 and /379(93)(11»:2.

8
1. Compute/ f(z) du.
3

3

2. Compute/ f(z)dx.
7
4

3. Compute/ f(z)dx.
4

4. Compute /3 () + 59(x)] da.

7
5. Compute/3 [f(z) + 2] dx.
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9.4. Elementary properties of Riemann integrals

EXAMPLE 2
Here is the graph of some unknown function f:

~10. -8 —6 —4 —2_4|

=3t

~5t

Use the graph to estimate the answers to the following integrals:

1. /21 @) de

4
2. /_6 10 () d

3 A f(z)dx
4 57 f(z)dx
5 /_22 f(z)dx
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9.5. Fundamental Theorem of Calculus

95 Fundamental Theorem of Calculus

RECALL FROM SECTION 9.3
It is virtually impossible to compute integrals using the limit definition. So, in
order to compute integrals, we need some new ideas. The theory that follows is
motivated by the idea from page 237, which suggests that

[ 7y de = 5(0) - f(a).

Based on this idea, to evaluate an integral like

‘s
/:de,
1

we should think of 2° as f’(z) and try to find f(x). Just by “guessing” (for now),

1 . X
we see that f(z) = 63:6 works. So if we let f(z) = 61'6, we have

1 1 1365

45 _ 4/ _ _ [§ 6 __
/135 dac—/1 f(:c)dx—f(4)—f(1)—64 _61 =5

In this section we justify that this idea works in general. To do this, we need some
new terminology:

Definition 9.11 Given function f, an antiderivative of f is a function 'f (read this
as “ f antiprime”) such that ('f)' = f.

EXAMPLES
'f(x) = x* — 3 is an antiderivative of f(x) = 2x.

'f(x) = x? is an antiderivative of f(z) = 2z.

'f(z) = 2* + C is an antiderivative of f(x) = 2x for any constant C.

QUESTION
Are there any other antiderivatives of f(z) = 227
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9.5. Fundamental Theorem of Calculus

Theorem 9.12 (Antiderivative Theorem) Suppose 'f, and 'f, are both antideriva-
tives of the same function f. Then, for all x,'f,(x) = fo(z) + C.

PROOF Let G(x) = 'fi(x) —' fo(z). Then

G'(z) = (A1) (z) = (o) (x) = f(x) — f(z) = 0.

so (G is a function whose derivative is everywhere zero. That means G has slope
zero, so it must be a horizontal line, i.e. must be a constant function (this seems
obvious, but is actually very deep - take MATH 430 (Advanced Calculus) to see
how to prove this rigorously).

Thus G(z) = 'fi(z) =" fo(z) = C'so 'fi(xz) =' fo(x) + C where C' is a constant. [J
Remark: The point of the Antiderivative Theorem is that any two antideriva-
tives of the same function must differ by at most a constant.

(So there are no other antiderivatives of f(z) = 2z other than F(x) = 2? + C.)

Restated, this means that if you have found one antiderivative of a function,
you have found them all (by adding an arbitrary constant).

Theorem 9.13 (Fundamental Theorem of Calculus I) (Differentiation of Inte-
grals) Let f be continuous on [a, b]. Consider a new function

@) = [ s
Then:

1. 'f is continuous and differentiable on [a, b|; and

2. ('f)(x) = f(z) (i.e. 'f is an antiderivative of f).

Picture:
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9.5. Fundamental Theorem of Calculus

Physical interpretation:

Mathematical significance of this part of the FTC:

1. The FTC reveals that differentiation and integration are inverse operations
(because it says that if you start with a function f, take its integral (to get ’f)
and then take the derivative of that, you get back to the function f that you
started with).

2. The FTC guarantees that every continuous function has an antiderivative:
given function f(x), the function 'f(x) = / f(t) dt is an antiderivative of f

for any choice of a.

PROOF OF FTC PART I: By the definition of derivative,

fw+h) ' f(a)

h—0 h

_ }%; (/a”hf(t) dt — /jf(t) dt)

z+h

Now by the Max-Min Inequality, by letting m and M be the minimum and maxi-
mum values of f on [z, z + h], we have

z+h
m(a:—i—h—x)g/ ft)dt < M(z+h—x)
xz+h
:>mh§/ F(t)dt < Mh
;»mg;/”hf(t)dth

As h — 0, m and M both go to f(z), so the inside quantity must go to f(x) as well,
Le.
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9.5. Fundamental Theorem of Calculus

Now for our last big theorem. Remember that the goal is to develop a method to
evaluate integrals that doesn’t use the limit definition. We are now able to achieve
this goal:

Theorem 9.14 (Fundamental Theorem of Calculus Part II) (Evaluation of In-
tegrals) Let f be continuous on [a,b]. Suppose 'f is any antiderivative of f. Then

b

a*

Notation: The expression 'f(b) —' f(a) is written [/f(x)]z or 'f(z)|

Proof: Let G(z) = /I f(t)dt. G'(x) = f(z) by the first part of the Fundamental

Theorem of Calculus. Bay the Antiderivative Theorem, if ’f is any antiderivative of
f, we know 'f(x) = G(z) + C. Therefore

= [ f(xz)dx (since the t and x are dummy variables).
Physical interpretation of this part of the FTC: Suppose 'f(z) gives the posi-
tion of an object at time x. Then the object’s velocity is ('f)'(x) = f(z). This part of
the FTC says that the displacement of the object from time a to time b equals the
area under the velocity function f from a to b, as suggested earlier in this chapter.

More general interpretation: Suppose 'f(x) is any quantity. Then the rate of
change of 'f with respect to = is (’f)'(x) = f(z). This part of the FTC says that the
integral of the rate of change, i.e. the accumulation of the rate of change, is equal
to the net change in 'f from x = ato xz = b.

Mathematical significance of this part of the FTC: This result provides a mech-
anism to evaluate definite integrals without having to compute limits of Riemann
sums. In particular, if you can find any one antiderivative of f that is easy to work
with (say ’f), then you can evaluate integrals of f by subtracting values of 'f.
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9.5. Fundamental Theorem of Calculus

You are responsible for being able to state both parts of the FTC and explain
their physical interpretation and mathematical significance.

EXAMPLE 1
Evaluate the integral:

4
/ xdx
3

EXAMPLE 2
Suppose an object is moving along a line so that its velocity at time ¢ is 3 sec? ¢. Find

the distance traveled by the object between times ¢ =0 and ¢t = %
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9.5. Fundamental Theorem of Calculus

EXAMPLE 3
In an electrical circuit, the current is the instantaneous rate of change of the charge.

1
If the current in a circuit at time ¢ (in seconds) is 2 + 2 sint amperes, find the net

™ . .
change in the charge from time 5 to time 7. (P.S. An ampere times a second is a

coulomb, a unit of charge.)

EXAMPLE 4
A tank is being filled with fluid at a non-constant rate: at time ¢ (in seconds), the
rate at which the tank is being filled is 2¢(4 — t) L/sec. Find the amount of fluid
that is poured in the tank during the first 3 seconds.

The Fundamental Theorem of Calculus reduces the problem of computing inte-
grals to the problem of finding antiderivatives. Thus it is important to be able to
tind antiderivatives of functions, and we address this task in the next chapter.
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9.6. Homework exercises

9.6 Homework exercises

Exercises from Chapter 9.1

1. During a car trip, let v(¢) represent the car’s speedometer reading (in miles
per hour) at time ¢ (measured in hours after the beginning of the car trip).
Suppose that the graph of v(¢) for 0 < ¢ < 10 is as given below:

velocity v(¢)
100 Y

80
60
40
20

- time ¢
10

Use this graph to estimate the answers to the following questions (answer
with appropriate units):

a) What is the speedometer reading 2 hours after the trip starts?

b) What is the acceleration of the car at time 6?

c) Is the car speeding up, or slowing down at time 3? Explain.

d) Is the car moving forward or backward at time 6? Explain.

e) Find the distance the car travels during the first 3 hours of the trip.

f) Find the distance the car travels between times 4 and 9.

g) If the odometer reading of the car at the beginning of the trip is 1000,
find the odometer reading six hours later.

h) If the odometer reading of the car at time 5 is 2000, what was the odome-
ter reading three hours earlier?
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9.6. Homework exercises

2. On Mars, a rover is moving back and forth along a dirt track so that at time
t (measured in seconds), its velocity (measured in cm/sec) is given by the
function v whose graph is given below for 0 < ¢ < 10:

velocity v(f)
4‘

2 /

- time ¢
2 z?\_6/8 10

2t
—4+

Use this graph to estimate the answers to the following questions (answer
with appropriate units):

a) What is the velocity of the rover at time 8?

b) At what time(s) is the velocity of the rover equal to 1 cm/sec?

¢) What is the acceleration of the rover at time 7?

d) Is the rover moving forward or backward at time 6? Explain.

e) Find the displacement of the rover from time 0 to time 3.

f) Find the displacement of the rover from time 6 to time 10.

g) Suppose the initial position of the rover is 0. Find all times when the
position of the rover is 8.

h) Suppose the initial position of the rover is 4. Sketch a crude graph of the
position of the rover, as a function of ¢.

3. In each part of this problem, you are given the graph of the derivative f’ of
some function f for 0 < x < 10, and the value of f at one value of . Use this
information to sketch the graph of f for 0 < z < 10.

a) f(3) = 2; fl has graph 2 4 6 8 10
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9.6. Homework exercises

4

b) f(0) = 4; ' has graph /\
c) f(0) = —3; f has graph \

)

d) f(0) = 5; f' has graph /z/i : + -

|
N

4. Suppose the graph of some derivative ¢’ is as given below. On a single set of
axes, sketch all possible graphs of g:

)

~

N

Exercises from Section 9.2

In Problems 58] write the following sums in ¥ —notation:

HESPIE SIS
3 4 5 6 19
6 2ttt
7?82 92 262
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9.6. Homework exercises

24 25 26 214

70—+ —+ =+ .+
4 * 5 * 6 T 14
3 3 3 3

8. V2t GVi+ VA L+ V2D

In Problems 9111}, evaluate the given sum by hand (simplify your answer):

7 4 6

9. > 2n 10. > cosmn 11. > n?
n=1 n=0 n=3

In Problems evaluate each of the following sums using Mathematica. Note:
N

to evaluate a sum of the form »  a, in Mathematica, use the following syntax:
n=M

Sumla,, {n, M, N}]

9
For example, to evaluate Y n? execute Sum[n"2, {n, 2, 9}]. (You can also geta %

n=2
on the Basic Math Assistant Pallette.)

S| 2, 12n + 4n® + n? Q m
12. - 13. 14. “n) 3n?
712::271 —~ 6400 nz::lCOS (277,) n

15. Consider the partition P = {2, 3,8, 10, 13}.

a) Sketch a picture of this partition.

b) What interval is this a partition of?

¢) How many subintervals comprise this partition?
d) What is x5 for this partition?

e) What is the second subinterval of the partition?
f) Whatis Az,?

g) Whatis ||P||?

16. Consider the partition P of [5, 12] into 70 equal-length subintervals.

a) What is xy for this partition?

b) What is the twelfth subinterval of the partition?
c¢) Whatis Ax3y?

d) Whatis ||P||?

11
17. Let f(z) = 1 + 2z — 2% Consider the partition P = {O, bt 1} of the interval
[0, 1].

a) Calculate the value of the Riemann sum associated to P where the test
points c; are chosen to be the midpoints of their respective subintervals.
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b) Sketch a picture which reflects the area being calculated in the Riemann
sum you computed in part (a).

c) What is the smallest possible value of any Riemann sum associated to
the partition P? Explain your answer.

d) What is the largest possible value of any Riemann sum associated to the
partition P? Explain your answer.

e) What do your answers to parts (c) and (d) of this question tell you about
the possible value of the area under f fromz =0tox = 1?

18. Let f(z) = 4sinz and let P = {o Tomom }

3260
a) Calculate the right-hand Riemann sum associated to this partition.
b) Sketch a picture which reflects the area being calculated in part (a).
c) Calculate the lower Riemann sum associated to this partition.
d) Sketch a picture which reflects the area being calculated in part (c).
19. Let f(z) = 22° + 1.
a) Compute the left-hand Riemann sum associated to the partition of [1, 4]
into three equal-length subintervals.
b) Sketch a picture which reflects the area being calculated in part (a).

¢) Compute the upper sum associated to the partition of [1, 4] into six equal-
length subintervals.

d) Sketch a picture which reflects the area being calculated in part (c).
20. Let f be an unknown function with the following table of values:

x |=3]-1]1]4]10]11
fl@)y | 2] 1]2]/0]3]5

a) Use a left-hand Riemann sum to estimate the area under the graph of f
fromz = —-1tox =4.

b) Use a right-hand Riemann sum to estimate the area under the graph of
ffromz=1toxr =11.

¢) Can you compute an upper Riemann sum for f associated to the par-
tition P = {—3,—1,1,4}? If so, explain why and compute it. If not,
explain why you do not have enough information to compute this Rie-
mann sum.
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21. Suppose that the velocity of a rocket ¢ seconds after it is launched is given by
function v, some of whose values are given in the following table:

t
(seconds after launch) SR
v(t) 0/2]5]13[30|75 | 110|240
(m/sec)

Suppose also that the acceleration of the rocket is positive at all times between
t=0and?=12.

a) Use a left-hand Riemann sum to estimate the distance the rocket travels
in the first 8 seconds after it is launched.

b) Use a right-hand Riemann sum to estimate the distance the rocket trav-
els between times t = 4 and ¢ = 10.

c) Can you compute an upper Riemann sum for f associated to the par-
tition P = {0,2,4,8,12}? If so, explain why and compute it. If not,
explain why you do not have enough information to compute this Rie-
mann sum.

Exercises from Section 9.3

In Problems write a definite integral which computes the desired area. (You
do not actually need to compute the integral.)

22. The area between the graph of the function f(z) = sin « and the z—axis from
r=0tor =m/2.

23. The area between the graph of the function f(z) = z° and the z—axis from
r=—-3tor=4

24. The area between the graph of the function f(z) = arctan z and the z—axis
fromzx=0tox = 1.

In Problems evaluate each definite integral:

6 8
25. / 3d 29. / (20 — 22) dx
2 5
11 4
26. [ 0dx 30. / V16 — 22 dz
8 —4
7 4
27. /0 5z dz 31. / o — 3|dz
0
2 2
28. /O (22 + 3) da 32. / VI= 2 dz
0
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Exercises from Section 9.4

33. Assuming the following two statements,
5 9
/ f(z)dx =10 and / flz)dx =2.
0 5
compute each of the following:
9 5 0 3
@ [ f@yde  ©) [ 2f@de © [ f@de @ [ fa)de
34. Assuming the following two statements,
4 4
/ f(z)de =7 and / f(z)dx = 6.
0 2
compute each of the following:
2 4 4
@ [ f@yde  ©) [ Tf@)de © [(f)+9)de
35. Assuming the following two statements,
8 8
/ f(z)de =4 and / g(x)de =T1.
5 5
compute each of the following:
8 8 7 3
@ [ 2f@+sg@lde O [lg@)-f@ldr  © [ f)det | fla)da
36. Assume that f is an unknown function with the following properties:

/jf(:z:)da:z? /35f(x)dx:—3 /58f(x)d:c:2

Also, assume g and h are unknown functions whose graphs are given below:

121

-2L

Use this information to compute the folllowing quantities:
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a) [ 1)+ g(a)] o &) [ 1f() + g(x) + hia)] da
b) [ 3g(x)dr D [ 1h(e) - 27()] da

9 [ @)~ (@) da 9 [ (ha) -

@) [ 2ole) +14f(2)] do b [ (o) +30)

Exercises from Section 9.5
In Problems classify each statement as TRUE or FALSE:

37. 'f(x) = sin(x?) is an antiderivative of f(z) = cos(z?).
38. 'f(x) = 32? is an antiderivative of f(z) = 6z.
39. 'f(x) = 322 is the only antiderivative of f(z) = 6.

40. If 'f is an antiderivative of f, then for any constant C, 'f(z) — C' is an an-
tiderivative of f as well.

41. If 'f is an antiderivative of f, then for any constant C, C[f(z)] is an an-
tiderivative of f as well.

42. All antiderivatives of f(x) = sec? x are of the form tanz + C.

43. If 'f is an antiderivative of some continuous function f, then [ f(z)dx =

1 ().

44. If 'f is an antiderivative of some continuous function f, then [’ f(z)dx =

() = f(a).

In Problems compute the indicated definite integral by using the Funda-
mental Theorem of Calculus:

7
45. / 422 dx
3

w/2
46. cosz dx
w/3

3
47. / (12¢* — 6t) dt
0

ln61
48, /0 Seda

267



9.6. Homework exercises

10 1
49./ S dz
7 X

50. A syringe is being emptied at a non-constant rate: at time ¢ (in seconds), the
rate at which the syringe is being emptied is 4sin¢ + 2 cost mL/sec. Find the

amount of liquid drained from the syringe in the first % seconds.

2
51. If the current in an electrical current at time ¢ (in seconds) is ¢t — n amperes,
find the net change in the charge in the circuit from time 1 to time 3.

52. A truck’s velocity at time ¢ (in hours) is v(¢) = 40t(¢ + 1) miles per hour. How
far does the truck travel in the first 30 minutes of its journey?

Answers

1. a) 30mi/hr
b) —10 mi/hr?

c) The car is speeding up, because the acceleration (i.e. the slope of v) is positive
att = 3.

d) The car is moving forward, because the velocity (i.e. the height of the graph of
v) is positive at t = 6.

e) 1% = 67.5 miles
f) 195 miles

g) 1220

h) 1855

2. a) v(8) =2cm/sec
b) t =3.5sec,t = 7.5 sec
c) 2cm/sec?
d) The rover is moving backward, because the velocity is negative at ¢ = 6.
e) 11 cm
f) 4cm
g) t=2t="T
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position f(t)

d)

785633
360360
4641
64
14. 432

12.

13.
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1 | | |
a) 1 i 4, D10 16. a) [6.9,7]
b) [2,13] e) (3,8 b) [6.1,6.2]
c) 4 f) 1 c .1
g) 5 d) .1
c) The smallest possible value is the
lower Riemann sum associated to P,
which is %
64"
d) The largest possible value is the upper
Rieirﬂ)ann sum associated to P, which
is 7R
e) The actual area under the function f
must be greater than the lower sum
(i.e. greater than 22 and less than the
E . 115
R R — upper sum (i.e. less than a).
2) (4+2V3)r
3
4 :7-
 —
b) *
1
40
0 T s
3 30 i
25 |
E d) » | |
9 5(v3+2) o iy |
5 | 3 :
4 | | i
______ 0 1 2 3 4
3 L 20. a) 8
d) 2 E é— ----------- | b) 23
1 i § | ¢) You do not have enough in-
E formation, because you do not
et - know the maximum value f
’ E O achieves on each subinterval of
P.
a) 31 21. a) 64m
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

b) 305 m

¢) Since the acceleration is positive,
v is increasing. This means that
the upper sum coincides with
the right-hand sum, which is
1116 m.

w/2
/ sin x dx
0

4
/ 28 dx
-3

1
/ arctan x dz
0

12

0
215

10
21

8

a) 12
b) 20

c) —10
d) 0

a) 1
b) 49

c) 43

a) 29
b) 3

36.

37.

38.
39.

40.

41.

42.

43.
44,

45.

46.

47.

48.

49.
50.
51.

52.

9.6. Homework exercises
a) 23.5 e) 66.5
b) 48 f) —18
o) —26 g) 38
d) 36 h) 18

FALSE (the derivative of sin(z?) is
cos(x?) - 2x)

TRUE (the derivative of 3z is 6z)

FALSE (322 + 1 is also an antideriva-
tive)

TRUE (the derivative of F(z) — c is
also f(x))

FALSE (the derivative of 2F(z) is
2f(x), not f(x))

TRUE (by the Antiderivative Theo-
rem)

FALSE ([ f(z) dz = F(z) + C)

TRUE (this is the Fund. Thm. of Cal-
culus Part 2)

74— 34
V3
1 - Y=
2
81
5
2
In10—In7
4—+/2mL

4 —1n 9 coulombs
20

3 miles
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Chapter 10

Integration Rules

10.1 General integration concepts

In Chapter 9, we formally defined the definite integral as a limit of Riemann sums:

n

/ab f(x)dz = lim Y f(c;) Az

IPil—0 =

This expression gives the area under function f from z = atoz = b.
In practice, it is mostly impossible to compute integrals by evaluating these
limits; rather, we use:

Theorem 10.1 (Fundamental Theorem of Calculus Part II) (Evaluation of In-
tegrals) Let f be continuous on [a, b]. Suppose 'f is any antiderivative of f. Then

This suggests that it is important to find antiderivatives of functions.

Definition 10.2 Given a function f, an antiderivative of f is another function 'f
such that ('f) = f.

Definition 10.3 Given function f, the indefinite integral of f, denoted

[ f@)da.
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10.1. General integration concepts

‘ is the set of all antiderivatives of f.

At this point, we have two objects which look the same but are very different:

Definite Integral Indefinite Integral

/a.bf(x)dx /f(x)da:

EXAMPLE 1
If f(x) = 2x, then

[ 1)z =

4
RS
EXAMPLE 2
Suppose [ f(x)dx = cosx + C. Compute
w/2
/ f(z)dx
w/3
and find f(x).

General principle illustrated by the previous example:

This means that each of the derivatives we learned earlier in the semester turns
into an integral that we know now:
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10.1. General integration concepts

d
—(C)=0
7. (©)
d 1y
() = na i £ 0)
d
Ar (e) =e"
dCi (Inz) =—
1
» (arctan x) o
1
4 (arcsinz) =
dx V1—a?
4 (sinz) = cosx
dz B
dd (cosz) = —sinx
x

e (tan ) = sec’ z
d 2

cotx) = —cscx
' (cota)

d
— (secz) = secztanx
dz

— (escz) = —cscx cot

dx

/emdx:em—i—C'
1
/—dlenx+0
T
1
/7dx:arctanm—|—0
241
1
/mdl':arCSinx‘i‘C
/cosxdx:sinx—i-C

/(—sinx)dm =cosz + C

/Sec2xdx =tanx + C
/CSCQSCdiC: —cotx +C
/seca:tana:dx:sec:c—l—C

/csca:cotmdx = —cscx+C

Furthermore, since differentiation is linear, so is integration. We have:

Theorem 10.4 (Linearity of Definite Integration) Suppose f and g are integrable

functions. Then:

1 / dx—/bf(x)

2. / dx—/bf()dx—/abg(:v)dx;

3/l<;f x—k;/

x) dx for any constant k.
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10.1. General integration concepts

Theorem 10.5 (Linearity of Indefinite Integration) Suppose f and g are integrable
functions. Then:

1/ z)+g(z da:—/f dx—l—/g
2. [[f@) - 9@ dz = [ f(z)dw— [ g(z)da;

3. /[k - f(x)]de =k /f(x) dx for any constant k.

NOTE: Integration is not multiplicative nor divisive:

[ t@)g@)de # ([ @rdz) - ([ gw)do)
v / f(x) da
/< x> [ o) da

1
/ —Zcsctxdr.
4

EXAMPLE 3
Compute

EXAMPLE 4
Suppose a bicyclist is driving down a road so that her velocity at time ¢ is 3— 2t +¢°.

(a) Find the displacement of the bicyclist from time 1 to time 2.

(b) If the position of the bicyclist at time 0 is 4, find the position at time 1.

EXAMPLE 5
Compute
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10.1. General integration concepts

EXAMPLE 6
Compute
/(4 cosz — 3z° + 2€%) dx.
EXAMPLE 7
Compute
sin x 4
—— — 2] dx.
/ ( 7 1122 ) ’
EXAMPLE 8

A MATH 230 student is asked to compute this integral:
/ zsec’ x dx

After some substantial work, the student obtains the answer
In(cosz) + xtanx + C.

Is the student’s answer correct? Why or why not?
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10.1. General integration concepts

Here is a list of integration rules which, together with linearity, allows you to do
most easy integrals:

Theorem 10.6 (Integrals that we memorize)

CONSTANTS: / 0dz = C

/de:MerC

n+1

POWERS: /x” dr = + C whenever n # —1

n—+1

1
/:I;’ldx:/fdlen]x\—i-C
T
(I don’t care so much about the | | here)

TRIG: /sinxdx:—cosx—i-C
/cos:cd:r;:sin:c—i-C
/sechd:L’:tanx+C
/CSC2[L'd£E:—COt{E+O
/secxtanxdx:secx+0
/cscxcotxdx:—cscx—i-C

EXPONENTIALS: [ ¢*dv = ¢+ C

1
/ " dr = —€e"" + C whenever r # 0

b de —
/ =t t¢

INVERSE TRIG: / —_~_dz = arctanz + C
a5 4 1l

dr = arcsinx + C

[ =
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10.2. Rewriting the integrand

Note: There are some integrals which we don’t know yet. They include:

/ tan x dx / cot x dx / secz dx / sin(2?) dx / In x dz, etc.

Some (most) of these integrals will be discussed in MATH 230 (alternatively, some
of them can be computed using Mathematica, but some integrals are known to be
impossible to compute, even with an infinitely powerful computer!).

10.2 Rewriting the integrand

Sometimes it is useful to use algebra, or a trigonometric identity, or a logarithm
rule, to rewrite the integrand before computing an integral.

EXAMPLE 1

(1,2 _ )2

Find the area under the graph of f(z) = betweenz = 1 and x = 2.
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10.3. Elementary u-substitutions in indefinite integrals

EXAMPLE 2

/taandx =

EXAMPLE 3

/ln (2%) dx =

10.3 Elementary u-substitutions in indefinite integrals

MOTIVATING EXAMPLE
Let f(z) = sin(z?).

Goal: Recognize integrands which arise as the result of the Chain Rule.

Idea: Identify the presence of a function and its derivative in the integrand.
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10.3. Elementary u-substitutions in indefinite integrals

GENERALIZATION OF THE MOTIVATING EXAMPLE
Consider the function F(g(x)), where F’ = f. Then

ddg; [F(g(x))] = F'(g(x)) - ¢'(x) = f(g(z)) - ¢'(x)

Theorem 10.7 (Integration by u—substitution - Indefinite Integrals)

/f(g(m)) g (z)dx = /f(u) du by setting u = g(z).

Procedure for indefinite integration by u—substitution:

1. Make sure you can’t just “write the answer” to the integral without a
substitution.

2. Check the integrand to make sure a u—substitution is appropriate:

¢ The integral should not be one you have memorized.

¢ The integrand should have two terms multiplied together.

* One of the terms being multiplied should be (up to a constant) the
derivative of part of the other term (i.e. the terms should be “re-
lated”).

Schematically, the integral should look like this:

3. Let u = the term whose derivative stands by itself.

4. Write the derivative of v in Leibniz notation, then multiply through by
an appropriate constant to match what is in the integral.

5. Substitute in the integral so that all s are replaced with us as appropriate.
6. Integrate with respect to u.

7. Back-substitute to get an answer in terms of x.
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10.3. Elementary u-substitutions in indefinite integrals

A picture to explain the logic:

integral with respect to x answer in terms of x

EXAMPLE 1

/ <6x2 + 3)4 rdx
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10.3. Elementary u-substitutions in indefinite integrals

EXAMPLE 2

/2722(23 +1)%dz

EXAMPLE 3

/tan3(3x +1)sec?(3z + 1) dw

Solution:
Let u = tan(3x + 1).
d
= £ =sec’(3z +1)-3
= du = 3sec’(3z + 1) dx

1
= gdu = sec’(3z + 1) dx
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10.3. Elementary u-substitutions in indefinite integrals

Some integrals require rewriting before performing a substitution:

EXAMPLE 4

/tanxdx =

EXAMPLE 5
Find all functions g whose derivative is ¢'(z) = ¢*™".
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10.3. Elementary u-substitutions in indefinite integrals

The Linear Replacement Principle

Let’s suppose that you start with some integral you “know”. Call this integral a
prototype integral:

Specific example General situation

/cosxdx: /f(x) de ="f(z)+C

In this section, we want to look at what happens when you replace the z in the
above prototype integrals with a linear expression of the form maz + b:

Specific example General situation

/cos(3x+2) dx /f(m$+b) dx =

The big idea here is that if you remember how this general situation works, you
can quickly integrate lots of functions of the form f(ma + b). These integrals come
up often in applications and in advanced math courses, so it is useful to integrate
them without actually doing the u-substitution.

Theorem 10.8 (Linear Replacement Principle) Suppose you know the “prototype”
integral

/f(x) dz = 'f(z) + C.
Then for any constants m and b (m # 0),

/f(mx—l—b)dx:;f(mx%—b)—i-a
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10.3. Elementary u-substitutions in indefinite integrals

EXAMPLE 6

/(5x —2)%dr =

EXAMPLE 7

/l 267 dx =

EXAMPLE 8

/62”3/4 dx =

EXAMPLE 9
4
/ dr =
5+ 3z
EXAMPLE 10
3sec? 4 3 1 3
/%dng-ztanélx—kcz %tanélx—f—C-
EXAMPLE 11
/2 1 /2 1 3 1 L !
/71'/3 sin 3z dx = g(—c083$) /3 - —gcosg * 3T - 3 3]
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10.4. Elementary u-substitutions in definite integrals

10.4 Elementary u-substitutions in definite integrals

EXAMPLE 1
Compute:

4 1
/1 V(v +1)3
What'’s the same in a
definite integral u-sub:

1.

2.

3.

What's different:

1.

Theorem 10.9 (Integration by u—substitution - Definite Integrals) By way of
the u-substitution v = g(x),

g(b)

[ #a@) - g@do= ["7 ) du.

(@)
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10.4. Elementary u-substitutions in definite integrals

Procedure for definite integration by u—substitution:

1. Make sure you can’t just “write the answer” to the integral without a
substitution.
2. Check the integrand to make sure a u—substitution is appropriate:

¢ The integral should not be one you have memorized.

¢ The integrand should have two terms multiplied together.

* One of the terms being multiplied should be, up to a constant, the
derivative of part of the other term (i.e. the terms should be “re-
lated”).

Schematically, the integral should look like this:

3. Let u = the term whose derivative stands by itself.

4. Write the derivative of v in Leibniz notation, then multiply through by
an appropriate constant to match what is in the integral.

5. Substitute in the integral so that all zs are replaced with us as appropriate.

6. Change the limits of integration to values of u using the formula from
Step 3.

7. Integrate with respect to u (don’t back-substitute for x).

EXAMPLE 2

In3 x
/ ¢ dx
o er+1
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10.4. Elementary u-substitutions in definite integrals

EXAMPLE 3
Find the distance travelled by an object between times 0 and g, if its velocity at

time t is e“* ! sin t.

EXAMPLE 4
Compute the area under the function f(z) = ™ *(z~*+1)* betweenx = land = = 2.

Solution: The area is )
/90’3(3572 +1)*dx.
1

To evaluate this, use the u-substitution

u =x2+1
du = —2z3dx
—“du =z 3dx
2
and change the limits:
P 5
r=1:u=1"+1=2 r=2:u=2 +1:1+1:1

so the integral becomes

5/4_1 2 1
/ —u?du = —u?du
2 2 5/4 2

1
= 7u3

g LY 81y 1
6 6\4) 6 6\64/) |128]

2
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10.5. Homework exercises

10.5 Homework exercises

Exercises from Section 10.1

In Problems an advanced student was asked to compute the given integral.
Determine, in part by taking an appropriate derivative, whether or not the stu-
dent’s answer was correct:

1.

2.

3.

4.

5.

6.

Problem: / cos x dx; proposed answer: sin x

1
Problem: / In x dz; proposed answer: — + C
Z

1
T+ 3

Problem: / dx; proposed answer: In(x + 3) + C
1 , . 2
Problem: / N dz; proposed answer: In(z? + 25) + C

1 1
Problem: / PN dx; proposed answer: R arctan % +C

4
Problem: /271 dx; proposed answer: 2In(1 —z) +2In(1 +z) + C
x J—

In Problems [7H12, an advanced student was asked to compute the given integral,
and got an answer which is close, but wrong. After taking a derivative of the
student’s answer, use the derivative you get to “fix” the student’s answer, making
it correct.

7.

10.

11.

12.

13.

. Problem: /

Problem: / cos 2z dx; wrong answer: sin 2z + C

1
3r —4

dz; wrong answer: In(3z — 4) + C

. Problem: / csc? x dx; wrong answer: cot x 4 C

Problem: / e’ dx; wrong answer: % + C
Problem: /26_“”/4 dx; wrong answer: 2e %/t 4 C
Problem: / sin® 22 cos 2z dz; wrong answer: sin* 2z + C

Compute / Odzx.
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10.5. Homework exercises

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

6
Compute / 5dz.
4

5
Evaluate / zdx.
3

Find / dx dz.
Find all antiderivatives of f(z) = = + 3.
1,
Compute / Va2 de
0

Suppose that the rate at which a tank is being filled with water at time ¢ is 5e’
gal/min. Find the amount of water put in the tank between times 0 and 4.

Find the area under the graph of f(z) = i between z =2and z = 9.

Compute [(22* — ) dz.

Compute the integral [(sec? x — Tsinz) dz.

3
Compute the indefinite integral of — + csc? x with respect to .
x

Suppose that the rate at which energy is used by a machine at time ¢ is given
. : , T I
by 2secttant J/sec. Find the energy consumption between times 1 and 3

4
Find the area under the graphof y =1+ — fromz = 1toz = 2.
T

Compute / %dw.

6 1
Evaluate / (ﬁ + x) d.T

Find all antiderivatives of f(z) = 2%/2 + 4z + 2.

1
Compute/ (z® — 2?) dz.

-1

Find / dz.

Compute /(2 — cscx cot x) dx.

Find the indefinite integral of f(z) = 2% + 4 cos z with respect to z.
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10.5. Homework exercises

33. Suppose an object is moving back and forth along a line so that its accelera-
tion at time ¢ is a(t) = —5t in/sec?. If the object’s velocity at time 2 is 3 in/sec,
what is its velocity at time 5?

34. Suppose a bee is moving along a number line so that its velocity at time ¢ is
v(t) = t* + 3 cm/sec. If at time 1 the bee is at position —4, what is its position
at time 47

35. Suppose a bug is crawling along a number line so that its acceleration at time

tisa(t) = 1 cos t meters per hour squared.

a) If its velocity at time 0 is ; meters per hour and its position at time 0 is
1, what is its position at time 7?

b) If its velocity at time 0 is 1 meter per hour and its position at time 0 is 0,
what is its position at time g?

36. Suppose [ is a function such that the slope of the line tangent to f at z is
4z — 1. If f passes through the point (4,0), what is f(—2)?

In Problems use Mathematica to compute the indicated integrals (write the
answers as you would write them by hand).

Note: Mathematica computes integrals using the Integrate command. For exam-
ple, to compute the definite integral [, 2> dz using Mathematica, execute

Integrate[x"2, {x, 2, 4}]
and to compute the indefinite integral [ 2? dz using Mathematica, execute
Integrate[x"2, x|

(The x in the command is necessary and corresponds to the dz in the integral.) You
can also get an integral sign on the Basic Math Assistant.

37. / secx dx

Note: When you compute an indefinite integral using Mathematica, something
important is missing from its answer.

/4
38. /lnxdx 39./ tan z dx
0
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10.5. Homework exercises

40. /arctan:pdx 42./

41. /xem

Exercises from Sections 10.2 to 10.4

2 —x

In Problems 4347 you are given a definite integral and a u-substitution. Perform
the u-substitution to rewrite the integral as a simpler integral (be sure to change
the limits from z-values to u-values). You do not need to evaluate the integral.

/4
43, /2:702 dr;u=2a2%>+5 46./ sin® x cosz dz; u = sin
. In4 et
44./6 dx; u = 8x 47/ dx,U*e +1
3
1
45. / 20(z" + 3)2% dw; u =27 +3
0

In Problems 48166, compute the indicated integral:

s [2
|2 58/
48./1 ~da o

9. [@-a)Vids 59, / 62>
2 (14 23)3
2 +2—-33+1
50. / 4 dr 60. /sin mx dx

2
51. /0 (z + 1)(3z — 2) dx o /costd:E

5. [ b2
€ 62. / - cos - dx
2
53. / () )
xr 63. /tan4 xsec? x dx
54. /\/3 — 2?(—2z) dx o
64. / cotxz dx
55. /x3(x4 —1)°dx /6
65. / 362 dir
56. Sy dx
3 66 ’ —1 d
3
57/5I 1—1’2d$ /1 \/5(14-\/})2 L
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10.5. Homework exercises

67.

68.
69.

Suppose that the rate of fuel consumption of a motor at time ¢ is te~** L/min.
Compute the amount of fuel consumed by the motor in the first minute of
operation.

Find the area under the graph of y = z(2? + 1) from z = 0 to z = 1.

Suppose that an object is moving back and forth along a number line so that
its velocity at time ¢ is v(t) = 4t*v/t3 + 1 ft/sec. What is the object’s displace-
ment from time 1 sec to time 2 sec?

Answers

1. Wrong (missing the +C) 19. 5¢* — 5 gal

2. Wrong 20. 4In9—-4In2

3. Correct 21. %IA - %1:2 +C

4. Wrong 22. tanz + Tcosz + C

5. Correct 23. _3_ cotz +C

x
6. Correct 24, 4- 23]
7. %sin2x+0 25. 3
1 e’

8.§ln(3x—4)+0 26'Z+C

9. —cotz+C 27. 12/x +Injz| + C
10. ée?’w +C 28. %x‘r’ﬂ +222 + 22+ C
11. —8e /4 +C 29. —g
12. %sin42x+C 30. z+C
13. C 31. 2z +cscx + C
14. 10 32. %xli +4sinx + C
15.8 33. _799 in/sec
16. 22° + C .
17. %x2+3x+0 35, a) 77—51)—6

3 1 =

18. 3 b) % + 3
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10.5. Homework exercises

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
51.

52, —

—18

— In[cos(z/2) — sin(x/2)]
+ In[cos(x/2) + sin(z/2)] + C

—x+zlnhx+C

In2
2

1
Z(ﬂ' —1n4)
e (=6 — 6x — 322 —23) + C

3(In(l1—2z) —Inz)+C

53.

54.

55.

56.

57. —

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

(Inz)® +C

W —

(3—-22)324C

Wl o

| —
—
8

S

|
—

¥+

W N
g

In(2+47x) +C

2In(2® +1) + C
-1 n 1

282 81

-1
—cosmx + C
T

1
isin2x+C

3
58111%4-0

1
“tan’z + C
5

In2

%e% +C

24—%\@&
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Appendix A

Mathematica reference

A.1 What is Mathematica?

Mathematica is an extremely useful and powerful software package / program-
ming language invented by a mathematician named Stephen Wolfram. Early ver-
sions of Mathematica came out in the late 1980s and early 1990s; as of 2023, the most
recent version available to you is Mathematica 13.

Mathematica does symbolic manipulation of mathematical expressions; it solves
all kinds of equations; it has a library of important functions from mathemat-
ics which it recognizes while doing computations; it does 2— and 3—dimensional
graphics; it has a built-in word processor tool; it works well with Java and C++;
etc. One thing it doesn’t do is prove theorems, so it is less useful for a theoretical
mathematician than it is for an engineer or college student.

A bit about how Mathematica works: When you use the Mathematica program,
you are actually running two programs. The “front end” of Mathematica is the part
that you type on and the part you see. The “kernel” is the part of Mathematica
that actually does the calculations. If you type in 2 + 2 and hit [ENTER] (actually
[SHIFT]+[ENTER]; see below), the front end “sends” that information to the kernel
which actually does the computation. The kernel then “sends” the result back to
the front end, which displays 4 on the screen.

About Mathematica notebooks and cells: The actual files that Mathematica
produces that you can edit and save are called notebooks and carry the file designa-
tion *.nb; they take up little space and can easily be saved to Google docs or on a
flash drive, or emailed to yourself if you want them somewhere you can retrieve
them.

Suggestion: when saving any file, include the date in the file name (so it is
easier to remember which file you are supposed to be open).
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A.1. What is Mathematica?

A Mathematica notebook is broken into cells. A cell can contain text, input, or
output. A cell is indicated by a dark blue, right bracket (a “]”) on the right-hand
side of the notebook. To select a cell, click that bracket. This highlights the “]”
in blue. Once selected, you can cut/copy/paste/delete cells as you would high-
lighted blocks of text in a Word document.

To change the formatting of a cell, select the cell, then click “Format / Style” and
select the style you want. You may want to play around with this to see what the
various styles look like. There are three particularly important styles:

* input: this is the default style for new cells you type

* output: this is the default style for cells the kernel produces from your com-

mands

* text: changing a cell to text style allows you to make comments in between

the calculations

To execute an input cell, put the cursor anywhere in the cell and hit [SHIFT]+[ENTER]
(or the [ENTER] on the numeric keypad at the far-right edge of the keyboard). The
[ENTER] next to the apostrophe key (a.k.a. [RETURN]) gives you only a carriage
return.
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A.2. Important general concepts re: Mathematica syntax

A.2 Important general concepts re: Mathematica syntax

Executing mathematical commands: To execute an input cell, put the cursor any-
where in the cell and hit [SHIFT]+[ENTER] (or the [ENTER] on the numeric
keypad at the far-right edge of the keyboard). The [ENTER] next to the apos-
trophe key (a.k.a. [RETURN]) gives you only a carriage return.

Multiplication: use a star or a space: 2 * 3 or 2 3 will multiply numbers; a x means
a times z; ax means the variable ax (in Mathematica, variables do not have to
be named after one letter; they can be named by words or other strings of
characters as well).

Parentheses: used for grouping only. Parentheses mean “times” in Mathematica.

Brackets: used to enclose all functions and Mathematica commands. For example,
to evaluate a function f(x), you would type f[x]; for sin x you type Sin[x]; etc..
Brackets mean “of” in Mathematica and cannot be used for multiplication.

Capitalization: All Mathematica commands and built-in functions begin with cap-
ital letters. For example, to find the sine of , typing sin(pi) does you no good
(this would be the variable “sin” times the variable “pi”). The correct syntax
is Sin[Pi].

Spaces: Mathematica commands do not have spaces in them; for example, the
inverse function of sine is ArcSin, not Arc Sin or Arcsin.

Pallettes: Lots of useful commands are available on the Basic Math Assistant
Pallette, which can be brought up by clicking “Pallettes / Basic Math Assistant”
on the toolbar. If you click on a button in the pallette, what you see appears
in the cell.

Commands Mathematica knows: Sqrt, Sin, Cos, Tan, Csc, Cot, Sec, ArcSin, ArcCos,
ArcTan, ArcCsc, ArcSec, ArcCot, ! (for factorial). It knows what Pi and E are
(but not pi or e).

Logarithms: Log[ | means natural logarithm (base e); Logl0[ | means common
logarithm (base 10).

% refers to the last output (like ANS on a TI-calculator).

Exact answers versus decimal approximations: Mathematica gives exact answers
for everything if possible. If you need a decimal approximation, click “numerical
value" or use the command N[ |. For example, N[Pi] spits out 3.14159...

To solve an equation: make sure there are two equals signs (“==") in your equa-
tion.
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Getting help from the program: To get help on a command, type ? followed by
the command you don’t understand (with no space between the ? and the
command).

To export graphics: Once Mathematica produces a graphic, you can right-click the
graphic, and select “Copy Graphic”. Then you can go in a Word document or
a PowerPoint, and paste the graphic. You can subsequently resize it and/or
move it around as you see fit.

Troubleshooting: For a command to run correctly, you usually want everything
in your command to be black. If anything is purple or red, that suggests
where the problem is. Variables that don’t have values should be blue. Next,
check that everything is capitalized appropriately. Next, check that you aren’t
missing a space if you are trying to multiply two variables. Next, if you are
using variables in your code, try clearing the variables by executing some-
thing like Clear[x] (if your variable is x). Then re-run the command that is
giving you trouble.

If Mathematica freezes up in the middle of a calculation and you see “Running..."
at the top of your screen, click “Evaluation / Abort Evaluation” on the toolbar.
If this doesn’t help, kill the program and restart it.

To get help: Email me, and attach your Mathematica file to your email. I can trou-
bleshoot things pretty quickly if the file is attached. If the file isn’t attached,
it is hard for me to figure out what you are doing wrong. Alternatively, seek
assistance from another math major who has experience with Mathematica.
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A.3 Mathematica quick reference guides

General tasks

TASK

MATHEMATICA SYNTAX

To call the preceding output

To get a decimal approximation to the

preceding output

(or click numerical value)

Algebraic manipulations

TASK

MATHEMATICA SYNTAX

To factor an expression

To multiply out an expression
(i.e. FOIL an expression)

To combine rational terms

(i.e. “undo” a partial fraction decomp)

To simplify an answer

Factor| |

Simplify[ ] (or FullSimplify[ ])

Solving equations

GOAL

MATHEMATICA SYNTAX

Find exact solution(s) to equation
of form lhs = rhs
(assuming the variable is x)

Find decimal approx. to solutions
of equation lhs = rhs

Find decimal approx. to solutions
of equation lhs = rhs

Solve two (or more) equations

together, like
lhsy = rhs;
lhsy = rhsy

(assuming variables are x and y)

Solve[lhs == rhs, X]
(two equals signs)
(works only with polynomials or other
relatively “easy” equations)
‘NSolve[lhs == rhs,x|
(two equals signs)
(works only with “easy” equations)
FindRoot[lhs == rhs, {x, guess}]
(two equals signs)

Solve[{lhsy==rhsy, lhss==rhss}, {x,y}]
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Precalculus operations

EXPRESSION | MATHEMATICA SYNTAX
e E (not e) (or use Basic Math Assistant pallette)
< g 77777 | Pi (or use Basic Math Assistant)
% % 77777 co | Infinity (or ﬁgeilgaisijc ‘Math Assistant)
9N K (or type [Esc] inf [Esc])
| i=+/—1 |I(noti)(or use Basic Math Assistant)
3+ 4x 3 + 4x
. 5-27 |5-27
12z |12xor12xor12*x
L ey Gontorgetthespace)
E . x/y (or use Basic Math Assistant pallette)
= (or type [CTRL]+/ to get )
I oym lsanpy T
fﬂ (or use Basic Math Assistant)
(or type [CTRL]+2 for the |/ sign)
V40 407(1/4) (or use Basic Math Assistant)
T T b V8x ic E
30! (factorial) | 300
sin 7 Sin[Pi]
Ceos(a(y+ 1)) | Cospe(y1 )] T T
2 | cos60° | Cos[60 Degree]
~ (or use Basic Math Assistant)
cot (F+%) | Cotfo Pi/3+3Pi/4]
- sin?z [ Sin[{"2(motSin"2[x)
| arctanl | ArcTan[1]
In3 Log[3]
I BT
3 | _logl8 | loglOi8lorlogto, 18]
~ 27y 2"(7y) (or use Basic Math Assistant)
S .| (ortype[CTRU+6togetT)
F e? ot E~(x-5+x"2) or Exp[x-5+x"2]

(or use Basic Math Assistant)
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Defining functions

CLASS OF FUNCTION SYNTAX TO DEFINE FUNCTION

Calculus 1 function f: R — R

a:riu/

fx_] = formula
(one equals sign, underscore after the x)
flx_] = 3 Cos[x"(2-x)]

Ex: f(x) = 3cos(z*%)

Algebraic operations on functions

All these commands assume you have previously defined the function(s) as out-
lined above.

EXPRESSION

MATHEMATICA SYNTAX

Generate table of values for f

Powers f"(x)

Table[{x, f[x]}, {x, zmin, zmaz, step}]
(put //TableForm after this command to
format the output in a table)

x f[2x] - x"2 f[X]
(spaces important)

(f[x])"n (or just f[x] "n)

Ex: sin’ z

Sin[x]"2
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Graphs

The basic command to graph a function is Plot[f(z), {x, xmin, xmax}]; the exam-
ples below describe how to adapt the Plot[ | command:

GOAL

HOW TO ADAPT THE Plot[ | COMMAND

Plot multiple graphs at once

Plot the graph of f(z) = formula
with range of y—values specified

Plot the graph of f(z) = formula
with z- and y-axes on same scale

Plot the graph of f(z) = formula
with a red, dashed curve

Plot[{ formula, formula, ..., formula},

{x, xmin, xmazx}]

Plot[formula, {x, xmin, xmaz},

PlotRange -> {ymin, ymax}]

Plot[formula, {x,xmin,xmaz},
PlotRange -> ymin,ymazx,

AspectRatio -> Automatic]

Plot[formula, {x,xmin,xmax},

PlotStyle -> {Red, Dashed}]

Single-variable calculus

EXPRESSION | MATHEMATICA SYNTAX
S Uil >
f'(3) 3]
B (z) Dlh[x], ]
4 (cosx) D[Cos[x], x]
9w g MorDleld, 3
/x2 dx Integrate[x"2, x| (or use Basic Math Assistant pallette)
Note: answer will be missing the “+C"”
SRS ey i <
/ coszdx | For an exact answer:
2

Integrate[Cos[x], {x, 2, 5}]

(or use Basic Math Assistant)
For a decimal approximation:

NiIntegrate[Cos[x], {x, 2, 5}]

Sum[f[k], {k, 1, 12}]

(or use Basic Math Assistant)

Sumlblah, {n, 3, Infinity}]

(or use Basic Math Assistant)
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A.4 More on solving equations with Mathematica

There are three methods to solve an equation using Mathematica. They have
something in common: to solve an equation, the equation must be typed with two
equals signs where the = is. (A single equal sign is used in Mathematica to assign
values to variables, which doesn’t apply in the context of solving equations.)

The Solve command

To solve an equation of the form [hs = rhs, execute
Solve[lhs == rhs, variable]

where variable is the name of the variable you want to solve for. For example, to
solve z? — 2x — 7 = 0 for z, execute Solve[x"2 - 2x - 7 == 0, x].

You can solve an equation for one variable in terms of others: for example,
Solve[a x + b == ¢, x| solves for x in terms of a, b and c.

WARNING: The advantage of the Solve command is that it gives exact answers
(no decimals); this can be a pro or con (as sometimes the exact answers are horrible
to write down). The disadvantage is that it only works on polynomial, rational and
other “easy” equations. It won’t work on equations that mix-and-match trigonom-
etry and powers of z like 22 = cos z.

The NSolve command

NSolve works exactly like Solve, except that it gives decimal approximations to the
solutions. It has the same drawback as Solve in that it only works on reasonably
“easy” equations. The syntax is

NSolve[lhs == rhs, variable]

The FindRoot command

To find decimal approximations to equations that are too hard for the Solve and
NSolve commands, use FindRoot. This executes a numerical algorithm to estimate
a solution to an equation. The good news is that this command always works; the
bad news is that it requires an initial “guess” as to what the solution is (usually
you determine the initial guess by graphing both sides of the equation and seeing
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roughly where the graphs cross). For example, to find a solution to z* = cos = near
r = 1, execute

FindRoot[x"2 == Cos[x], {x, 1}]

and to find a solution to the same equation near x = —1, execute
FindRoot[x"2 == Cos[x], {x, -1}]

(these probably won't give the same solution). The general syntax for this com-
mand is

FindRoot[lhs == rhs,{variable, guess}|
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A.5 More on graphing with Mathematica

Defining a function in Mathematica

To graph a function y = f(z) on Mathematica, you usually start by defining the
function. For example, to define a function like f(x) = 3 cos 4z — z, execute

flx_] = 3 Cos[4x] - x

You could just as well use a different letter for the independent variable. For ex-
ample, typing
flt_] = 3 Cos[4t] - t

would accomplish the same thing as above. However, don’t mix and match! Typ-
ing
flx_] = 3 Cos[4t] - t

doesn’t accomplish anything, because there is a x on the left-hand side, and a t on
the right-hand side.

The general syntax for defining a function is
function name [variable_] = formula

it is important to include the underscore after the variable to tell Mathematica you
are defining a function.

The basic Plot command

Immediately after defining a function as above, you will get (underneath your out-
put) a list of suggested follow-up commands. One of these is plot. If you click the
word plot, you will get a graph of the function you just defined. Here, Mathemat-
ica picks a range of z- and y-values it thinks will work well for the function you
defined. It is useful to remember the syntax of this Plot command:

Plot[formula, {variable, xmin, xmax}]

In this command:

* formulais the function you want the graph of. It could be an expression like
f[x] or f[t], or a typed-out formula like 3 Cos[4x] - x.

* variable is the name of the independent variable (usually x or t); this must
match the variable in the formula.
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e ymin and zmax are numbers which represent, respectively, the left-most and
right-most values of the independent variable shown on the graph. For ex-
ample, if your Plot command has {x,-3,5} in it, then the graph will go from
r=-3toxr=>5.

Here is an example, which plots f(z) = 3 cos4x — x from z = —10 to x = 10:

Plot[3 Cos[4x] - x, {x, -10,10}]

Plotting multiple functions at once

Suppose you want to plot more than one function on the same set of axes. To do
this, you tweak the earlier Plot command by replacing the formula with a list of
formulas inside squiggly braces, separated by commas. Thus the command you
execute looks something like this:

Plot[{ formulal, formula2,... }, {variable, xmin, xrmax}|

For example, the following command plots sin 2z, 2sin z and sin x + 2 on the same
set of axes:
Plot[{Sin[2x], 2 Sin[x], Sin[x] + 2}, {x, -2 Pi, 2 Pi}]

\/\\A
\/\Vv&

In Mathematica 10, the first graph you type will be blue; the second graph you type
will be orange; the third graph you type is green; other graphs are in other colors.
To change the way the graphs look, consult the end of this section.
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Specifying a range of y-values

By default, Mathematica just chooses a range of y-values it thinks will make the
graph look good. If you want to force Mathematica to use a particular range of
y-values, then you have to insert a phrase in the Plot command called PlotRange .
This goes after the {x,zmin,zmax} and after another comma, but before the closing
square bracket. The general command is

Plot[{ formulas}, {var,xmin,zmax}, PlotRange -> {ymin,ymax}|
and an example of the code, which plots sinz on the viewing window [—n, 7] x

[—2,3] is
Plot[Sin[x], {x, -Pi, Pi}, PlotRange -> {-2,3}]

Making the z- and y-axes have the same scale on the screen

Here is the graph of f(z) = 3cos4x — x that Mathematica produces with the com-
mand

Plot[3 Cos[4x] - x, {x, -10,10}]

If you look at this graph, the distance from the origin to (5,0) looks a lot longer
than the distance from the origin to (0,5). But in actuality, both these distances
are 5 units. The graph is distorted so that it fits nicely on your screen. To fix the
distortion (you might want to do this if you needed to estimate the slope of a graph
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accurately), insert the command AspectRatio -> Automatic into the Plot command
(similar to how you would insert a PlotRange command). This forces the number
of pixels on your screen representing one unit in the x direction to be equal to the
number of pixels on your screen representing one unit in the y direction. Here is
the general syntax:

Plot [{formulas}, {var,xmin,rmax}, AspectRatio -> Automatic]

This command can also be used with the PlotRange command:

Plot[{formulas,var,xmin,xmax}, PlotRange -> {ymin,ymax}]
AspectRatio -> Automatic]

Here is an example command:

Plot[3 Cos[4x] - x, {x, -10,10}, AspectRatio -> Automatic]

Changing the appearance of the curves

As mentioned earlier, by default Mathematica graphs all the functions with solid
lines, using different colors for different formulas on the same picture. To change
this, insert various directives into the Plot command using PlotStyle. Here are some
examples:

Plot[3 Cos[4x] - x, {x, -10,10}, PlotStyle -> Thick]
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MM/\/\/\ A
10 5 V \/ 5 10

—10[

Plot[3 Cos[4x] - x, {x, -10,10}, PlotStyle -> Dashed]

If you are plotting more than one function at once, then after the PlotStyle ->,
you can type a list of graphics directives, separated by commas, enclosed by a set
of squiggly braces. The directives will be applied to each function you are graph-
ing, in the same order as they are typed after the PlotStyle ->. For example, this
command plots z, 2z and 3z, where z is thick and black, 2z is red and dotted, and
3z is blue and dashed:

Plot[{x,2x,3x}, {x, -3,3},
PlotStyle -> {{Thick, Black}, {Dotted, Red}, {Blue, Dashed}}]
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A.6 Code for Newton's method

You need three lines of code, all in the same cell. For example, to implement
Newton’s method for the function f(z) = 2* — 2 where 7, = 3 and you want to
perform 6 iterations (to find x), just type

flx_] =x"2-2;
Newton[x_] = N[x - f[x]/f'[]];
NestList[Newton, 3, 6]

and execute (all three lines at once). The first line defines the function f, the second
line gives a name to the formula you iterate in Newton’s Method, and the last line
iterates the formula and spits out the results.

The resulting output for the code listed above is:
3, 1.83333, 1.46212, 1.415, 1.41421, 1.41421, 1.41421

These numbers are zg, z1, x2, ..., g 50 for example, z5 = 1.46212 and x4 = 1.41421...
and z¢ = 1.41421 (the same as x4 to 5 decimal places).

To implement Newton’s method for a different function, different initial guess
and different number of iterations, simply change the formula for f, change the 3
to the appropriate value of z; and the 6 to the number of times you want to iterate
Newton’s method.

A.7 Code for Riemann sums

In this section we discuss how to compute left- and right- Riemann sums us-
ing Mathematica. Ultimately, to do a Riemann sum you need to execute three com-
mands found later in this section; for now we explain where these commands come
from.

1. Defining the function f

First, recall that to define a function you use an underscore. For example, the

following command defines f to be the function f(z) = z*:
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flx_] = x"2
2. Defining the partition P

Defining a partition in Mathematica is easy. Just use braces, and list the numbers

5
from smallest to largest. For example, to define the partition P = {O, 1, 2’ 4, 7}, just
execute

P={015/2 4,7}

We often use partitions which divide [a, b] into n equal-length subintervals. To
create such a partition in Mathematica, use the Range command. For example, to
define a partition of [0, 2] into 10 equal-length subintervals, execute the following;:

P = Rangel0, 2, (2-0)/10]

b—a

The 0 is a, the 2 is b, and the last number (2-0)/10 is , the width of each
subinterval. In general, to split [a, b] into n equal-length subintervals, execute

P = Range[a,b,(b — a)/n]
3. How to get to the individual numbers in a partition P

Suppose you have defined a partition P = {x, z1, ..., z,, } in Mathematica. To call
one of the elements of P, use double brackets as shown below. There is a catch:
in handwritten math notation, we write our partitions starting with index 0. But
Mathematica starts its partitions with index 1. So if P = {0,1,5/2,4,7} has been
defined in Mathematica, executing

P[[3]]
generates the output 2, which we think of as x5, not x5.

In general, once you have typed in a partition P,
* execute P[[j]] to get the (j — 1)"" term x;_,, and
e execute P[[j+1]] to get the ;™ term x;.

4. How to do sums (not necessarily Riemann sums) in Mathematica

311



A.7. Code for Riemann sums

Suppose you want to compute some sum which is written in X —notation. To

do this, open the Basic Math Assistant pallette and click the | d / > |button (located

under the phrase “Basic Commands”). In the first column of buttons, you will see a

> | which you can click on to put a 3~ in your cell. You will get boxes to type all

the pieces of the sum in.
5. An explanation of how to generate a Riemann sum for a function

First, remember that in any Riemann sum, Az; = z; — z;_;. From the remarks
earlier in this section, we know that in Mathematica this expression is P[[j+1]] - P[[j]].

Next, suppose we are doing a left-hand sum. Then the test points c; satisfy

¢; = left endpoint of the ;% subinterval
= left endpoint of [z,_1, z;]

= Tj-1-
Therefore, ¢; = z;_; should be P[[j]] in Mathematica code, and f(c;) is f[ P[[j]] ].

Putting this together, the right Mathematica code for a left-hand Riemann sum
(assuming you have defined your function f and your partition P) is

Z fFEPIITT (PLI + 101 - PLHID

ji=1
6. The final commands for left- and right-hand Riemann sums

From above, we came up with the following sequence of commands for com-
puting a left-hand Riemann sum:

312



A.7. Code for Riemann sums

Syntax to compute a left-hand Riemann sum

To evaluate a left-hand Riemann sum, execute the following commands:

flx_] =x"2
(or whatever your function is)

P ={0,1/2, 3/4, 1}
(or whatever your partition is)

if[ PIIT T (PII+111 - PLLID

(n is the number of subintervals)

To evaluate a right-hand sum, the only thing that changes is the test point c;,
which goes from the left endpoint z;_; (i.e. P[[j]]) to the right endpoint z; (i.e.
P[[j+1]]). Thus the commands for computing a right-hand Riemann sum are simi-
lar:

Syntax to compute a right-hand Riemann sum

To evaluate a right-hand Riemann sum, execute the following commands:

flx_] =x"2
(or whatever your function is)

P=1{0,1/2 3/4, 1}
(or whatever your partition is)

if[ PIl+111 T (PI+11] - PILID

(n is the number of subintervals)
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Y.-notation,
n'" Derivative Test,
nt" derivative, [126]

u-substitution, definite integrals, [286|
u-substitution, indefinite integrals, 280]
Mathematica, defining functions in, [305]
Mathematica, graphing with,

absolute maximum,
absolute maximum value, [180
absolute minimum,
absolute minimum value, [180]

acceleration,
additivity property of integrals,
antiderivative,

Antiderivative Theorem,
arcsin z, derivative of,
arcsine, definition of,
arcsine, graph of,

arctan z, derivative of,
arctangent, definition of,
arctangent, graph of,
arithmetic with oo,
asymptote, horizontal,
asymptote, vertical,

Chain Rule,
Chain Rule vs. Product Rule,

Chain Rule, Leibniz notation, (152
Chain Rule, prime notation,
composition (of functions),
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concave down, [189

concave up, [189]

concavity, [189
Concavity Test, [190]

Constant Function Rule,

Constant Multiple Rule,

constrained optimization problem,

constraint, [17§|

continuous, 53

continuous at a point, 53]

continuous functions, evaluating limit
of,

continuous on an interval,

CP,[183)

critical point,
Critical Point Theorem,

decreasing,
definite integral,

definite integral, definition of,
definition of derivative,

definition of the definite integral,
derivative,

derivative of exponential function,
derivative of logarithmic function, [124]
derivative of trig functions,
derivative, definition of,
derivative, list of rules, [165]
derivative, units of,

Difference Rule,
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differentiable (function),
differentials,

differentiate,

differentiation rules, summary,
differentiation, implicit, [I58]
discontinuity, infinite, [54]
discontinuity, jump,
discontinuity, oscillating,
discontinuity, removable,
discontinuous at a point,
displacement,

domain (of a function),

Exponent rules,
exponential function, derivative of,

extrema, [180]

first derivative, 126

free optimization problem,
function,

functions in Mathematica, 305
functions, operations on,
Fundamental Theorem of Calculus Part

L,[255

Fundamental Theorem of Calculus Part

11,257

global maximum,

global minimum,

graph (of a function),
graphing with Mathematica,[305]
graphs of common functions,

higher-order derivative, [126]
hole discontinuity,
horizontal asymptote,

implicit differentiation,
increasing, [188]

indefinite integral,

indeterminate form,

inequality properties of integrals, 251
infinite discontinuity,

infinite limits,

infinity, arithmetic rules with,

inflection point,

instantaneous velocity,

integrable,

integral, additivity property of,

integral, definite,

integral, definite vs. indefinite, 273

integral, indefinite,

integral, inequality properties of,

integral, linearity properties of,

integration by u-substitution (definite
integrals),

integration by u-substitution (indefi-
nite integrals),

integration rules,
inverse sine, definition of,

inverse tangent function, definition of,
23
inverse trig functions, definition of,

jump discontinuity,

L’'Hopital’s Rule, 216

left Riemann sum,

left-hand limits,

Leibniz notation,

limit at infinity,

limit at infinity, evaluating,
limit, approximation via tables,
limit, formal definition,

limit, graphical interpretation,
limit, infinite,

limit, left-hand,

limit, one-sided,

limit, right-hand,
linear approximation, 20
Linear Function Rule, (101
Linear Replacement Principle,
local maximum,

local maximum value, (180

local minimum,

local minimum value, T80

logarithmic function, derivative of,
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lower Riemann sum,

Main Limit Theorem,
Max-Min Existence Theorem,
Max-Min Inequality, 251
maximum, absolute, 180
maximum, global, [180
maximum, local, [@
maximum, relative, [180]
minimum, absolute, {180
minimum, global, [180]
minimum, local, [180]
minimum, relative, {180
monotone, 18§
Monotonicity Law, 25T]
Montonicity Test, [189

Newton’s method,

Newton’s method, Mathematica code,
223,310

Newton’s method, problems with,

norm (of a partition),

one-sided limits,

operations on functions,
optimization problem,
optimization problem, constrained,
optimization problem, free, E
optimization procedure, 183} 185
oscillating discontinuity,

partition, 242]
piecewise-defined function,

point-slope formula,

Positivity Law, [251]

Power Rule, (104

Product Rule, [145

Product Rule vs. Chain Rule, [156]
properties of arcsine and arctangent,

24
quadratic approximation,
Quotient Rule,

range (of a function),
relative maximum,
relative minimum,
removable discontinuity,
Riemann sum,

right Riemann sum, 244
right-hand limits, @
rule (of a function), 9]

second derivative, [126]

Second Derivative Test,

second derivative, graphical interpre-
tation,

shifts on functions,

slope (of a curve),

slope (of a line),

slope-intercept formula,

subinterval,

sum,

Sum Rule, [106]

summation notation, 241]

tangent line,
tangent line approximation,

tangent line, equation of,
third derivative, 126

tone,

transformations on functions,

trig functions, derivative of,

trigonometric functions, definition of,

18,[19)

trigonometric identities,

units of the derivative,
upper Riemann sum, 245]

utility,

variable (optimization problem),
velocity, instantaneous,
vertical asymptote,

Vertical Line Test,

width (of a subinterval),

zeroth derivative, 126
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