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Chapter 1

General information about
these exams

These are the Exam 3s I have given between 2018 and 2024 in Calculus 3 courses.
To help give you some guidance on what questions are appropriate, each question
on each exam is followed by a section number in parenthesis (like “(3.2)”). That
means that question can be solved using material from that section (or from earlier
sections) in the 2024 version of my Vector Calculus Lecture Notes.

Questions marked with were take-home questions where notes, calcula-
tors and Mathematica were allowed; other questions are closed-note with no calcu-
lators allowed.



1.1. Spring 2024 Exam 3

1.1 Spring 2024 Exam 3

1.

(7.5) Compute

JJ]vzav

where E C R? is the region of points (z, y, z) satisfying 1 < z?4y* <4,y >0,
0<z<a?+9%

(8.5) Verify that Green’s Theorem holds (by working out both sides of the
formula in Green’s Theorem and seeing that they work out to the same thing)
in the situation where f : R? — R? is the vector field f(z,y) = (z?y, 2% — 2y)
and E C R? is the triangle with vertices (0,0), (2,4), and (0, 4).

Compute each iterated integral:
5 r2 2 3z
a) (7.3) / / (1222 + 6y) dy do b) (7.3) / / 8y dy de
0 J1 0 Jz
Compute each iterated integral:
2 ) 1 1 3
7. / / 2 L2 dy d b) (7.3 / / eV dydx
a)(5)_2_4_$2(x+y) ydx ) ( )0\/E

(7.6) Compute the volume of the region in R? consisting of the points (z, y, 2)
satisfying 0 <y < 1,0 <z <y, and 2? < z < y%

Let f(z,y, z) = (4zy, 2% — 6yz3, —9y?2?).
a) (8.2) Compute div (1,2, —1).
b) (8.2) Show that curl f = 0.
¢) (8.6) Find a potential function of f.

d) (8.6) Evaluate / f-ds, where ~y is parameterized by x(t) = (2 cost,2sint, cos t+
v
sint) for0 <t <.

1
(8.4) The ceiling of an auditorium is modeled by the graph of z = 3 — §x2 +5.

If a drape is hung from the ceiling to the floor of the auditorium (i.e. the zy-
plane) so that the drape is directly above the line segment on the floor going
from (0, 0) to (3, 4), what is the area of the drape?
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Solutions

1. In cylindrical coordinates, the region E can be described with the inequalities

1<r<20<0<mand0 < z < r2 Thus the integral becomes

///EyZdVZ/W/2/T2 rsin@)zr dz dr df
—/ / / r?zsin 0 dz dr df
/12 {27’ sm@z]r

dr do
r? sin 0(r?)?* dr df

0

rOsin @ dr do

N — DN —

2. Green’s Theorem asserts that if f(z,y) = (M, N), then / (N, — M,)dA =
E

A M dx 4+ N dy. We start by working out the left-hand side of Green’s The-
5

orem:
ST 2
JL e =agyda= [ [ [@ =29, - (%), dody
y/2 ¢ 9
:// 2x—x}dxdy
oJo L
4 ry/2 1 /2
= ! x2—a:3} dy
0o Jo 3 lo
4 2
Y L
— [ (E - ) a
0 (4 24y> Y
_{13 14}4_64 256 _16 8 _|8
Y e’ T2 96 3 3 |3

Now for the right-hand side of Green’s Theorem. Note that the boundary of
E is the sum of three line segments:
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* 7, the diagonal of the triangle, which is parameterized by (2t, 4t) for
0 <t < 1; on this path, x'(¢) = (2,4) so dx = 2dt and dy = 4 dt;

* 7, the top side of the triangle, which is parameterized from right to left
by (2 — 2t,4) for 0 < ¢t < 1; on this path, x'(t) = (—2,0) so dz = —2dt
and dy = 0;

* and 73, the left side of the triangle, which is parametrized by (0,4 — 4t)
for 0 <t < 1; on this path; x'(t) = (0, —4) so dz = 0 and dy = —4dt.

Therefore
}éE(M dz + N dy) = Ll (2%) da + (2 — 2y) dy]
+ [(wa) dz + (2 — 2y) dy]
+/ 2y) de + (2* — 2wy) dy]
- ,/; [(2)2(48)(2dt) + ((20)* — 2(41)) (4 d1)]
+ [ R — 27240 + (2 - 207~ (0]
+ /: [02(4 — 48)(0) + (0* — 2(4 — 4t))(—4d1)]
= /01(3%3 + 16t> — 32t) dt + /01 —32(1 —t)*dt + /0l 32(1 — ¢) dt

+ {332(1 — t)ﬂ

16 ) . 1 1
= {8164 - gt‘i — 161&2}

0

8 32 8
e

. 1601 - 7],

5
//(12m + 6y dydaz—/ 12xy+3y d
0o J1
:/ [242% +12 12932—3} dz

12x —1—9 dzx

\

= [495 + 940 — 4(125) + 9(5) = [545].
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b)

2
:/ 395 — 8954‘2 — 8(24) =[128]
0

4. a) Change this integral to polar coordinates (this is a double integral over
a circle of radius 2):

/ / (2% + 3 5/2dydx—/ /rrdrd@

:/ / rS dr df
o Jo
27 256

=2T—= =|—7T|

0 7 7

b) Change the order of integration first; this is a double integral over the
region E shown here:

and E can also be described by 0 <y < 1,0 <z < y?. This means

1ol 3 Loy g 1 3 7y? 1 3 9
/o/ﬁey dydx:/o/o e¥ dxdyz/o {eym}o dy:/oeyy dy.

Now use the u-substitution u = y*, du = 3y dy to get

11 1
UZ du = —e¥
/063“ 3¢

1

= ;(e—l).

0
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5. This volume is given by

Loy py?
///1dV:/// 1dzdz dy
E 0 Jo Jax2

1 ry
[ [ - ey
Jo Jo

1 1 7Y 12 IRk 1
2 3 3 4
[ 3T f 2 ]
/<)yx3moyo3yy6yo
6. a) By direct calculation,

. 9fr  0fs  Ofs
div f = =4+ =+ =
iv f(x,y, 2) pe + By + 9%

= (4zy), + (22" — 6yz°), + (—95°2).
= 4y — 62° — 18y°2.
Therefore div f(1,2, —1) = 4(2) —6(—1)> —18(22)(—1) = 8 +6+72 = [86].
b) By direct calculation,

curl f = ((f3)y, — (f2)2, (f1): — (f3)a, (f2)z — (f1)y)
_ (—18y22 +18y2%,0 — 0, 4o — 4x) =1(0,0,0)|

c) To find a potential function f : R* — R, i.e. a function f so thatf = V,

we set
fo =4y = f(z,y,2) =22’y + A(y, )
fy =22% —6yz® = f(x,y,2) = 22%y — 3y*2* + B(x, 2)
fo==9%2 = f(r,y,2) = =3y°2° + C(2,y)

To reconcile all these, let A(y, z) = —3y*2*, B(z,2z) = 0 and C(z,y) =
22%y. That makes f(z,y, z) = |22%y — 3y*2°|.

d) Since curl f = 0, f is conservative and therefore has path-independent
line integrals. So by the FTLI,

[y £-ds = / Vf-ds = f(x(b) — f(x(a))

where f is as in part (c), x(a) = x(0) = (2co0s0,2sin0,cos0 + sin0) =
(2,0,1) and x(b) = (2cosm,2sinm,cosm + sinw) = (—2,0, —1). Thus the
answer is

[ V- ds = Fx() = Flx(a) = £(=2,0,-1) = (2,0,
= [2(2%)(0) = 3(0*)(=1)] = [2(2)0 - 3(0*)(1)] =[0]
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3
and 7 is the line segment parametrized by x(t) = (3t,4t) for 0 < ¢ < 1. This

integral is

1
7. This area is given by the line integral / fds where f(z,y) = y* — 2® +5
y

[ rds= [ rexenix ol a
= [ st
= /01 ((4t)2 — ;(315)2 + 5) V3% 4+ 42dt

1 13 1 13 28 140
= 5/ 1382 +5) dt =5 [tg 525} =5 [ 5} =5 () ===
0 ( * ) 3 * 0 3 + 3 3
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1.2 Fall 2021 Exam 3

1.

(7.6) Find the volume of the solid in R? consisting of the points lying
inside the cylinder (z —1)*+4? = 1, above the zy-plane, and under the graph

of f(z,y) = Va2 + 2
(8.5) Compute the area enclosed by the curve parametrized by
x(t) = (* -t t* — %)

where 0 < ¢ < 1.

. Throughout this problem, let f : R* — R? be the vector field

f(z,y,2) = (2z — 2,3z, 2wy + 32%).

a) (8.2) Compute the divergence of f at the point (1,2, 3).

b) (8.2) What does the sign of your answer to part (a) tell you about behav-
ior of the vector field at (1,2, 3)?

¢) (8.2) Compute curl f.

d) (8.4) Rewrite the line integral [ f - ds as a Riemann integral, where 7 is
the straight line segment starting at the origin and ending at (-5, -2, 1).
(The only variable allowed in your answer is t.)

Let A = [0,5] x [0,2] and let B = [0,5] x [2,4], and suppose f : R* — Risa
function such that ([, f(z,y)dA =T7and [[; f(z,y) = —2.

a) (7.2) Compute [, 5 f(z,y) dA.
b) (7.2) Compute [[,-5 f(z,y) dA.

¢) (7.2) Compute [[,2f(z,y) dA.
d) (7.2) Compute [[,[f(x,y) + 3] dA.
e) (7.4) Compute the average value of f on A.

[lvav

where E is the triangular pyramid in R?® consisting of points (z, y, z) satisfy-
ingz>0,y>0,z>0and 2z + 2y + 2 < 2.

(7.5) Compute

Throughout this problem, let f(z,y) = z* + 3y>.

a) (7.3) Compute [[ f(x,y) dA, where E is the rectangle with vertices (0, 0),
(3,0), (0,1) and (3, 1).

10
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b) (8.4) Compute [, fds, where v is the circle of radius 2 centered at the
origin, oriented counterclockwise.

7. (7.3) Compute [[ e* dA, where E is the triangle with vertices (0, 0), (2,0) and
(4,2).

8. (7.5) Compute

//Ey2dA

where E is the region pictured below:

xy =38

11
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Solutions

1. The base of the solid is a circle of radius 1 centered at (1, 0), which has polar
equation r = 2cos 6 for -5 <0 < 3. Using this, the solid can be described
in cylindrical coordinates by the inequalities -5 <0< 3,0<r < 2cosd,
0 < z < r. So the volume of the solid F is

w/2  r2cosf pr
JJrav=["" [ [ razaras
w/2J0 0
w/2  r2cosf
/ / r? dr df
7r/2

/ fcos 30 do
71'/2

/ fcos 20 coshdp
71'/2

w/2
/ 5 (1 —sin® ) cos @ db.

Now use the u-sub u = sin 6, du = cos § df to get

/1 §(1—u2)alu: 5 [u—lu?’]l_l

-13 3 3
1 1
3ed- (e 3)-5 12
3 3 3 313 9
2. Use Green’s Theorem with f(z,y) = (0, z) to get
area(E) :f zdy.
OF

Since the curve is parametrized by z = ¢* — t*, y = * — %, we have dy =

(2t — 8t™) dt so we obtain
1
area(E) = / (2 — %) (2t — 8t7) dt
o

(2t3 27 — 87 4 8t') dt

3. a) div f(z,y,2
249(3%) =

+ (f3)z

10 gtlz

3

1

30

=2+0+9z

1

0

2, s0 div £(1,2,3) =

12
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b) Since div f(1,2,3) is positive, the arrow in the picture of f ending at
(1,2, 3) is shorter than the arrow in the picture of f starting at (1,2, 3),
i.e. the vector field has more net flow out of (1,2,3) than in, i.e. the
vector field is “spreading out” at (1, 2, 3).

¢) By the usual formula for curl,

i K
Vxf=det| 2 & 2
20—z 3z —2xy+32°

= (~20-3,~1—(~2y),0 - 0)
=|(—2z—3,2y —1,0)|

d) ~ is parametrized by x(t) = (—5¢, —2t,t) for 0 < t <; we have ds =
(—5,—2, 1) dt so the integral becomes

1 b
/f ~ds = / (22 — 2,32, —2xy + 32%) - (=5, -2,1) dt
ol 0
1
— / (—10f — ¢, 3¢, —2(—5¢)(—2¢) + 3t%) - (=5, —2, 1) dt
0

1
= / (55t — 6t + 3t* — 20t?) dt
0

1
= / (49t — 20t* + 3t%) dt |.
0

4. ) [faup [, y)dA = [[y f(2,9) dA+ [[5 f(z,y) dA =T+ (=2) = [5].
b) [[aqp flz,y)dA = @ since A N B has zero area.
Q) [fa2f(r.y)dA=2 ], f(x,y)dA =2(7) = [14]
d) [[4lf(x,y)+3|dA = [[, f(z,y) dA+[[,3dA = T+3-area(A) = T+3(5)2 =
37

7

e) The average value of f on A is m [a flz,y) dA = 5(7) = ol

5. The solid E can be described by the inequalities 0 <y < 1,0 <z <1 -y,

13
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0 <z <2 -2z — 2y, so the integral is
1 prl—y r2—2x—2y
///de:/ / / ydzdx dy
E 0o Jo 0
1 rl—y
= / / (2y — 2zy — 2y%) dx dy
0o Jo

= /01 {Qxy — 2y — 2$y2}(1)_y dy

6. a) Apply Fubini’s Theorem:

//Ef(x,y) dA = /03/01(932 + 3y?) dy dx
{:UQy + y?’}; dx

{IQ + 1} dx

3
L :;(27)+3—0=.
0

§:U +x

b) Here, parametrize v by x(t) = (2cost,2sint) for 0 < ¢ < 27. We have
[/ (t)]| = ||(—2sint,2cost)|| = V4sin?t + 4cos?t = /4 = 2, so the inte-
gral becomes

2
/ fds= / (4cos?t + 12sin*t)2dt
¥ 0

2

8 + 16sin’t) dt
(

2w

(8 +8(1 —cos2t)dt

2
(16 — 8cos2t) dt

= [16t — 4sin 2t]o" =[327]

7. The triangle can be described by the inequalities 0 < y < 2,2y <z <y + 2,

I
S— o— —

14
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so the integral becomes

//Ff(x,y)dA:/OQ/ZZHe’”dxdy

= [l ay

1 2
= |e¥t2 _ 621/}
-3,

1 1 1 1
4 4 {2 ]: 4_ g2 =

2° 2 [

8. Use the change of variable (z,y) *> (u,v) given by u = zy, v = ¥, so that
o(E) ={(u,v) : 1 <u<8,1<wv < 3}. The Jacobian of ¢ is

J(@):det<ux uy>:det<yy f)zy—k
= T

Uy Uy —

SHES
|
DO
<
|
B
<

Next, solve for  and y in terms of v and v: v = ¥ gives vz = y, S0 u = TvT SO
T = \/% and y = vx = /uv. So y* = wv and the change of variable formula
therefore gives

8 3 1
// deA:/ / uv—— dv du
E 1 J1 |20

8 31
= / / U dvdu (since v > 0 we can disregard the | - |)
1 1
811 3
= / [uv} du
112 1y

_/Sd_12
—1uu—2U

=32 -=|—|

8 1 63
1 2 2

15
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1.3

Spring 2021 Exam 3

1. (7.5) Compute the volume of the solid consisting of the points (z,y, z) €
R? lying above the zy-plane, lying outside the cone z? = z? + y?, but inside
the sphere 2% + y? + 22 = 4.

2. (7.3) Compute the exact value of this iterated integral:

1/z
/ / 2:176 dy dx.
1/2

3. The picture of some unknown vector field f on R? is shown here:

-3 -2 -1 0 1 2 3

g2 22 3 NSRRI

AN A = ala A
e e S N NN
ol atacasn e SN
e S Y
FZ RSN
P a0

1
EN

»
S e N

A AT AT AT AT AT A AAAAA N,
A AT AT AT AT AT AT A AR AN N,

S S S N NGRS
’'ys

\Y
N
\
!

N
)
§
y
Y,
:

LT e e 2 e e e e
%)

wa 'l KK YN

SSSHNNLEW
3

wa )Y Y

AN

FAA 2NN\

A

A
4
N

AN

i
x
\

A
7
A%
AN
AR
AN
A
A
A7
A
Y
1
H

:
§
AN

B R 5 5 S SN
(B e = 3 S I SO

SRR R s e S NI IO P24
NS e s e 2P0 00T AES

\\\\‘\W—WIKA/// o 999278

(E ==
(E 2D
Iy 22
AN S S S K
SS S X

Nz ///V/V/VM‘\L\L\\\\\\\\\\

NV AT v
IS NN NS S S

a) (8.1) On the picture above, sketch the flow line to f passing through the
point (1,0).
b) Use the picture to answer the following questions :
i. (8.2) Is div f(3, 2) positive, negative or zero?
ii. (8.2) If you thought of f as a vector field on R* by setting its z-

coordinate equal to 0, would the z-coordinate of curl £(0,0,0) be
positive, negative or zero?

iii. (8.4) Let v be the line segment with initial point (0, 3) and terminal
point (3,0). Is [, f - ds positive, negative or zero?

4. (8.2) Compute the divergence of the vector field f(z, y) = (3e**7¥,4e” V).

5. (8.5) Compute the area of the region in R? bounded by the ellipse T +E=1

16
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10.

(7.4) Compute [3 f7 [y (6y + 8zz) dz dz dy.
(8.4) Compute [, f ds, where f(z,y) = 4zy and 7 is the line segment starting
at (1,1) and ending at (5, —2).

(7.5) Compute [ [ -2 12 dy da.

—v/25—x2

(7.2) Compute the volume of the solid consisting of the points (z,y,z) € R?
satisfying the inequalities 0 < z < 1222y, 2 <y < z,and 0 < z < 1.

(7.3) Compute [[ y* dA, where F is the triangle with vertices (6, 0), (6, 3) and
0,3).

17
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Solutions

1. The solid S can be described in spherical coordinates as 0 < p < 2 (since the
sphereis p = 2),0 <0 < 2w and § < ¢ < 7 (since the cone is ¢ = 7 and the
ry-plane is ¢ = 7). So the volume is

2r 2 pm/2
///1dV:/ / / p*sin o do dp df
S 0 0 Jr/4
/27r /2 9 ‘71./2 dodo
= — COS
o o P SOTF/4 P
2 2

:/0”/0 _p2<o—‘f> dp df

N =

|\

1 2

The curve y = < can also be written as z = i So by using Fubini’s theorem to
reverse the order of integration, we see that the given double integral is also

141 1 1/
/ / " 22ty dy dy :/ {x2e(y+;) !
121 1/2 1

dy
1 1 1
- = 1) et ) gy
1/2 <y2 ) ‘ Y

Now perform the u-substitution u =y + , du = (1 — y%) dy to get

2
—edu = —e"?,, =| —e? + 72|,
L, 2,

18
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3. a) The flow line is an ellipse:

b) Use the picture to answer the following questions :

i. div f(3,2) is [zero], since the arrows entering and leaving (3, 2) ap-
pear to have the same length.

ii. curlf(0,0,0) is|negative | since the vector field rotates clockwise (or
by the right-hand rule).
iii. Since 7 predominantly goes in the same direction as f, [ f - ds is

positive |

4. Write the coordinates of f as f; and f;. Then

div £(z,y) = (f1)a + (f2)y = |62 + 20",

5. Let E be the region whose area we want; the boundary 0F is parametrized
by x = 3cost,y = 5sint for 0 < ¢ < 27. This means dr = —3sintdt and
dy = 5costdt. So by the area formula coming from Green’s Theorem,

area(F) = //EldA = ;]{‘«m (xdy — ydx)
- ; / " (3cost)dy — (5sint) dx)

2
(3cost(bcost) — bsint(—3sint)) dt

S~

27
(15 cos?t + 15sin? t) dt
0

15dt = ;(15)% =[157].

™

Il
SOy Oy iy Oy

S,

19
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6. This is a direct computation:

7. Parametrize vy by x(t) = (z(t),y(t)) = (1 +4¢,1—3t) for 0 < ¢t < 1. Then,
[|x'(t)|]| = || (4, —3) || = 5. So the line integral is
Lfds _ /Olf(1+4t,1—3t) 1/ (8)]| dt
— /01 A1+ 48)(1 — 3t)5dt
- /01 20(1 4t — 12¢) dt

= 20t + 102 — 80F*|, =20 + 10 - 80 =[50}

8. Change to polar coordinates (this is the right-half of a circle of radius 5 cen-
tered at the origin):

V25—22 w/2
/ / x ydm—/ / rcosO)r dr df
V25—22 w/2
w/2
/ /r2cosé’drd9
w/2

/2
—/ —r cos@
7r/2

125 2
N —7/2

125 /2 125 250
= s, = (1 - (-1) =| 5|

do

cos 0 db

20
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9. This is a direct computation, starting with either a triple integral in the first
line of this solution, or the double integral in the third line:

1 pz pl222%y
///mvz/ / / 1dz dy d
S 0 J22 Jo
- Lo 1222y
—/0 /ﬁ 2|y dy dx

1 rx
:/ / 1222y dy dx
0 Ja2
1 x
:/ 622> , dx
0 x
1

= / (62* — 62°) dw
Jo
6, 6.

5 7

! 12

% .

_ 6 6
— -2 —

0

10. The region is bounded by the vertical line z = 6, the horizontal line y = 3
and the diagonal line z + 2y = 6,i.e. v =6 — 2y,i.e. y = 6 — %9: This integral
can be done in either order, but I'll do it dz dy to avoid using a slope of —1 in

the line.
3 6 3 6
/ / dexdy:/ yQ:U‘ dy
0 J6—2y 0 6—2y
3
- /0 (6% — 47(6 — 2y)| dy

3 1 81
=/ 2y°dy = Sy’
0 2

0° == |
2

21



1.4. Fall 2020 Exam 3

1.4 Fall 2020 Exam 3

NOTE: This exam did not cover Chapter 8. In Fall 2020, that chapter was skipped
due to disruptions to the course schedule related to the COVID-19 pandemic.

1. (7.5) Compute

/E/a:sz

where FE is the region shown bounded by the z-axis, the lines x +y = 1,
r+y=3,and y = 4z.

2. (7.6) Compute the volume of the solid consisting of the points (z,y, z) €
R? lying above the xy-plane, outside the cylinder z* + y* = 16 but inside the
sphere 2% + y? + 2% = 36.

3. (7.2) Suppose g : R? — R is a function such that

2 2 2 4
/ / 9(z,y) dy dx = 5; / / g(z,y) dy dv = 8;
0 0 0 0

4 2 4 4
/ / 9(z,y) dy dx = 3; / / 9(z,y) dy dxr = 10.
0 JO 0 JO

Use this given information to evaluate each quantity:

a) f3 Jo 9(x,y) dx dy
b) [y Jy 9(x,y) dy dx
Q) fo Jg 3g(z,y) dzdy
d) [y J3 9(x,y) dy dx
e) 3 Ji (2+5g(z,y)) dydx

4. (7.5) Compute
2 .2 L 2\2
/é/ (" +y +27)°dV

where FE is the sphere of radius 2 centered at the origin.
5. Let f(z,y) = = + 2y.
a) (7.3) Compute

/] 1@.y)da

where FE is the rectangle with vertices (0, 0), (4,0), (0,2) and (4, 2).

22



1.4. Fall 2020 Exam 3

b) (7.3) Compute
/ / flz,y)dA
D

where D is the triangle with vertices (0, 0), (0,2) and (2, 2).

6. (7.4) Compute the iterated integral:

4 1 2
/ / / rzdrdydz
0o Jo Jo

7. (7.5) Compute the iterated integral:

/04 /\; (yg I 2)3/2 dy dx
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Solutions

1. Let (u,v) = ¢(x,y) where u = x + y and v = y/z. Thus the region E can be
described as the set of (u, v) satisfying 1 < u <3 and 0 < v < 4. Next,

1
J(go)zdet(um uy>:det<_1y }) —+£=x+y:£.

Ug Uy x  x? x? x?

T2

We next need to back-solve for x and y in terms of « and v. Since v = y/x,
y =vrsou=z+vxr=z(l+wv). That means z = %, and y = vr = . So
by the change of variable formula, the integral is

4 3
// x? dud’u—// < )dudv
o J1
://—dudv
o J1 u
4
4 o3 (v
://(Hv)dudv
o J1 U
4 3 3
://1+U4dudv

3

_/[ (1+wv) 4] dv

1

:/ 20(1 + v)~* dv

= _30(1—1—@) -3

4_—20[1 }_—20 —124  [496
o 3 1125 3 125 | 75 [

2. Let S denote the solid described in the problem. In cylindrical coordinates,
this solid consists of the points (r,6,z) with 0 < 6 < 27,4 < r < 6 and
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0 < z <+/36 — 2. So the volume can be evaluated as follows:

27 6 V/36—12
vz///mvz/ / / rdzdrdo
S 0 4 0

27 6
:/ / rzlg 3612 I df
0 Ja

2 6
:/ / rv36 — r2 dr df
0o Ja

(Here, use the u-sub u = 36 — 72, du = —2r dr)

2 _]_
- / \/‘ du df
20

_/ _1 3/2

—/ ~(20)%/2d6 =

2
20)3/2 |,
3( )

a) By Fubini’s Theorem, the order of integration can be reversed over a
rectangle like [0, 4] x [0, 2], sowe get [ [} g(x,y) dx dy = [} & g(x,y) dy dx =
3]

b) By additivity, we have

4 4 2 4 4 4
10:/ / g(x,y)dydx=/ / g(af,y)dydw+/ / 9(x,y) dy dx
0 0 0 0 2 0
4 4
:8+/2 /0 g(x,y) dy dx.

Therefore [; [ g(z,y)dydzr = 10 — 8 = 2. Again using additivity, we
have

4 2 2 2 4 2
3=/ / g(:v,y)dyd:v=/ / g(x,y)dydﬂ/ / g(z,y) dy dx
0 0 0 0 2 0
4 2
:5—|—/2 /0 g(x,y) dy dx

so [5 J3 g(x,y) dydr = 3 —5 = —2. Using additivitiy a third time, we get

4 4 4 2 4 4
//g(x,y)dydxzf / g(w,y)dydarJr/ / g(z,y) dy dx
2 0 2 0 2 2
4 4
2:—2+/ / g(x,y) dy dzx
2 2

SO f24 f24 g(z,y)dydr = .
) fy Ji3g9(z,y)dudy =3 [§ [ g(z,y) dydx = 3(8) = [24].
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d) Since the upper and lower limits on the inside integral are the same, we
obtain [y J3 g(z,y)dydx =[0]

) I3 Jo 2+ 5g(x,y) dydr = [3 [72dydx + 5[5 3 g(z,y)dydz = 2(2)2 +
5(5) = 8 +25 =|33].

4. In spherical coordinates, E is the set of points with 0 < 0 < 27,0 < ¢ <7
and 0 < p < 2. So this integral is

27 w2
/// (x2+y2+z2)2dV:/ / /(pQ)QpQSingpdpdcpdG
o Jo Jo
E

27 w2

:/ / / p®sin o dp dp d
o Jo Jo
2 7 ] 2

:/ / —p'sinp| dpdh
o Jo 7 0
2 7 ] -

:/ / =(2)"sinpdpdd
o Jo 7

_ /27r ;]'(2>7
= - Ccos

0

do
0

5. a) Notice E can be described by the inequalities 0 <z < 4and 0 <y < 2.
Therefore, by Fubini’s Theorem, we have

// (x+2y)dA:/04/02(x+2y)dydx
:/04[”*92}2 dx:/04[2x+4] dr = [x2+4x}2:.

b) Notice D can be described by the inequalities 0 <y < 2and 0 < z < y.
Therefore, by Fubini’s Theorem, we have

/D/f(x,y)dA:/()2/()y(x+2y)dxdy:/o2 Bﬂ—i—%;y]j dy

275 , 5 .92 [20
_[2 d:?’}:.
/O{Qy]y[ﬁyo 3
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6. Compute this directly:

4 1 2 4 1
/ / / xzd:cdydz:/ /
o Jo Jo 0o Jo

4 1 4 4
:/ / QZdydz:/ [Qyz](l)dz:/ 2:dz = 22|} = [16].
0 0 0 0

2

2
—x7z| dydz
0

7. You need to reverse the order of integration, because there’s no way to come
up with an antiderivative of (y® + 2)*/? with respect to y. A picture of the
region over which you are integrating is the shaded region below (where the

curve is y = \/x):

1 2 3 4

This region can also be described as the set of (z,y) satisfying 0 < y < 2,
0 <z < y?, so after reversing the order of the integrals we get

3/2
// y+2 dydx—// +2 dxdy
,y2
—/ y+2 ] dy
0

- / (v +2)"" ay
(Here, use the u-sub u = y* + 2, du = 3y* dy)

0],
- —ut?d
/2 g

10 2
=l (1072 — 292} |

_ 2 5p
1Y
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1.5 Spring 2018 Exam 3
1. (8.2) Find the curl of the vector field
f(r,y,2) = (2x2 — 2,3zz + 9%, 4 + z)
at the point (2,1, —3).
2. (7.3) Let E = [0, 2] x [1, 3]. Compute the double integral

//E(le—l— 2y) dA.

3. (8.4) Compute the line integral

/f~ds
Y

where f(z,y) = (—y? 22*) and ~ is the straight line from the origin to the
point (2, 1).

4. (7.30 Compute the iterated integral

11
/ / VY2 + ldydz.
0 Jx

5. (7.5) Compute the double integral

//Edi

where E is the “pizza-slice” shaped region {(z,y) : 0 <y < z,2? 4+ y* < 9}.

6. (8.5) Let R > 0 be a constant. A cycloid is a curve parameterized (from right
to left, as shown in the picture below) by the parametric equations

{ x(t) = R(2m +sint —t)
y(t) = R(1 —cost)

Find the area of the region E consisting of points under the cycloid and above

the z-axis.
/E\

Hint: One or more of the following integral facts may be useful:

11 11
/sin20d0:§9—zsin20+0 /00320d0:§«9+zsm20—|—0
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1.5. Spring 2018 Exam 3

7. (7.6) Find the volume of the solid in R? consisting of points above the zy-
plane, inside the cylinder 22 + y? = 4, and below the plane z + y = 4. Here is
a picture:

X

0 -2
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Solutions
1. Write f = (M, N, P) = (22 — 2,322 + 4%, 4y* + z). Then

curlf = (P, — N,,M, — P,, N, — M,) = (8y —3z,—1— 0,32 —0).
Therefore curl f(2,1, —3) = (8(1) — 3(2),—1,3(—3)) = (2, —1,-9).

2. Since FE is a rectangle, we have

/(4:6—1—23/ :// (4x + 2y) dy dx
E

_ [4x +8x}0: 16 + 16 = 32.

3. Parameterize the line segment v by z(t) = 2¢, y(t) = t for 0 < ¢t < 1. That
means dr = 2dt and dy = dt. Therefore

/f-ds:/—dea:—i-ZxQdy
’
_/ )22dt + 2(2t)* dt
:/ (=22 + 8t2) dt
0

1 1
:/ 6t2dt:2t3] — 9.
0 0

4. First, change the order of integration. Let I be the triangle with vertices
(0,0), (0,1) and (1,1); then

/Ol/mlx/yz—i—ldyd:c://E\/gﬁ—l—ldA
1 ry
:/01/0 \/y2+1yclxdy
:/0 [m/yQ—i—lLdy
:/Oly\/y“rldy.
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Now use the substitution u = 3* + 1. Thus du = 2ydy so %du = ydy. As
for the limits of integration, when y = 0, u = 0° + 1 = 1 and when y = 1,
u = 1% + 1 = 2. So the integral becomes

2:1(23/2—1).

21 21 1
L d:/71/2d:73/2
/12\/ﬂu 12u U U T3

3

. Change the integral to polar coordinates, since £ = {(r,0) : 0 < r < 3,0 <
0 < 7}. Therefore

//Edi:/OﬂM/Og(rcose)rdrdH

/4 3
:/ / r2 cos @ drdf

0 0

w/4 3
:/ {17‘3 CoS 6] do

0 3 0

w/4
:/ 9cos 6 db

0

2

— 9sin 07/ =9 (‘g) 0= 9?,

. By Green’s Theorem, the area is

area(E):ng—ydac:[y —yd:t—k/7 —ydx

where 7, is the cycloid and +, is the line segment across the bottom of E
(running from (0, 0) to (27 R, 0).

Now 7, is parameterized by z(¢) = something, y(¢) = 0 so dy = 0. This means

1
/ —ydr = / 0 (something) dt = 0,
72 0

so all we really have to computeis [, —y dz. To do this integral, use the given
parameterization and first compute dz = R(cost — 1) dt. Therefore

area(E) = 7{9]5 —ydx :/ —ydx
7
2T
= / —R(1 —cost)R(cost — 1)dt
0
27
= RZ/ (1 —cost)?dt
0

2
= R2/ (1 —2cost + cos’ t) dt.
0
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Using the given integration fact, this becomes

1 1 2
R? L=2sint+ b+ osin2t| = R*[(2m — 0+ m+0) — (0)] = 37 R%
0

. We can do this with either a double integral in polar coordinates, or a triple
integral in cylindrical coordinates.

Double integral solution: let D be the disk of radius 2 centered at the origin; we

want
2 27
//(4—y)dA:// (4 — y)rdédr
D
—// 4 —rsinf)rdfdr

2m
(4r — r*sin 0) df dr (%)

2 [47‘8 + 72 cos 9}

:/ {87?7“%—7’ (O+7‘)}

—/ 87 rdr—47rr‘ = 167.

\\

Triple integral solution: in cylindrical coordinates, the solid £ whose volume
we want is

{(ry0,2) :0<r<20<60<2mz<4—y=4—rsinb}.

Therefore its volume is

2 27 pd—rsing
vol(E):///ldV:/ / / rdz do dr
E 0 Jo 0
2 27 X
_ / / [rz]é—rsm@ de dr
0 Jo

2 27
:/ / (4r — 2 sin ) do dr (%)
0 JO

This is the same integral as in the double integral solution, and is evaluated
the same way to get 167.

Non-calculus solution: if you slice through the solid horizontally along the
plane z = 4, the portion of the solid above the plane can be flipped over and
placed on the rest of the solid to obtain a cylinder with constant height 4.
Thus the volume of the solid is the same as the volume of a cylinder with
radius 2 and height 4, which is V' = 7r?h = 72%(4) = 167.
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