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Chapter 1

General information about
these exams

These are the exams I have given in differential equations courses. Each exam is
given here, followed by what I believe are the solutions (there may be some num-
ber of computational errors or typos in these answers).

Typically speaking, tests labelled “Exam 1” cover Chapter 1 in my differential
equations lecture notes; tests labelled “Exam 2” cover Chapter 2 (except for the last
section), and tests labelled “Exam 3” cover the last section of Chapter 2 and all of
Chapter 3.



Chapter 2

Exams from Fall 2016

2.1 Fall 2016 Exam 1

1. Briefly explain what is meant by “existence / uniqueness” in the context of
ordinary differential equations.

2. Let y = y(t) be the solution of the initial value problem

Yy =y+2t
y(1) = ~2

Suppose you wanted to estimate y(31) using Euler’s method with 10 steps.
Find the points (¢1, ;) and (3, y2) obtained by this method.

3. Here is the picture of the slope field associated to an autonomous ODE y' =

o(y):
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a) Suppose y(0) = 7. Estimate y(2).
b) Suppose y(—1) = 2. Find Jim y(t).

c) On the picture above, sketch the graph of the solution satisfying the
initial condition y(0) = 6. Label the graph “(d)”.

d) Find all equilibria of this equation, and classify them as stable, semistable
or unstable.

4. Find the general solution of the following ODE:

dy 4t
Y9y =14
ar YT

5. Find the particular solution of the following initial value problem:
2y = y?
{ y(1) =2
Write your answer as a function y = f(¢).

6. Find the particular solution of the following initial value problem:

{ 2y =12 —
y(3) =1

7. Find the general solution of the following ODE:
ty// — y/

Write your answer as a function y = f(¢).

Solutions

1. The Existence/Uniqueness Theorem for first-order ODEs says if the function
¢ is “nice” (i.e. ¢ and g—f are continuous), then the initial value problem

{ y = o(t,y)
y(to) = wo
has one and only one solution, which is of the form y = f(¢).

2. First, At = L(t, — t) = 15(31 — 1) = 3. Next, we are given (¢, ) = (1, —2).
Now ¢(t0, yo) = -2+ 2(1) = 0so

Y1 = Yo + o(to, yo) At = =2+ 0(3) = 2.
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Therefore (t1,y1) = (4, —2). Now ¢(t1,y1) = =2+ 2(4) = 6 so
lo=t1 +At=4+3=7
Y2 =y1 + o(t1, y1) At = =24+ 6(3) = 16.
Therefore (t2,y2) = (7, 16).

3. a) Starting at the point (0, 7) and following the vector field, we come to the
point (2,6) so y(2) ~ 6.

b) Starting at the point (—1, 2) and moving to the extreme right, we see that
Jlim y(t) =4.
—00

=

c)
d) y = 4 is stable; y = 8 is unstable.

4. Method 1 (integrating factors): The integrating factor is u(t) = exp Ug (=2) ds} =
e~ 2. After multiplying through by 1(¢), the equation becomes

d
di#-% — 2e %y = 14e(e72)

<y€—2t) — 1462t
ye 2 = /1462t dt
ye 2 =7e* + C
y = e* (7€2t + C’)
y = Te' + Ce?.

4
di

Method 2 (undetermined coefficients): The corresponding homogeneous equa-
tion is % — 2y = 0 which has solution y;, = €*' (exponential growth model).

Now, guess y, = Ae** and plug into the left-hand side of the equation to get
4Ae* — 24e* = 14e*. That means 44 — 24 = 14, i.e. A = 7. Therefore
y, = 7e* soy =y, + Cuyp, i.e.

Yy = 7ett + Ce?t.
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5. Start with the ODE, which is separable:

dy
2% _ 2
at Y
y 2 dy =t dt
/y_2dy = /t_th
1 1
——=—+C
Y t

Next, I will solve for C' using the initial condition (you could have solved for
y first):

1 1 1
——=—-+C = (C=Z
2 1 * 2
Therefore the particular solution is
L_11
y ot

Solve for y by first multiplying through by —1 and then taking reciprocals to
get

1
y=1— (this answer is fine)

t 2

which, if you multiply through the numerator and denominator by 2¢ sim-
plifies to

6. Rewrite this equation as (y* — t?) + 2ty%. Letting M = y> —t?> and N = 2ty,
we see that
My = 2y = Nt

so the equation is exact. Now
1
Uit y) = /Mdt - /(zﬁ — ) dt =yt — o1+ A(y)

:i/Ndy:/QWdy:Qﬂ+B@)

By setting B(t) = —it* and A(y) = 0, we reconcile these integrals to obtain
Y(t,y) = y*t — 5t*. Thus the general solution is ¢ (¢, y) = C, i.e. y*t — 3t* = C.
Plugging in the initial condition and solving for C, we see 1?(3) — 3(3*) = C,
ie. C =3 —9 = —6. So the particular solution is

1
2 3
t—~t3 = —6.
yt—g
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7. This equation is second-order with no y. To solve it, let v = Z—ZZ so that the

equation becomes
dv

E =
This is separable: rewrite it as 1 dv = } dt and integrate both sides to obtain
Inv =1Int + C. Solving for v, we get

tw'=v ie. t .

— 6ln +C _

v ePteC = e = (Ot

Last, since v = %, integrate to obtain y:
1 2
y:/v(t)dt:/CtdtziCt +D.

Renaming the first constant, this can be written as y = Ct* + D.
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2.2 Fall 2016 Exam 2

1. Here is a picture of the phase plane of an autonomous, first-order 2 x 2 system
of ODEs y’ = ®(y), where as usual, y = (z,y):

S =\

Q

-— —
- —_—

S5
VN

5 10 15

a) Find the two equilibria of this system and classify each of them as a
center, node, spiral or saddle.

b) Suppose xz(0) = 10 and y(0) = 13. Find the following four limits:

lim z(t) = lim y(t) = lim z(t) = lim y(t) =

t—r00 t—00 t——o00 t——o00
¢) Suppose y(0) = (3,0). Estimate the maximum value obtained by x(t).

2. Here is the phase plane of a first-order, constant-coefficient, homogeneous
linear 2 x 2 system of ODEs y’ = Ay:

a) Find two eigenvectors of A (corresponding to distinct eigenvalues).
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b) How many positive, real eigenvalues does A have?
c¢) How many negative, real eigenvalues does A have?

d) How many non-real eigenvalues does A have?
3. Find the general solution of the following system of ODEs:

= 2z + 4y + 2%
y= x — y + €*

4. Find the general solution of the following system of ODEs:

¥ =-3r+y
y'=—x—Dby

Write your final answer coordinate-wise.

5. Find the particular solution of the following initial value problem:

{ y' = (x — 4y, 2z + by)
y(0) = (3,-1)

10
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Solutions

a) From looking at the picture, the two equilibria are (9, 3) (which is a sad-
dle) and (13,9) (which is a (unstable) node).

b) By following the curve passing through (10, 13) forwards and backwards,
we see that

lim z(t) = —o0 lim y(t) =9 lim z(t) =13 lim y(t) =9.

t—00 t—o0 t——o00 t——00

¢) The maximum value obtained by z(¢) is the right-most point on the
curve passing through (3, 0), which is approximately 5.

a) The eigenvectors of A go in the direction of the straight-line solutions;
from the picture these are (—1, 1) (or any multiple of (—1,1)) and (3, 1)
(or any multiple of (3,1)).

b) Since 0 is an unstable node (from the picture), both eigenvalues of A are
real and positive, so the answer is two.

c) None (since the eigenvalues of A are both positive).

d) None (since the eigenvalues of A are both positive and real).

3. Let A = ( ? _41 . We start by finding the solution of the homogeneous
equation y’ = Ay. First, the eigenvalues of A:
det(A — A1) = det 2-A 4 =2-N(-1-)) —4
1 —-1-A
=X —-X-6
=(A=3)(A+2)
so the eigenvalues are A = 3 and A\ = —2. Now for the eigenvectors (let
v = (2,9)):
AzS:AVzAv:{ 20 +dy = 3 =c=4y= (4,1)
T—y =3y
)\:—Q:AV:)\V:>{ 2+ dy = —2u =r=-y=(1,-1)
T—y=—2y

Therefore the general solution of the homogeneous is

4 1
yn = Che® ( ) ) + Che 2 ( O > .

11
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Now, we find a particular solution y, using undetermined coefficients. Since
q = (2¢*,e*, we guess y, = (Ae*, Be*'. Plugging this into the system, we
get

2Ae*" = 2(Ae*) 4 4(Be*) + 2e*

2Be?t = Ae? — Be? + 2t

Dividing through by e*, we get

2A =2A+4B+2
2B =A-B+1

In the first equation, the As cancel, so we can solve for B to get B = _71 From
the second equation, we have A =3B — 1 = 22 so

B AeZt B _756%
Yp = Be2t | T —71 e2t |

y:}’p+}’h

=52t 4 _ 1
— ( %e% > +Cle3t< 1 ) + Cye 2t< 1 >

_ —7562t _I_ 40163t _|_ 026727&
Sre? + Credt — Coe -

Last, the solution is

. Let A= ( :1 _15 ) so that the system is y’ = Ay. First, find the eigenvalues

of A:

det(A — \I) = det SoAa =(=3-XN)(-5—-N)+1
-1 —=5-2A
=N +8\+16= (A +4)
so the only eigenvalue is A = —4 (repeated twice). Now for the eigenvec-
tor(s); let v = (z,y):
—3x +y=—4x

AV:)\V:>{ =y=—zx=v=(1,-1)

—3r+y=—4y

12
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We will also need a generalized eigenvector w, which satisfies (A— A\ )w = v:

Any w = (z,y) satisfying  + y = 1 works in both these equations; let’s use
x =1,y =0sothatw = (1,0).

Now, applying the formula from Theorem 2.68 from the lecture notes (which
should be on your index card), we see that the solution has the form

y = CieMv + Cy [e”w + te’\tv}

(4]l () ()]

. 016_4t + 026_4t + Cgt€_4t
N —01€_4t — 02t€_4t

- (Cl + 02) 6_4t + Cgt€_4t
N —016_4t — Cgt€_4t '

Writing this coordinate-wise as requested, we have the solution

iL'(t) = (Ol + CQ) e 4 + Cgt674t
y(t) = —Cre™ — Cyte ™

5 Let A = ( ; _54 ) We start by finding the solution of the homogeneous
equation y’ = Ay. First, the eigenvalues of A:
1-Xx —4
det(A—)J)zdet( 5 5_)\>:(1—)\)(5—)\)+8
=\ — 6+ 13.

Setting this equal to zero and solving with the quadratic formula, we get

)\_Gi 36 — 4(1)(13) 616 6+4i
- 2.1 N 2 2

=3£2

13
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so the eigenvalues are A = 3 + 2i and A = 3 — 2i. Now for the eigenvector
corresponding to one of the eigenvalues (let v = (z, y)):

B . B r—4y = (34 2i)x
A=342i: AV—Av:{ 2% + 5y = (34 2i)y

= —dy = (24 2i)x
= 2y= 1+
Sov=(—2,144) = (—2,1) +i(0,1)

Wehave o = 3, =2,a = (—2,1)and b = (0,1). So applying the formula
from Theorem 2.67 of the lecture notes (which should be on your index card),
we obtain the solution

y=0C {eo‘t cos(Bt)a — e sin(ﬁt)b} + {eat cos(ft)b + e sin(ﬁt)a}

=C] [63t0082t< _12 > —e3tsin2t< (1) )] + Cy l63t0082t ( (1] ) +e3tsin2t< _12 )]
B —204 €% cos 2t — 2053 sin 2t
(G + Cy)edtcos 2t + (Cy — Cy)edsin2t )

Now we plug in the initial condition y(0) = (3, —1) to find C} and C5: plug-
ging in, we see

3=—-2C1€"cos0 — 2C%e"sin 0
—1=(Cy 4 Cy)e’cos 0+ (Cy — C1)e’sin 0

{ 3=-20,

—-1=C1+ 0y
-3 1
:>01:7,02:§.

Therefore the particular solution is

- 9 (_73> &3t cos 2t — 2 (%) 3t sin 2t
Yy <_73+%>63t(3082t+(%_%3)e3tsin2t

B < 3e3t cos 2t — et sin 2t )

—e3t cos 2t + 2e3 sin 2t

14
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2.3 Fall 2016 Exam 3

1.

Suppose you are given a fourth-order, linear ODE. What is meant by an “ini-
tial value” of this ODE?

. Convert this third-order ODE to a first-order system y’ = Ay + q.

ety — 6ty" + 4y’ — y = Tsin 3t

Find the particular solution of this initial value problem:

y(0) = —1

y" + 9y + 18y = 0.
y(0) =1

Find the general solution of this ODE:

y@ —14y® 49y = 0

. Find the general solution of this ODE:

Y’ — 4y — 12y = 48e%

Find the general solution of this ODE:

y" — 10y + 34y = 0

A 4 kg mass is attached to a fixed point by a spring whose spring constant
is 40 N/m. The mass moves back and forth along a line, subject to friction
where the damping coefficient is 24 N sec/m. Suppose also that initiallly, the
mass is 3 m to the right of its equilibrium position, and moving to the right
at 2 m/sec.

a) Suppose the mass is not subject to any external force. Find the position
of the mass at time ¢.

b) Suppose that the mass is subject to an external force of 20 sin 2¢ newtons.
Find the position of the mass at time ¢.

15
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Solutions

1. An “initial value” of a fourth-order ODE consists of values of y, v, y” and y"”’

at the same value of ¢t. In other words,

2. First, solve for y” to get y"” = e 'y — de™?!y/ + 6te*'y” + Te ' sin 3t. Then let
y = (y,¥,y"); then

y/ Oy + 1y/ + Oy//
y/ — y// — Oy + Oy/ + 1y//
y/// 6—2ty _ 4672ty/ + 6t€72ty// + 7sin 3t
0 1 0 0
= 0 0 1 y+ 0
e —4e7% Gte Te 2! sin 3t
So by setting
Y 0 1 0 0
v=1| ¢ |,A= 0 0 1 and q = 0 :
y" e 2 —4e™ Gte 2 Te 2 sin 3t

the system becomes y’ = Ay + q, as desired.

3. The characteristic equation is A + 9\ + 18 = (A + 6)(\ + 3), which has roots
—6 and —3, so the general solution is y = C1e~% + Cye~ . Differentiating, we
gety = —6C e % — 3Cye~%, so by plugging in the given initial conditions we

get
y(O):—l —1201+02 _;4 _1
{ JO)=T T\ 7=-6C —3C, Gi=73.0=3
Therefore the particular solution is y = e ™6 + L™,

4. The characteristic equation is [* — 143 4+ 49)\* = A\?(\ — 7)?, which has roots 0
and 7 (both repeated twice) so the general solution is y = C} + Cyt + Cse™ +
O4t€7t.

5. The characteristic equation is A> — 4\ — 12 = (A — 6)(\ + 2), which has roots
6 and —2, so the solution of the homogeneous is y;, = C1€% + Cye2.

Now for a particular solution y, of the non-homogeneous equation. Since
q = 48¢°%, we’d ordinarily guess y, = Ae®, but since €% is part of the solution

16
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of the homogeneous, we need to multiply by ¢ and guess y, = Ate®. Thus by
the Product Rule, y, = Ae® + 6Ate™ and y = 124" + 36Ate™. Plugging in
the original equation, we get

Yo — Ay, — 12y, = 48¢%
12Ae% + 36 Ate® — 4(Ae® + 6AteS) — 12Ate® = 48
8A =48
A=6

Therefore y, = 6te®™, so the general solution is y = y, + yp, i.e.

y = 6te’t + C1e® 4+ Che ™.
. The characteristic equation is A* — 10\ + 34 = 0 which has solutions

‘o 10 £ /100 —4(34) 10+ /=36 10+ 6i

=54 3i.
5 5 5 5+ 3

Therefore the general solution is y = Ce% cos 3t + Cye™ sin 3t.

. Throughout this problem, let x = z(¢) be the position of the mass at time ¢.
From the oscillator equation, we obtain the second-order ODE

ma"” + bx' + kx = F.(t)
4r" + 242" + 402 = Fp(t)

Also, throughout the problem, we have the initial value z(0) = 3, 2'(0) = 2.

a) In this part, assume F,;(t) = 0. Then the characteristic equation is 4\* +
24\ + 40\ = 4(\? + 6\ + 10) which has solutions

\ —6£ /6> —4(10) —6+/—4 —6+2 .
= = = = — 1.

2 2 2

Therefore the general solution of this ODE is z = Cye™3 cos t+Cae 3 sin .
Since z(0) = 3, we know C = 3. Differentiating, we get

= =3C e cost — Cre® sint — 3C,e 3t sint + Cye 3 cost

and since 2'(0) = 2, we get —3C; + Cy = 2, i.e. Cy = 11. Therefore the
particular solution of this ODE is

x(t) = 3e * cost 4 11le ¥ sint.

17
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b) In this part, assume F,.(t) = 20sin 2t. From part (a), the solution of the
homogeneous is

zp, = Cre 3 cost + Che 3tsint.

Now we need to find the z,. Since ¢ = 20sin2¢, guess =, = Asin2t +
Bcos2t. Differentiating, we get r;, = 2Acos2t — 2Bsin2t and z, =

—4Asin2t — 4B cos 2t, and by plugging in to the original equation we
get

4, 4 24, + 40z, = 20sin 2t
4(—4Asin 2t — 4B cos 2t) + 24(2A cos 2t — 2B sin 2t) + 40(Asin 2¢ + B cos 2t) = 20sin 2t
(24A — 48B) sin 2t + (24B + 48A) cos 2t = 20sin 2t

Therefore we get the system of equations

—1
7B:7
3

= B=-2A= A=

D

24A —48B =20
24B+48A =0

so the particular solution is x, = § sin 2t — 5 cos 2t. That makes the solu-

tion of the ODE z = z,, + z3, i.e.

1 1
x(t) = G sin 2t — 3 cos 2t + Cre 3t cost + Cyre 3t sin t.

Since z(0) = 3, we have C, — 3 = 3, i.e. C; = %, Differentiating, we
obtain

1 2 ) ) ) )
T'(t) = 3 coS 2t+§ sin 2t—3C4 €% cost—Ch e sin t—3Cse 3t sin t+Che 3 cost

and since z/(0) = 2, we get 3 — 3C, + C; = 2,1.e. Cy = 2. Therefore the
particular solution is

1 1 10 35
x(t) = A sin 2t — 3 cos 2t + ?6_& cost + 36_& sint.

18



2.4. Fall 2016 Final Exam

2.4 Fall 2016 Final Exam

1. a) Explain the difference between the terms “general solution” and “par-
ticular solution”, in the context of ODEs.

b) What is Euler’s formula? Why is this formula important, in the context
of ODEs?

c) An evil professor tells a student to solve a 3 x 3 system of second-order,
linear, homogeneous ODEs by hand. After hours of work, the student
produces the following answer:

y = C1e™? + Che™™3 4 Cye™ + Cue cos(tv/2) + Cse ' sin(tv/2).

Despite not having done the problem himself, the professor knows this
answer is wrong, just by looking at it. Why?

2. Consider the initial value problem

y(0) = (1,2)

Suppose you wanted to estimate y(100) using Euler’s method with 20 steps.
Compute the first two points (other than the given initial condition) obtained
by this method.

{ y = (y+2t,x—vy)

3. Here is a picture of the phase plane of a 2 x 2 first-order system y’ = ®(y):

,,,,,,,,,,,,,,,,,,,,,,,,,,,

0 )(

N T
-10

5\\7//4;
)
2
=

o

a) How many stable equilibria does this system have?
b) How many unstable equilibria does this system have?

¢) Give the equation of any constant solution of the system.

19
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d) Let y(t) = (z(t),y(t)) be the solution to this system satisfying y(0) =
(4,-1).

i. Which statement best describes the behavior of the function x(¢)?
A. z(t) is increasing for all ¢.
B. z(t) is decreasing for all ¢.
C. z(t) is increasing for small ¢, but decreasing for large t.
D. x(t) is decreasing for small ¢, but increasing for large t.

ii. Which statement best describes the behavior of the function y(¢)?
y(t) is increasing for all ¢.

y(t) is decreasing for all ¢.

y(t) is increasing for small ¢, but decreasing for large ¢.

y(t) is decreasing for small ¢, but increasing for large ¢.

iii. Fmd Jim x(t).
—00

iv. Find lim y(¢).
t——o0

4. Find and classify all equilibria of the system

¥ =y—2x
y =y —2y—80 °
5. Consider the parameterized family of ODEs i’ = ¢(y; r), where

Sy;r) =y* =1

Find the location(s) of any bifurcation(s) occurring in this family, classify the
bifurcation(s), and sketch the bifurcation diagram for the family.

6. a) Find the particular solution of this initial value problem:

Write your answer as a function y = f(¢).
b) Find the general solution of this ODE:

7. a) Find the general solution of this ODE:

ty' + 2y = 4t?

20
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10.

11.

12.

13.

b) Find the particular solution of this initial value problem:

y' =9y — 22y =0
y(0) =9
y'(0) =38

a) Find the general solution of this ODE:
y/// + y// . QOy’ — 5662t

b) Find the general solution of this system:

' =3y
y'=2r—y

. Find the particular solution of this initial value problem:

¥ =6x—1y
Yy =x+4y
y(0) =(3,-1)

Find the general solution of this ODE:
y// — eV y/
Write your answer as a function y = f(¢).

Find the particular solution of this initial value problem:

' =br+2y
y =—-br—y
y(0) = (1,1)

A 40 L tank contains fresh water initially. A saline solution containing .02 kg
of salt per liter is pumped into the tank at a rate of 4 L/min. At the same
time, the tank drains through a pipe which removes solution from the tank
at a rate of 4 L/min. Assuming the tank is kept well-stirred, how much salt
is in the tank 3 minutes after this procedure starts?

An RLC series circuit consists of a 12 {2 resistor, a 4 H inductor, and a % F ca-
pacitor. Assume that at time 0, the charge across the resistor is 13 coulombs,
and the current running through the system is 3 amperes. If an external
power supply of 102cos £ V is applied to the circuit, find the charge in the
circuit at time ¢.

21
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Solutions

1.

a)

b)

The general solution of an ODE (or system of ODEs) is a description of
all its solutions (this description has arbitrary constants in it). Given an
initial value problem, you can plug in the initial conditions to the gen-
eral solution and solve for the constants, obtaining a particular solution
of the IVP (which has no constants in it).

Euler’s formula says that for any complex number ¢, e = cost + isint.
This formula is important in solving systems of ODEs (and higher-order
ODEs) because it tells you how to rewrite solutions obtained from com-
plex eigenvalues and eigenvectors in terms of cosines and sines.

If you reduce the order of a 3 x 3 second-order system, you will geta 6 x 6
first-order linear, homogeneous system (because 6 = 3 - 2) The solution
of any 6 x 6 first-order linear, homogeneous system is a 6-dimensional
subspace, so it has to have six arbitrary constants in it. The student’s
answer only has five arbitrary constants, so it has to be wrong.

2. First, let At = ==fo = 10-0 — 5 Next, to establish notation, let the system

3.

bey’ = ®(t,y)
Therefore t; =ty + At =0+5=5and

a)
b)

<)

20

(D1(t, (z,9)), P2(t, (z,y)). We are given (to,yo) = (0, (1,2)).

n

r1 = x0+ ¢1(0,(1,2)) At
=14+ (2+2(0))5

=14+10=11 B
v =0+ 6a(0,(1,2)At (ti,y1) = (5, (11, -3))

=24 (1-2)5

—2-5=-3

Next, to =t; + At =5+5=10and

To =IT1+ ¢1(0, (1, 2))At
— 114 (=3 +2(5))5
=11+35=46

Y2 =yt ¢2(07 (17 2))At
— 34 (11— (—3))5
= —-3+70=67

= (t2,y2) = (10, (46, 67)).

The system has one stable equilibrium (at (-7, 5)).
The system has two unstable equilibria (at (8,5) and (0, —6)).

The equilibria are constant solutions, so any of these three answers are

valid:
r=—7 =28 x=0
y=>5 y=>5 y=—06

(There are other ways to write this; for example, y = (—7,5), etc.)
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d) Let y(t) = (z(t),y(t)) be the solution to this system satisfying y(0) =
(4,-1).

i. From the phase plane, z(t) decreases then increases. The answer is
D.

ii. From the phase plane, y(t) is always decreasing. The answer is B.
iii. From the phase plane, tli}m x(t) = 8.

iv. From the phase plane, tEr_n y(t) = 5.

4. Thinking of the system as y’ = ®(y), we set ®(y) = 0 and solve for z and y:

O=y—2x N x:%y
0=1y%—2y—80 0=(y—10)(y +8)

From the second equation, y = 10 or y = —8. From the first equation, the
corresponding z-values are 5 and —4, so the two equilibria are (5,10) and
(—4,-8).

To classify the equilibria, compute the total derivative:

(& 5)-(2 .,
- )= (7 o)
G2 G2 0 2y—2

ox

Since this matrix is upper triangular, its eigenvalues are —2 and 2y — 2. That
means that for the equilibrium (5, 10), the eigenvalues of D®(5,10) are —2
and 18. Since there is one positive and one negative eigenvalue, (5, 10) is an
unstable saddle.

For the equilibrium (—4, —8), the eigenvalues of D®(—4, —8) are —2 and —18.
Since both eigenvalues are negative and real, (—4, —8) is a stable node.

5. We start by finding the equilibria of the system in terms of 7: set ¢(y;r) = 0
and solve for y to get

O=y*"—r’=0=(y-r)ly+r)=y=ry=-r
Next, classify these equilibria using the sign of ¢'. ¢(y) = 2y, so we conclude
stable if r < 0
¢'(r)=2r =y =ris { semistableif r =0
unstable if » > 0
unstable if » < 0

¢'(—r) = —2r =y = —ris { semistableif r =0
stable if » > 0
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We can now sketch the bifurcation diagram:

=
>
»
>
»
\

- N W A o N

1
2
3
4
5|
6
7
8

That means there is a transcritical bifurcation at » = 0 because the two equi-
libria cross and change behavior.

6. a) Separate the variables and integrate both sides:

dy y+1
dt — t+1
1 1

/1dy: L
y+1 t+1
In(y+1)=In(t+1)+C
y+1= eln(t—i-l)—i-C _ C(t—i—l)
y=C(t+1)—1

Now plug in the initial condition y(2) = 3toget3 = C(2+ 1) — 1 and
solve for C to get C' = 3. Thus the particular solutionisy = §(t + 1) — 1,
ie.

4 1

=t -
=3ty
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b) Separate the variables and integrate both sides:

dy

< =/t

a VY
1
—dy =Vtdt
VY

1
/\/gdy _ /\/Edt
2,y = §t3/2 +C.
(If you solved for y, you'd get y = (532 + C)? = 3t + 2CtV/t + C2)

a) First, divide through by ¢ to write the equation as 4/ + 2y = 4t. Then,
compute the integrating factor:

M(t> _ efotpo(s)ds _ efot%ds _ 621nt _ t2.

Multiply through by p to obtain the equation

) = 21(?)

dt
d
7 (v?) = 44
yt? =t + C
y=t"+Ct >

b) The characteristic equation is 0 = A\* — 9\ — 22 = (A — 11)(\ + 2) which
has roots A = 11 and A = —2. Therefore the general solution is y =
Che''t + Cre?'. To find the particular solution, differentiate to get y' =
11C et — 2C5e~? and plug in the initial values to get

9=Ci+Cy o
{8:1101—2(3’2 > G =20=1

Therefore the particular solution is y = 2e!'* + Te~,

a) The characteristic equation is A* + A? — 20\ = A(A + 5)(A — 4) which has
roots A\ = 0, A = 4 and A = —5. Therefore the general solution of the
homogeneous is y = C; + Cae® + Cse™". Since ¢ = 56e*, guess y, = Ae*
and plug in the original equation to get

8Ae* + 4Ae* — 40Ae* = 56e* = —284 =56 = A = —2.
Therefore y, = —2¢* so the general solution is y = y, + yy, i.e.

y = —2e% + C) + Coe® + Cye™.
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b) Thinking of the system as y’ = Ay, start with the eigenvalues of A:

det(A=MI) = (0=A)(=1-X)—=2(=3) = N>+ 6 = (A+3)(A\=2) = A = -3, A =2

Next, eigenvectors. Let v = (z,y) and solve Av = Av for each eigen-
value:

- ) 3y = -3z _ 1
A__g'{2x—y:—3y sy=—cr=v=(1-1)

o) 3y=2x - -
A_Q'{Zx—y:Zy =3y=2r=v=32)

Thus the general solution is

. 1 3
() e ()

Written coordinate-wise (not required), this is
z(t) = Cre™3 + 3Cye?
y(t) = —Cre 3 + 20e*
9. Thinking of the system as y’ = Ay, start by finding eigenvalues of A:
det(A— M) =(6—-N)(4—X)+1=X1—10A+25= (A —5)’

so the only eigenvalue of A is A = 5. Next, find eigenvector(s): let v = (z,y)
and set Av = Av to get

{6x—y:5x

4+ dy = 5y sr=y=>v=(11)

Now, find a generalized eigenvector w = (z,y) by solving (A — \[)w = v:

r—y=1 _
{x—yzl =w = (1,0)

Now, our theorem on repeated eigenvalues tells us that the general solution

s (L) safe () (1)]

Coordinate-wise, this is

r = (01 + 02)65t + 02t65t
y = Cre’ + Cyte™

To find the particular solution, plug in the initial condition to get 3 = C; 4 C
and —1 = (). Therefore C, = 4 so the particular solution is

x = 3¢’ + 4t
y = —et 4 4te’ -
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10. This is a second-order, non-linear equation with no ¢ in it. Think of y as the

independent variable and let v = y' = %. Then y" = UZ—Z so the equation
becomes
dv Y
V—— =€ “0
dy
This equation can be solved by separating variables and integrating both
sides:

dv=eYdy=v=—-e"Y+C.
Now back-substitute for v to get the equation

d 1 Cev — 1
ﬂ:—e-y+0:€7+0: —

dt ey
This equation is separable and can be rewritten as
ey
dy = dt;
Cev—1" ’

integrate both sides (you need the u-substitution u = C'e¥ —1 on the left-hand
side) to get
1

Eln(Cey —1)=t+D.

Solve for y to get

1
y=In a(eC(HD) + 1), ie. y = In(e“P + 1) —InC.

11. Think of the system y’ = Ay + q and start by finding the eigenvalues of A:

A+.,/42 —4(5 )
det(A—AT) = (5=A)(—1=A)+10 = \2—4\+5 = \ = £ -40) 4yl

2 2

Solve for the eigenvector v = (x,y) corresponding to 2 + i:

Sr+2y=(2+1i)x L B 2 (2 {0
{ hr—y= 24y T W= (B v= ( —3+i ) = ( -3 )“( 1 )
Wehavea =2,6=1,a = (2,-3)and b = (0, 1), so by the theorem governing
solutions with complex eigenvalues we have

y=0C [eztcost< _23 ) —e*gint ( (1) )]—1-02 [emcost( ? ) +62tsint< _23 )1 .

To find the particular solution, plug in the initial condition to get

{1:201

1
1=-30,+C, = G=50G=3
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12.

13.

Therefore the particular solution, written coordinate-wise, is

z(t) = e* cost + He*' sint
y(t) = e* cost — 8e*'sint

Let y(t) be the amount of salt in the tank at time ¢. The rate at which salt
enters the tank is .02 kg/L x4 L/min = .08 = Z kg/min, and the rate at
which salt leaves the tank is /40 kg/L x4 L/min = -ty kg/min. This leads
to the initial value problem

Y =% — 5y
y(0) =0

(y(0) = 0 because the water is initially fresh.) To solve the ODE, one can
use integrating factors or undetermined coefficients. Using undetermined
coefficients, the corresponding homogeneous equation is § = T3y which has
solution y, = Ce /1. Since ¢ = Z, guess y, = A and plug in to obtain

0= 2 — 4. Solve for A to get A = 1,50y, = 1 and the general solution is

therefore

4
y=yp+yn=Ce 0+ =

Solve for C' using the initial condition y(0) = 0 to get the particular solution

y = —2e /1% 4 1 Therefore at time 3, the amount of salt in the tank is
4 4
3)=——e 3104
yB3) =—¢ 3

The RLC series circuit equation is

1
Lq"(t) + Rq'(t) + 74(t) = Es(1)

where ¢ is the charge. In this problem, the above equation leads to the initial
value problem

4¢" +12¢' 4 25q = 102 cos &

a(0) = 13

¢(0)=3
To solve the IVP, start with the characteristic equation 0 = 4\? + 12\ + 25 =
4(A? + 3\ + 2) which has roots
=3 £v9-25 -3

— 2

A
2 2

Therefore the general solution of the homogeneous is

gn = Che 32 cos 2t + Che 32 sin 2t.
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To find ¢,, guess ¢, = Acos% + Bsin % Then ¢, = —g sin% + g cos% and

¢y = = cos 5 — & sin §. Plugging in the original equation, we get
—A t B t —A t B t t t t
4 (40052 — 4sin2> + 12 <251n2 + 20052) + 25 <Acos2 +Bsin2) = 1020055
t t t
(24A + 6B) cos 3 + (24B — 6A) sin 3= 102 cos 3

Therefore 24A 4+ 68 = 102 and 248 — 6A = 0; solving for A and B we get
B =1and A = 4. Therefore y, = 4cos £ + sin § so the general solution is

t t
q=¢qp+ qn = 4cos B + sin 5 + Cle_3t/2 cos 2t + 026_3t/2 sin 2¢.

To find C; and C,, differentiate to get

t 1 t 3 3
¢ = —2sin §—|—§ cos §—§Cle_St/2 cos 2t—2C e 342 sin 2t—§C26_3t/2 sin 2t—|—2026_3t/2 cos 2t;

then plug in the initial conditions to get

{13:4+01 0= 0.Cy—38

3=1-3C1+20,
Therefore the particular solution is ¢(t) = g, + qx, i.e.

t t
q(t) = 4 cos 5 + sin 5 +9e 732 cos 2t + 8e 32 sin 2t.
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Chapter 3

Exams from Fall 2017

3.1 Fall 2017 Exam 1

1.

Briefly explain the difference between the terms “general solution” and “par-
ticular solution” in the context of ordinary differential equations.

Sketch the phase line for the autonomous ODE 3y’ = 5y* — 4.

Here is the picture of the slope field associated to some first-order ODE ¢’ =

o(t,y):

a) Write the equation of any one solution of this ODE.
b) Suppose y(0) = —5. Find Jim y(t).
¢) Suppose y(—1) = 1. Estimate y(2).

d) On the picture above, sketch the graph of the solution satisfying the
initial condition y(3) = —4.
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e) Lety = h(t) be the solution of the initial value problem

{ y/ = gb(t?y)
y(0) =2

Suppose you used Euler’s method to estimate /(12) using 3 steps. What
are the coordinates of the point you would you obtain as (¢, y1)?

. Find the general solution of the following ODE:

dy
— 2 5t
o oy + 20e

Write your answer as a function y = f(¢).
. Find the particular solution of the following initial value problem:

dy _ _ty
dt ~— t2+1
{ y(0) =4

Write your answer as a function y = f(¢).

. Find the particular solution of the following initial value problem:
y/ — % _ te_t
y(=1)=0

. Find the general solution of the following ODE:

, CoSt—y—cosy
y =

t —tsiny
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Solutions

1. Given an ODE, the set of all solutions of that ODE is called the general solu-
tion of the ODE. This solution will have one or more arbitrary constants in it.
If you are given an initial value, you can plug that initial value into the gen-
eral solution, solving for the constant in the general solution. This produces a
solution of the ODE with no arbitrary constants, which is called a particular
solution of the ODE.

2. ¢(y) = 5y*—y?; set ¢(y) = 0 and factor to solve for y: this gives 0 = y*(5—y) so
the two equilibria are y = 0 and y = 5. To classify them, compute derivatives
of ¢ and plug in the equilibria. When y = 5, ¢/(5) = 50 — 75 < 0 so 5 is stable;
when y = 0; ¢/(0) = 0 but ¢”(0) = 10 # 0 so 0 is semistable. Therefore the
phase line looks like this:

——P—’—P——'—E

0 5

3. Here is the picture of the slope field associated to some first-order ODE 3’ =

o(t,y):
a) y = 3 and y = —2 are solutions.
b) If y(0) = —5, then tlim y(t) = —2.
c) Ify(—1) =1, then y(2) =~ —1.
d) Here is the graph:

L

e) Notice that ¢(0, 2) is the slope of the vector field at the point (0, 2), which
is 0. So if you used Euler’s method with 3 steps, At = fn=fo — 1220 — 4
SO

L=t +At=0+4=3

and therefore (t1,11) = (4,2).

4. Solution # 1: Rewrite in standard form as 3 — 5y = 20e”; then the integrating

factor is
[ = exp (/ -5 dt) = e
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After multiplying through by the integrating factor, the equation becomes

jt (y6_5t> = 20ee™5" = 20.

Integrate both sides to get
ye ot = 20t 4 C;

solve for y to get y = 20te® + Ce”.

Solution # 2: Rewrite in standard form as v’ —5y = 20e° and use undetermined
coefficients. The corresponding homogeneous equation is ¢’ — 5y = 0 which
has solution ¥, = €. Since the right-hand side of the ODE is 20e°!, a normal
guess for the particular solution would be y,, = Ae™ but since this is the same
as y,, up to a constant, you need to multiply the guess by ¢, i.e. y, = Ate’.
Plugging in the equation, we get

y — by = 20>
(Ate®) — 5(Ate’) = 20e™
Ae® + 5Ate” — 5Ate® = 20e™
Aedt = 20

A=20

Therefore y, = 20te™, so the solution is y = y, + C'y;, = 20te® + Ce.

5. This equation is separable; divide both sides by y and multiply both sides by

dt to obtain
1 t

Zdy = ——
Yy YT
Then integrate both sides (you need the u-sub u = * + 1 on the right) to get

dt.

1
Iny = §1n(t2 +1)+C;

solving for y by exponentiating both sides gives
y = e%ln(t2+1)+C = CV2 + 1.

Now, plug in the initial condition ¢t = 0,y = 4to get4 = Cv/02 + 1,i.e. C = 4.
Thus the particular solution is y = 4v/¢? + 1.

6. This equation is first-order linear; rewrite it as

1
- 2y =—te "
Y ty
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From this point there are two methods of solution:

Solution # 1: The integrating factor is

—1 1
[ = exp (/tdt> =exp(—Int) =t = i

after multiplying through the equation by the integrating factor we get
4 (y> — et
dt \t '

=e '+ C.

Integrate both sides to get
Y
t
Now plug in the initial conditiont = -1,y =0toget0 = e+ C,ie. C = —e.
Thus the particular solution is

y:e’t—e.
t

If you solved for y (not required), this can be rewritten as y = te™" — et.

Solution # 2: The corresponding homogeneous equation is ' — 1y = 0 which

has solution
1 Int
yhzexp</tdt):e =t.

For the particular solution, guess y, = Ate™'+ Be™*; plugging in the equation
we get

1
ro At
Y ty €
1
(Ate™" + Be™) — E(Ate_t + Be ™) = —e!
1
Ae ' — Ate " — Be ' — Ae ' 4+ Bge_t — ¢t

B
—Ate ™t — Be 7t + ?eft = ¢t

Therefore —A = —1s0o A = 1 and B = 0, so y, = te”'. That makes the
general solution y = y, + C'y, = te™' 4+ Ct. Plugging in the initial condition
as in Solution # 1 gives the same particular solution: C' = —e and therefore
y=te ! —et.
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7. Rewrite the equation as
Y+ cosy —cost + (t — tsiny)y’ = 0.

Now let M = y 4 cosy — cost and let N = ¢ — tsiny. We see that M, = N, =
1 — siny so the equation is exact. Now find 1 by integrating:

P = /Mdt = /(y—l—cosy—cost)dt:yt—l—tcosy—sint—i—A(y)
P = /Ndy: /(t—tsiny)dy:ty+tcosy—|—B(t)
To reconcile these answers, set B(t) = —sint and A(y) = 0 so that ¢(¢,y) =

ty+t cos y—sint. The general solution is therefore ¢ (¢, y) = C, i.e. ty+tcosy—
sint = C.
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3.2 Fall 2017 Exam 2

1. Lety(t) = (z(t),y(t)) be the solution of the initial value problem

{ y =(x—2y+ty—3x)
y(0) =(2,1) '

Suppose you wanted to estimate y(80) using Euler’s method with 40 steps.
Compute the points y; and y, that would be obtained by this method.

2. Here is the phase plane of a first-order, autonomous 2 x 2 system of ODEs

@
w

-2 0 2 4 6 8 10

Use this picture to answer the following questions:

a) Find all saddles of this system (if there are no saddles, say so).
b) Find all nodes of this system (if there are no nodes, say so).

¢) Find all centers of this system (if there are no centers, say so).
d) Is the trace of D®(3,2) positive, negative or zero?

e) Is the determinant of D®(3, 2) positive, negative or zero?

f) Suppose y(0) = (5, —6). In this situation, which statement best describes
the behavior of z(t)?

A. z(t) increases for all ¢
B. z(t) decreases for all ¢
C. initially, z(¢) is increasing, but then it becomes decreasing
D. initially, z(t) is decreasing, but then it becomes increasing

g) Suppose y(0) = (5, —6). In this situation, which statement best describes
the behavior of y(t)?

A. y(t) increases for all ¢
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B. y(t) decreases for all ¢
C. initially, y(¢) is increasing, but then it becomes decreasing
D. initially, y(¢) is decreasing, but then it becomes increasing

3. Find the particular solution of the following initial value problem:

{ ¥ = =Tz + by z(0) =2
y' =1 —3y y(0) =4

4. Find the general solution of the following system of ODEs:

¥ = bxr — 4y + 3et
y = 4r — by + 4de’!

5. Find the particular solution of the following initial value problem:

{ y = (=Tx + 2y, —25x + 3y)
y(0) = (1,-5)

Write your final answer coordinate-wise.
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Solutions

1. First, At = t=to = 8020 — 2 Now, (o, yo) = (0, (2,1)) and ®(y,) = (2 — 2(1) + 0,
1—3(2)) = (0, —5) so by the Euler’s method formula,

th=tg+At=0+2=2
Y1 =Yo + cb(t07yO)At = (27 1) + (07 _5)2 = (27 _9) .

Now, ®(t1,y1) = (2—-2(—9) +2,-9 — 3(2)) = (22,—-15) so

y2 =y1+ ®(t,y1)At = (2,-9) + (22, -15)2 = (46, —39) .

2. a) The only saddle is at (3, —3).
b) This system has no nodes.
¢) The only center is at (3, 2).
d) Since (3,2) is a center, tr(D®(3,2)) = 0.
e) Since (3,2) is a center, det (D®(3, 2)) is positive.

f) B. Since the graph of the solution always moves to the left (in the direc-
tion of increasing t), x(t) decreases for all .

g) C.In the direction of increasing ¢, the graph of the solution initially goes
upwards, then downwards.

3. Let A = ( _17 _53 > so that the system is y’ = Ay. First, find the eigenvalues
of A:
—7—=A 5
det(A—)\I):det< 1 _3_)\>:(—7—>\)(—3—)\)—5
=N +10A+16 = (A +8)(A+2)
so the eigenvalues are A = —8 and A = —2. Now for the eigenvectors; let
v = (2,y):
.. - —Tr + 5y = —8x o B
A= 8'AV_)\VZ>{x—3y:—8y = —z = by = (5, —1)
. _ —Tr + o5y =—2x _
A= 2.AV—)\v:>{x_3y:_2y =z=y=(1,1)

Therefore the general solution is

y = Cle_8t< _51 > —|—02€_2t< 1 > )
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To find the particular solution, plug in the initial value y(0) = (2,4) to get

2 =5C, + Oy B _ -t 1
{4:_01+C2 :>601——2:>01—?,02—§.

Therefore the particular solution is

_ -1 s 5 (1
—5 -8t 11 -2t
= < %e—St +1f’e_2t )
ge + ?e
5

. Let A = 4 :g so that the corresponding homogeneous system is y’' =

Ay. First, find the eigenvalues of A:

5-XA  —4
det(A—/\]):det< A 5 ) =bB-=N(=b—-X)+16
=X —-9=(\+3)(\-3)
so the eigenvalues are A\ = —3 and A = 3. Now for the eigenvectors; let

v = (z,y):
Sr — 4y = —3x
4dxr — by = —3y

dr — 4y = 3z
4x — by = 3y

)\:—B:AV:)\v:>{ =y =2z=(1,2)

)\:3:AV:)\V:>{ =r=2y=(21)

Therefore the general solution of the homogeneous is

_ 1 2
yn = Cie 3t<2>—|—0263t<1>.

Now, we find a particular solution y, using undetermined coefficients. Since
q = (3e7",4e7"), we guess y, = (Ae~", Be™"). Plugging this into the system,
we get

—Ae ! =5Aet —4Bet+3et —A =5A—4B+3
—Be ™t =4Ae ' —5Be "t +4et —B =4A—-5B+14

From the second equation 45 = 4A +4,i.e. B = A+ 1. Plugging this into the
first equation gives —A = 54 —4(A+1)+3,ie. —A=A—1s0 A= 1and

B = 2. Therefore
Aet
Yp =\ Bet )~

2
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Last, the solution is
Y=Y» +¥n

—7e-t 1 o [ 2
— 10 —3t 3t
(g0 )rae(y)ren (D)

é 7t—|—016 3t+20 €3t
%e +2C e 3 4 Ohe® )

5. Let A = ( __275 ; > so that the system is y’ = Ay. First, find the eigenvalues
of A:
—7—-X 2
det(A — \I) :det< o5 3 ) =(=7=XNB—=X)+50

=N\ + 4\ + 29.

By the quadratic formula, the eigenvalues are

—4+,/16 — 4(29 —44++/—1 —4+10¢
A= - 29) _ : L 202:—2i5i

so a = —2 and § = 5. Next, find the eigenvectors; let v = (z, y):
—Tx 42y = (—2+ bi)x
25z + 3y = (—2 4+ 5i)y
=2y = (b + 5i)x

= (2,5+5i) = (2,5) +1i(0,5).

A=—-2+4+5i: AV:)\V:>{

Therefore a = (2,5) and b = (0, 5). By the theorem from the lecture notes, the
general solution is therefore

y=0C4 [ Lcos(Bt)a — e sin(pt) } + s [ tcos(Bt)b + e sm(,@’t)a}

2\ o 0 0 ot . 2
—Clle cos5t<5> e 51n5t<5>]+02le cos5t<5>—|—e 51n5t<5>]

_ 2C e~ 2 cos 5t + 2Coe ! sin 5t
(5C1 + 5Cq)e~2t cos 5t + (5Cy — 5C4 )e 2 sin 5t

Now for the particular solution. Pluggingint =0,y = (1, —5), we get

{1:201

5=50, 450, ~ 1=

1
o N
D)
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Therefore the particular solution is

B e " cos 5t — 3e~% sin bt
Y=\ —5e2cos5t — 10e 2 sin 5t |

Written coordinate-wise, this is

z(t) = e cosbt — 3e * sin 5t
y(t) = —be ! cosbt — 10e > sin 5t
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3.3 Fall 2017 Final Exam

1. a) Write down an example of a 2 x 2 matrix A such that the constant-
coefficient system y’ = Ay has a stable node at the origin.

b) Consider the third-order differential equation 3" + ' — by = ¢'. Convert
this equation to a first-order system of the form y’ = Ay + q, clearly
defining what y, A and q are.

c) Let v = ¢(t,y) be a first-order, linear ODE and suppose that y,(t) =
2t + t* and y,(t) = t + t* are particular solutions of ' = ¢(t,y). Find the
general solution of the ODE v’ = ¢(¢,v).

d) Find Jim h(t), where y = h(t) is the solution of the IVP

2. Consider the initial value problem
dy _ -1
dt y+t
{ y(1) =
Estimate y(10) by using Euler’s method with 3 steps.

3. Here is a picture of the phase plane of some 2 x 2 first-order system y’ = ®(y):
\ / ]
/\

/
E‘*
//‘\%/

=

o

m

.;;

N

Use this picture to answer the following questions:

a) Give the location of all equilibria of the system. Classify each equilib-
rium.

b) Lety = (z(¢),y(t)) be the solution of this system satisfying y(0) = (6, 2).

42



3.3. Fall 2017 Final Exam

i. Find hm x(t).
(t)-

iii. Find hm x(t).

ii. Find hm Yy

c) Lety = (f(t), g(t)) be the solution of this system satisfying f(0) = 1 and
9(0) = 6.

i. Is f'(0) positive, negative or zero?
ii. Is ¢'(0) positive, negative or zero?

4. Find and classify all equilibria of this system:
{ =2 —y—1
Y =y =3y
5. Find the particular solution of this initial value problem:

10
{ v 6y2+1
y(4) =3

6. Find the general solution of this ODE writing your answer as a function y =

f(t).

dy
Y6ty =12t
at T

7. Find the particular solution of this initial value problem:

8. Find the general solution of this ODE:

y" — Ty — 18y = =54t + 15

9. Find the particular solution of this initial value problem:

{ y = (=3x+4y,—x — Ty)
y(0) = (7,-2)

10. Find the general solution of this system, and write your answer coordinate-

wise:
= —Tx + 25y
y' = —br + 13y
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11.

12.

A 4 kg mass is attached to the end of a spring with spring constant 2 N/cm.
Assume that the damping coefficient is 6 N sec/cm and the entire system is
subject at time ¢ to an external force of 2cos £ + 6sin £. If at time ¢ = 0, the
mass is moving with initial velocity —4 cm/sec and has position 2, find the
position of the mass at time ¢ = 7.

Two large tanks each hold some volume of liquid. Tank X holds 100 L of
sulfuric acid solution which is initially 4% hydrochloric acid; tank Y holds 50
L of solution which is initially 12% hydrochloric acid. Pure water flows into
tank Y at a rate of 3 L/min and pure water flows into tank X at a rate of 1
L/min. Tank Y drains into tank X at a rate of 2 L/min, and drains out of the
system at a rate of 1 L/min. Tank X drains out of the system at a rate of 3
L/min, and does not drain into tank Y.

Assuming that at all times the solution in each tank is kept mixed, find the
concentration of hydrochloric acid in tank X at time 25.
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Solutions

1. a) Any 2 x 2 matrix with two negative, real eigenvalues works: the easiest
thing is to write down any triangular (or diagonal) matrix with negative

numbers along the diagonal, like (for example) A = ( -0 )

0 -1
Y
b) Rewrite the equation as y"” = —y' +5y+¢€'. Then,lety = | ¢ |, let A=
/!
0 1 0 0
0 0 1 |andletq= | 0 |[. The equation becomesy = Ay + q
5 =1 0 et
as desired.

c) From the theory of first-order linear equations, we know that the dif-
ference of any two solutions of a linear ODE solves the corresponding
homogeneous equation. So y;(t) — ya(t) = ¢ + t* — * is a solution of
the corresponding homogeneous equation. Furthermore, we know that
for a homogeneous first-order linear ODE, the solution set is the span
(i.e. set of multiples) of any one nonzero solution, so the homogeneous
equation has as its solution set y;, = C'(¢ +¢* — t*). The solution set of the
original equation is therefore any one particular solution of the equa-
tion (like either y; or y,) plus the solution set of the homogeneous, i.e.
the general solution is

y=2t+t+Ct+1*—1%).

d) Let ¢(y) = (y — 2)(y — 9). Clearly ¢(y) = 0 wheny = 2 or y = 9. Then
¢ (y) =2y —11,s50 ¢'(2) = =7 < 0and ¢'(9) = 7 > 0. Thus 2 is a stable
equilibrium and 9 is an unstable equilibrium of this equation. Ast — oo,
h(t) will approach the stable equilibrium, so Jim h(t) = 2.

2. Let¢(t,y) = Z;Jri so that the equation becomes ' = ¢(t,y). Next, At = ta=to —

-1 = 3. We are given (to, yo) = (1,2). Therefore ¢(3,10) = ;71 = 0 so

th=tg+At=1+3=4
{ ! 0 :><t1,y1):(4,2)

Y1 = Yo + ¢(to, Yo)At =2+ 0(3) = 2
NeXt/ ¢(tlay1) = % = % SO

= (ta, ) = (7, 5).
{ Yo =1 + Ot y1) At =2+ 3(3) = 7 (t232) = ( 2)
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LaSt’gb(tZayQ):%:%:%SO
ts =ty +At=T+3=10 -
= (13, = (10, —).
{y3:yz+¢(t2,y2)At=;+‘;(3):;+172:ﬁ (ts,93) = (10, )

So y(10) ~ .

3. a) (2,4)is astable node; (7,8) is a saddle.
b) i lim z(t) = 2.

t—o0
ii. lim y(t) = 4.
iii. lim z(t) = co.
t——o00

o i fl(0)=%& oty 0 since the graph of y is moving to the right at
t=0.

ii. ¢(0) = % oty < 0 since the graph of y is moving downward at
t=0.

4. Let ®(z,y) = (2* — y — 1,y* — 3y). Setting ®(z, y) = 0, we obtain

0=2—y—1
0=1y?—3y

From the second equation (which factors as 0 = y(y—3)), eithery = Oory = 3.
When y = 0, from the first equation 2? = 1, so z = £1. When y = 3, from
the first equation 2% = 4, so x = +2. We therefore have four equilibria, which
we classify by looking at the eigenvalues of the total derivative D®(z,y) =

2 —1 ]

0 2y—3 /)

e (1,0): DP(1,0) = (
saddle.

2

0 :21)) ) has eigenvalues 2 and —3, making (1,0) a

o (—1,0): DB(—1,0) =
(—1,0) a stable node.

—02 :21% ) has eigenvalues —2 and —3, making

e (2,3): DP(2,3) = ( é _31 ) has eigenvalues 4 and 3, making (2,3) an
unstable node.
o (—2,3): DP(2,3) = ( _04 _31 ) has eigenvalues —4 and 3, making

(—2,3) a saddle.
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5. This equation is separable: rewrite it as (6y* + 1) dy = 10dt. Then integrate
both sides to get 2y + y = 10t + C. Plug in the initial condition (4, 3) to get
2(27) +3 = 10(4) + C, i.e. C' = 17. Thus the particular solution is 2y* + y =
10t + 17.

6. Multiply through by the integrating factor u = exp ([ 6tdt) = exp(3t?) to
obtain the equation % (ye3t2) = 12te*””. Now integrate both sides (you need

the u-substitution u = 3t>,du = 6t dt on the right-hand side) to get ye*’ =
2e3° 1 C. Solving for y, we obtain y = 2 + Cle3t,

7. Rewrite the equation as y” + 16y = 0 and solve the characteristic equa-
tion \* + 16 = 0 to obtain A = +4i. Thus the general solution is y =
Cicosdt + Cysindt. To find the particular solution, differentiate to obtain
y' = —4C sin 4t + 4C; cos 4t. Plugging in y(0) = 3 and y/'(0) = 5 yields

3201 o _5
{5:402 $01—3,02—Z.

Thus the particular solution is y = 3 cos 4t + 2 sin 4t.

8. First, solve the homogeneous equation y"” — 7y’ — 18y = 0 by considering the
characteristic equation 0 = A\? — 7\ — 18 = (A — 9)(A + 2). This equation
has solutions A = 9, = —2 so the solution of the homogeneous is y;, =
C’legt + 026721‘/.

Now find a particular solution using undetermined coefficients; guess y, =
At 4+ B and plug into the equation to obtain

0—T7(A) — 18(At + B) = —54t + 15,

ie. —18At + (—7A — 18B) = —54t + 15. Thus —18A4 = —54,s0 A = 3. Then
—7(3) — 18B = 15s0 —18B = 36 so B = —2. Thus y,, = 3t — 2 so the general
solution of the equation is

Yy=1Yp + Yn = 3t—2+ C’legt + 0267215.
9. First, find the eigenvalue(s):
—-3-A 4 ) )
det{ 7,7 7 )= (3N (TN +4=0 100 +25= (A +5)

so the only eigenvalue is A = —5 (repeated twice). Next, the eigenvector(s):

{ —3r+dy = —5r =r=-2y=>v=(2-1).

—x — Ty = —dy
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Since there is only one linearly independent eigenvector, we find a general-
ized eigenvector w = (z,y):

—3—(=5) 4 21 + 4y = 2
( . —7—(—5)>W:V:{—x—2yy:—1 =w = (1,0).

Now by the formula from the lecture notes, the general solution is

y = Cre ( 2 ) e [ ( (1) ) e ( 5 )1

[ (201 4 Co)e 5t + 2Cqte™
N —Che™o — Cyte™t '

Now for the particular solution. Plugging in the initial condition y(0) =
(7,—2), we get

—2=-C
which leads to C; = 2 and C; = 3. Thus the particular solution is

[ Te Tt 4+ 6te™
Y=\ 28 _3te5t |-

10. First, find the eigenvalue(s):

{7:201+CQ

—7-X 25
det( g 13_/\):(—7—>\)(13—>\)+125:/\2—6>\+34

so by the quadratic formula, the eigenvalues are
NELERUCUE D)

2
Next, the eigenvector for 3 + 5i:

1
:3i§\/—100:3i5z’.

{ —T7x 4 25y = (3 + 5i)x

5+ 13y = (34 5i)y = 25y = (10+5%)x = 5y = (2+1)z = v = (5, 2+i) = (5,2)+4(0, 1).

Now by the formula in the lecture notes, the general solution is

y =C le3tcos5t< g ) —eStsin5t< (1) ) e3tcos5t< (1) ) +e3tsin5t< g )]

_ 5C1e3 cos 5t + 5Cqe sin 5t
T\ (201 + Cy)edtcos Bt + (—C + 205)e3t sin bt )

+Cs

Written coordinate-wise, this is

z(t) = 5C1e3 cos 5t + 5Cye® sin 5t
y(t) = (20) + Cy)e cos bt + (—Cy + 2Cy)e sin 5t
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11. From the spring equation ma”(t) + bz'(t) + kxz(t) = F..(t), we obtain, by

12.

plugging in the constants given in the problem, the following IVP:

4x" + 62’ 4+ 2x = 2cos 5 + 6sin L
z(0) =2
#(0) = —4

To solve this, start with the corresponding homogeneous equation 42" + 62’ +
22 = 0 which has characteristic equation 4\* + 6\ + 2 = 0. This equation
factors as 2(2\ + 1)(A + 1) = 0 so it has solutions A = —1 and A = =!. Thus
the general solution of the homogeneous is y, = Cie™ + Coe /2,

Next, find a particular solution with undetermined coefficients. Guess z, =

t sa b I Ant B t "no__ A t B it
Acosi + 581115, thgn T, = —5sing + 5 cosjand ¥, = —%cos; — 7sing.
Plugging in the original equation, we get

A t B t A t B t t t t t
4(—ZCOS§—Zsing)+6(—5sin§+§cos§)+2(Acos§+Bsin§):20055 +6sin§
t t t t

:>(A+3B)cos§+(—3A+B)sin§:2cos§ +6sin§

A+3B=2 8, 6

{ —34+B=6 ~ 4= 585

8

Therefore z, = —:

cos%—i—%sin%so
8 t 6 t
T =T, +TH = _5‘3055 + gsin§ +C’16_t+C’26_t/2.

Now find C; and C, by plugging in the initial conditions: plugging in z(0) =
2, weget2=—3+C) +Cys0Cy + C, = 2. Plugging in 2/(0) = —4, we get

—4=2—C) — 30y, ie. —C) — 3C5 = =2; solving the two equations together
gives Cy = —2,C} = 2 so the particular solution of the spring equation is

-8 t 6 t 2
x(t) = — o8y + = sin 2 + ge_t —2e7/2,

Finally, answer the question by plugging in = 7 to obtain

-8 ™ 6 . 7™ 28 _

x(m) = ?cosg—k gsm§+€e ™ 2e7"/2
6 28
= 5 + ge_ﬂ— — 26_Tr/2.

Let z(t) and y(t) be the amount of hydrochloric acid in tanks X and Y, respec-
tively, at time ¢t. Let y = (z(t), y(t); from the given information, we obtain the
following IVP:
{ y' = (2y/50 — 32/100, —3y/50)
Y(O) = (47 6)
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Written in matrix form, this equation is y’ = Ay where

31
A_<100 35>.
0 %

Since this matrix is triangular, its eigenvalues are its diagonal entries: A =

-3 _ =3 . . .
To5: A = 55 Now find eigenvectors:

=3 1, =3

o A= W T YT 0T oy 20 (1,0)
50 Y = 100Y

o \= I = Y = 75T = 4y = =31 = (4,-3)
50 50

Therefore the general solution of this system is

_ 1 _ 4
y = Che 3t/100<0 ) + Che 3t/50( o )

Plugging in the initial conditions, we get

{4201+4C2 = O, =12,Cy = —2.

6 =—3C,

Thus the particular solution is

1 4
_ —3t/100 _ 9,-3t/50
y = 12e (O) 2e <_3>,

which coordinate-wise is

2(t) = 126734/100 _ g¢=3t/50
y(t) = 6e=3/50 :

So the amount of hydrochloric acid in tank X at time 25 is z(25) = 12¢3/4 —
8e~3/2; the concentration is given by this amount divided by the volume of
tank X, which gives

12¢73/4 — 83/ T 3/4 — 2¢73/2
100 B 25 ‘
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