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Chapter 1

Probability spaces

1.1 The big picture

FIRST QUESTION
What is probability?

Some history of probabiity

Pascal & Fermat (1654): correspondence regarding fair odds in games of chance
Bernoulli (1713), de Moivre (1718): basic laws of discrete probability

Boltzmann (1896), Gibbs (1902): statistical mechanics of gases expressed in terms
of the random motion of large numbers of particles

Kolmogorov (1933): formal, mathematical foundation of the subject

Black-Scholes (1973): application of probability to pricing of derivatives

6



1.1. The big picture

General setup of probability

1. You intend to perform an experiment which has different possible outcomes.

2. Use mathematical language to predict frequencies of these outcomes under rep-
etitions of the experiment.

MOTIVATING EXAMPLES

1. Roll a die repeatedly, and record the number you roll (the number is the
outcome).

In this setting, you might be interested in knowing things like:

* What is the likelihood (a.k.a. probability) you will roll a 4 on the third
roll?

* What is the probability you will roll between nine and twelve 4s if you
roll the die 60 times?

* How many rolls on the average will it take you until you roll a 4 for the
eighth time?

¢ What is the probability you eventually roll nineteen 5s in a row?

* What is the probability that the sum of the first 200 numbers you roll is
less than 6507

2. A driver will be involved in a random number of accidents over the course
of a year, and each of these accidents will cause a random amount of damage
to his/her car.

* How long will it take (on the average) for the driver to be involved in
three accidents?

* What is the probability the driver can be accident-free for at least six
years?

* What is the probability the driver will cause more than $3000 worth of
damage over the course of two years?

* What is the smallest number A such that you can be 99% sure that the
driver will cause less than $A worth of damage over the next three
years?

¢ What amount of damage should the driver expect (on the average) to
cause over the course of a year?

Probability is the branch of mathematics which solves these types of questions. To
solve them, and questions like them, we will

1. learn about a bunch of common models for probabilistic problems, and

2. learn the general theory of arbitrary probabilistic models.



1.2. Probability spaces

Both the common models and the general theory involves mastery of three inter-
twining mathematical concepts: probability spaces, random variables and stochastic
processes. Loosely speaking:

1. a probability space is a structure on which one can formulate a mathematically
legal method of computing probability;

2. a random variable is a measured quantity arising randomly as the result of
some experiment (like the number you roll or the amount of damage done in
an accident);

3. astochastic process is a collection of random variables indexed by time (like the
running total of the numbers you roll or the running amount of total damage
done by the driver or the price of a stock).

1.2 Probability spaces

RECALL
We seek mathematical language to describe probabilistic experiments.

Definition 1.1 (Outcomes, sample spaces and events)
1. Any single possible result of a probabilistic experiment is called an outcome.

2. The set of all possible outcomes is called the sample space. This set is usually
denoted ).

3. Any “observable” (more on what “observable” means later) subset of the sample
space is called an event. Events are usually denoted by capital letters like A, B,
E, F, etc.

Notice that definitions (2) and (3) above contain the words set and subset. So to
understand these definitions, we need to review some material about sets.



1.2. Probability spaces

Sets

Definition 1.2 (Basic language associated to sets)

1. A set is any definable collection of objects. Sets are usually denoted by capital
letters.

2. The members of a set are called elements of the set; if x is an element of set A
then we write x € A. If x is not an element of A, we write x ¢ A.

3. If every element of set E is also an element of set F', we say E is a subset of F
and write E C For F DO FE.

4. Two sets E and F are said to be equal if E C F and F' C E, in which case we
write E = F.

5. The empty set, denoted (), is the set with no elements.

Remarks:

1. the key word in part (1) of the above definition is “definable”. This basically
means that the set can be described without creating any kind of logical con-
tradiction. For more on a collection which isn’t definable, Google “Russell’s
paradox”.

2. To say two sets are equal means that they contain exactly the same elements.

3. Note the difference between “€” and “C”: the first symbol should be pre-
ceded by an element; the second symbol should be preceded by a subset.

4. There is only one empty set, so we say “the empty set”, not “an empty set”.

Venn diagrams

A useful way to think about sets is to draw pictures called Venn diagrams. To draw
a Venn diagram, traditionally you represent each set you're thinking about by a
circle (or an oval, or a square, or a rectangle, or some other shape); think of an object
as being an element of the set if and only if it is inside the shape corresponding
to the set. For example, a Venn diagram for the set A = {3,5,7,9,11} might be
something like




1.2. Probability spaces

because the box describing A contains exactly the elements of A (nothing more and
nothing less). Similarly, a Venn diagram representing three sets A, B and C' might
be something like

Here, this Venn diagram tells us that statements like these are all true:
3ec A 10¢ B 2¢ B CCA B ¢Z A.

In probability, the sample space (2 is the “universal set” containing all possible
outcomes of the experiment, so in any of our Venn diagrams, we can draw a box
containing “everything” and label that box 2.

Also, in probability our Venn diagrams tend to be more abstract (since we don’t
actually have a list of elements of our sets), so they look more like these:

E
To show
one event L.
Q
Q
E
To show E F 7
two events
Fand F*
Q
Q
E F E
To show F
three events
E, F and G: L—J(J
G Q

Q

The more useful pictures in probability tend to be the ones drawn on the right
above.

10



1.2. Probability spaces

Set-builder notation

We often describe sets with “set-builder” notation. For instance, to say something
like
E={reR:2<x<5}

means (in English) that £ is the set of real numbers x such that 2 < x < 5 (in other
words, F is the interval (2, 5]).

A picture of this £ would look something like this:

Set operations

Next, we want to discuss some operations on sets which arise naturally when de-
scribing results of an experiment:

Definition 1.3 (Complements) Given an event E, the event “E does not occur” is
the complement of E and is denoted E°, E€, E', QO — E, E, E (and other ways as

well).
E

Q

Definition 1.4 (Unions) Given two events E and I, the event “E or I or both
happen” is the union of E and F and is denoted E U F'.

E E€

F

C
Q /2

Q

Given a bunch of events E,, indexed by «, the union of these events, denoted |J E,, is
the event that at least one of the E,, occur.

11



1.2. Probability spaces

Definition 1.5 (Intersections) Given two events E and F, the event “E and F both
happen” is the intersection of E and F and is denoted E N F.

E E€

F

C
Q a

Q

Given a bunch of events E, indexed by «, the intersection of these events, denoted
N E.,, is the event that all of the E,, occur.

Definition 1.6 (Mutual exclusivity) Two events E and F are called mutually ex-
clusive or disjoint if they cannot both occur, i.e. if EN F = ().

EC

E E

FC

Definition 1.7 (Differences) Given two events E and I, the event “E occurs, but
not F'” is the difference of E and F. This difference is denoted E' — F (also E\F).

E E€

Notice that E — F = E N FC.

12



1.2. Probability spaces

EXAMPLE 1
Let £ =10,3], let ' = (—00,2),and let G = [1, o). Describe each of these sets:

1. FUF

2. E°NnG

5. (FUQG)®

More examples of this vocabulary can be found on the next page:

13



1.2. Probability spaces

n +> rolling n face up

0=r
E = {1,3,5} =rolling an odd number
F = {2,3,5} = rolling a prime number

EXAMPLES
EXPERIMENT OUTCOMES OF EVENTS
Toss a coin

9]

[Sa]

>

@)

O

5
ol o e
H E | >
=29 | Z
m 2
<3 |3
m W =
ik
~ g | H :
=N, Roll a die 0 ={1,2,3,4,5,6) olling a 7
2% |E
Ue
@ 3
A%

Flip a coin over
and over until
you flip a heads;
record the #
of flips

oo MANY OUTCOMES

CONTINUOUS
PROBABILITY

Record the
amount of
time (starting
now) until
your phone
rings

E = [0, 5] = your phone rings within 5
minutes
F = Q = your phone rings in a rational
amount of time

14



1.2. Probability spaces

Observability and the definition of a probability space

Start with a sample space (2, which is just a mathematical set. We want to describe
“observable” subsets of (), that is, subsets which we can distinguish.

Some philosophy: I

II.

Given these philosophical constraints, nothing mathematical “forces” an event to
be observable. We are allowed (in the most general sense) to choose a collection F
of subsets of (2 which obey I and II above and decree the subsets belonging to F to
be observable. The idea is that our choice of 7 should be a list of observable sets
which appropriately models the problem at hand.

(It turns out that there are only two reasonable choices of 7 in MATH 414, but
things get more interesting in MATH 416.)

Definition 1.8 Let 2 be a set. A nonempty collection F of subsets of §) is called a
o—algebra (a.k.a. o—field) if

1. Fis “closed under complements”, i.e. whenever E € F, EC € F.

2. F is “closed under finite and countable unions and intersections”, i.e. whenever
Ey, By, Es, ... € F, both J E; and () E; belong to F as well.
J J

A subset E of Q2 is called F —measurable (or just measurable) if E € F.

aai

The phrases “event”, “measurable set” and “observable set” are synonyms.

Theorem 1.9 Let F be a o—algebra of subsets of 2. Then ) € F and Q) € F.

PROOF By definition, F is nonempty.
Therefore, there is some set £ which belongs to F.
Since F is closed under complements, £ is also in F.
Now, since F is closed under finite intersections, E N E¢ = () € F.
Also, since F is closed under finite unions, EU E¢ = Q e F. O

15



1.2. Probability spaces

EXAMPLES OF 0-ALGEBRAS
Suppose you have a six-sided die where the sides are labeled with ared 1, ared 2,
ared 3,a green 1, a green 2, and a green 3. Roll the die once and let 2 be the set of
outcomes, i.e.

0={088 088 ={Rr1,R2 R3,Gl,G2,G3}.

Let’s look at some o—algebras on (2.

1. Suppose a blind man rolls the die. He can tell whether the die has been
rolled (by the sound), but has no idea what number is rolled. Thus the only
sets he can observe are () (the die hasn’t been rolled) and 2 (the die has been
rolled. He cannot observe the set { R1, 2} or { k1, G3}, because to determine
whether or not the outcome lies in that set, he would have to see the die.

The o —algebra representing the subsets a blind person can seeis| F = {), 2} |

(Notice that this collection F of sets is a o —algebra, meaning that it is closed
under complements, countable unions and countable intersections.)

2. Suppose a red-green colorblind person rolls the die. She can observe sets like
{R1,G1}, because to determine whether the outcome is in that set she only
needs to see that the top face of the die has one spot. But she can’t observe
sets like { #1}, because she can’t tell the background color of the face (so she
can’t distinguish between @ and ).

The o—algebra F representing the subsets a colorblind person can see can’t
be easily listed, but can be described as follows:

F is the collection of sets E' satisfying this property:
Rj e Fifand only if Gj € E, forall j € {1,2,3}.

(Notice that this F is also a o —algebra, since it is closed under complements,
countable unions and countable intersections.)

3. Suppose a person with 20/20 vision rolls the die. She can distinguish any
outcome. Thus the o—algebra F representing the subsets she can see is

the collection of ’ all subsets of (2 ‘ (F is clearly closed under complements,
countable unions and countable intersections).

Examples 1 and 3 above generalize:

Definition 1.10 Let 2 be any set.
o F ={0,Q} is a c—algebra called the trivial c—algebra on Q.

® The collection of all subsets of €, called the power set of ) and denoted 29 s
a o—algebra on ).

16



1.2. Probability spaces

Fact If the sample space (2 is finite or countable (including all cases
where 2 C Z), then we can decree F to be the power set of 2 and
never have a problem. Thus every subset of a finite or countable
sample space can be thought of as measurable.

Next, we want to calculate the probability of measurable sets:

More philosophy: Given a set (2 and a c—algebra F:

L.
II.

III1.

Given these philosophical constraints, nothing else mathematical is forced on us.
We are free to choose any assignment of probabilities to events that satisfies these
rules. Our choice should appropriately model the context of the original problem.

Definition 1.11 Given a set ) and a o—algebra F of subsets of ), a probability
measure on (§2, F) is a function P : F — R satisfying

1. P is normalized, meaning P(Q2) = 1;
2. P is positive, meaning P(E) > 0 forall E € F;

3. P is countably additive on disjoint sets, meaning that if £, E,, ... € F are

all mutually disjoint, then P (U Ej) =Y P(E;).
J J

Note: Statement (3) above necessarily implies that if there are infinitely many j
with P(E};) > 0, then the infinite series ) P(E;) must converge.
J

17



1.2. Probability spaces

Definition 1.12 A probability space is a triple (2, F, P) where 2 is a set (called
the sample space), F is a o—algebra on 2 (members of F are called events) and P
is a probability measure on (€2, F).

EXAMPLE 2
Describe a probability space which represents the result when a fair coin is tossed.

Important If the sample space (2 is finite or countable (including all
Remark situations where (2 C Z), then we can define P : 7 — R by
writing down P(w) for each w € .

This is because for any event E, we can set P(E) =) P(w).
wek

EXAMPLE 3
Suppose you roll a weighted die where 3 and 4 are three times as likely to appear
as any of the other four numbers (3 and 4 are equally likely to occur). Describe a
probability space which represents this experiment.

18



1.2. Probability spaces

EXAMPLE 4
Flip a fair coin repeatedly until a tail lands for the first time. Describe a probability
space which records the number of flips, and verify that you have constructed a
probability space.

19



1.2. Probability spaces

Observability in uncountable sample spaces

EXAMPLE 5
Choose a real number from the interval [0, 1] with all numbers “relatively equally
likely”. What is a probability space that models this problem?

Even more philosophy:

Definition 1.13 Given any interval ) of finite length (2 does not have to be closed):

1. There is a o—algebra L(SY) of subsets of § called the Lebesgue o—algebra
which includes all intervals, all single points, and all countable unions of inter-
vals, and

2. furthermore, there is a probability measure P on (2, L(2)) which assigns the
probability of any interval to be its normalized length:

E
—p— R
a a B b

_ length(E) B —«
(E) = length(Q)  b—a’

This (2, L(2), P) is a probability space called the uniform distribution or normal-
ized Lebesgue measure on ().

Fact You cannot take F to be the power set of (2 and obtain a probability
measure on (£, 2%) which assigns the probability of any interval to
be its normalized length.

20



1.2. Probability spaces

Thus if the sample space of some experiment is represented by an interval of real
numbers, and if we are going to compute probabilities in a reasonable way, we
must assume that there are some sets which are not observable. It is beyond the
scope of MATH 414 and 416 to actually characterize such a set; if you are inter-
ested, do a Google search for Vitali set. Fortunately, non-measurable sets do not
arise in any real world applications of probability, so we will ignore this issue for
the rest of the course.

EXAMPLE 6
Pick a number X from [—2, 6) with the uniform distribution (i.e. pick the number
“uniformly”).

1. What is the probability that X < 0?

2. What is the probability that X = 1?

3. What is the probability that X < 0or X > 5?

The idea of a uniform distribution generalizes to higher dimensions. The big dif-
ference is that we have to use a different notion of the “size” of a set:

dimension d | notion of “size” | how the “size” is computed
1(i.e. R) length by subtracting endpoints
2 (i.e. R?)
3 (ie R?)

> 3 (i.e. RY)

21



1.2. Probability spaces

Definition 1.14 Given any set Q2 C R? whose size is finite, there is a o —algebra L(S2)
on § and a probability measure P on (2, L(S2)) such that

1. L(S2) contains all subsets of 2 whose volume is calculable using integrals;
2. (2, L(S2), P) is a probability space;

_ size(E)
 size(Q)’

3. If E € L(Q), then P(E)

This (2, L(Q2), P) is called the uniform distribution or normalized Lebesgue
measure on 2, and L(S) is called the Lebesgue c—algebra on (2 .

EXAMPLE 6
Pick a point (X,Y) from the square with vertices (0,0), (2,0), (0,2) and (2, 2) uni-
formly.

1. What is the probability that Y > X7?

2. What is the probability that Y = 2.X?

3. What is the probability that Y < X??

22



1.3. Elementary properties of probability spaces

Summary so far
* A probability space is a triple, consisting of

- a sample space 2 (the set of all outcomes);

- a o—algebra F (the collection of measurable sets, closed under comple-
ments, countable unions and countable intersections);

— and a probability measure P on (2, F) (P is a function which measures
the probability of each measurable set; P must be normalized, positive,
and countably additive on disjoint sets).

¢ If the sample space (2 is finite or countable, we can always decree every subset
of Q2 to be measurable (i.e. set F = 29) and can define P as a function on
outcomes, rather than a function on events.

o If the sample space () is a subset of R?, we generally set 7 = L(Q), the
Lebesgue o—algebra on (2. This c—algebra contains all reasonable subsets
of 2, but not all subsets of 2.

* To calculate probabilities associated to uniform choices of numbers or points,
we compute lengths/areas/volumes as appropriate.

1.3 Elementary properties of probability spaces

RECALL
A probability space is a triple (€2, F, P) where F is a c—algebra of subsets of {2 and
P is a function from F to R so that P is

1.
2.
3.

We are now going to derive a long list of properties which hold in any probabil-
ity space. They are called elementary properties of probability spaces, because they
follow from the definition of a probability space without introducing other deep
mathematical ideas.

23



1.3. Elementary properties of probability spaces

Theorem 1.15 (Complement Rule) Let (X2, F, P) be a probability space. Then, for
any event E, P(E°) =1 — P(E).

PROOF F and E¢ are disjoint and F U E¢ = (), so by additivity of P, we have
1=P(Q)=P(FE UE°) = P(E)+ P(E°).

Subtract P(E) from both sides of this equation to get the result. [J

Theorem 1.16 (Maximum/minimum probability) Let (2, F, P) be a probability
space. Then for any event E, P(E) € [0, 1].

PROOF By definition, P(E) > 0.
By the complement rule, P(E) = 1 — P(E°).
Since P(EY) > 0, that means P(E) < 1.0

Theorem 1.17 Let (2, F, P) be a probability space. Then P(()) = 0.

PROOF Apply the Complement Rule to & = 2. [

WARNING: P(E) = 0 does not imply E = ().

Theorem 1.18 (Monotonicity) Let (€2, F, P) be a probability space, and let E and
F be events. If E C F, then P(E) < P(F).

PROOF HW (as a hint, start by writing F as F = EU (F N EY).) O

Theorem 1.19 (De Morgan Law) Let (2, F, P) be a probability space, and let E;
be an event for all j. Then P (U Ej) =1-P (ﬂ ch)
J J

PROOF We will first show .
(us) -ne
J J
and then apply the Complement Rule.

24



1.3. Elementary properties of probability spaces

Recall from the previous page that we wanted to show

(UE]-)C =&

To do this, observe
c
w € (UEJ) wisnotin | | E;
J J
w is not in at least one of the F;

w is in none of the E;

w is in all of the E]C

wem(EjC).D

[ A

Theorem 1.20 (Inclusion-Exclusion) Let (X2, F, P) be a probability space, and let
E and F be events. Then

P(EUF)=P(E)+ P(F)— P(ENF).

PROOF Start with a Venn diagram, and label each compartment of that Venn dia-
gram with a lowercase letter representing the probability of that compartment:

E

25



1.3. Elementary properties of probability spaces

Theorem 1.21 (Bonferonni Inequality) Let (€2, F, P) be a probability space, and
let E and F be events. Then P(EN F) > P(E) + P(F) — 1.

PROOF HW (as a hint, use Theorems and [1.20). O

Theorem 1.22 (General subadditivity) Let (2, F, P) be a probability space, and
let E and F be events. Then P(E U F) < P(E) + P(F).

PROOF By Inclusion-Exclusion, P(EU F) = P(E)+ P(F) — P(ENF).
Since P(ENF) >0, P(EUF) > P(E)—P(F)—0= P(E)+ P(F) as wanted. (J

Theorem 1.23 (General subadditivity) Let (2, F, P) be a probability space, and

let B\, By, Es, ... be events. Then P (U Ej) <> P(E)).
] J

J

PROOF Follows from Theorem and induction on j. [

Theorem 1.24 (Continuity of probability measures I) Let (2, F, P) be a proba-
bility space, and let E, Es, Fs, ... be events with Ey C E; C ... Let E :U E;. Then
J

P(E) =lim P(E;).

Jj—00

PROOF The first step of this proof is to “disjointify” the F;.
This means we will define a sequence of sets F}, F5, F3, ... with two properties:

* The sets F} are disjoint.

$Ur =y,
J J
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1.3. Elementary properties of probability spaces

Theorem 1.25 (Continuity of probability measures II) Let (2, F, P) be a prob-
ability space, and let Ey, Es, Fs, ... be events with £y O Ey, DO E3 DO ... Let
E =( E;. Then P(E) =lim P(E}).

. Jj—00

J

PROOF From the hypothesis, E¢ C EY C E C .... Therefore
P(E)=1- P(EY)

(NE)”
J

=1—-P (by definition of E)

=1-P (U(EJC)) (by De Morgan)

J

=1- lim P(E{) (by Continuity I)

Jj—00
=1— lim [1— P(E;)] (bythe Complement Rule)
Jj—o0

=1-1+ lim P(E))
—lim P(E;).0

j—o0

Applications
EXAMPLE 7
Assume AUB =Q, P(ANBY) = i and P(A%) = :1)) Find P(B).
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1.3. Elementary properties of probability spaces

EXAMPLE 8
Suppose events J, K and L in a probability space are such that

P(J)=5, P(K)=4, P(L)=3and P(JUK UL) = 9.

If J and L are mutually exclusive and P(K N L) is twice P(K° N L), whatis P(J —
K)?

J JC¢
K
C T
KC L_JL
Q
EXAMPLE 9

The chance you lose your umbrella is at least 80%. The chance you lose your glasses
is at least 75%. The chance you lose your keys is at least 60%. What is the minimum
chance you lose all three items?
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1.3. Elementary properties of probability spaces

Generalized Inclusion-Exclusion

RECALL

Theorem [1.20| (Inclusion-Exclusion) above says:

P(EUF) =

QUESTION

Can you say something similar about P(E U F' U G)?

Theorem 1.26 (3-way Inclusion-Exclusion) Let (€2, F, P) be a probability space,
and let E, F and G be events. Then

P(EUFUG)=P(E)+ P(F)+ P(G)
—P(ENF)—-P(ENG)—-P(FNG)
+ P(ENFNG).

PROOF Start with a Venn diagram:

E
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1.3. Elementary properties of probability spaces

QUESTION
What about P(E; U E, U E3U ... U E,)?

Theorem 1.27 (General Inclusion-Exclusion) Let (2, F, P) be a probability space,
and let E1, By, Es, ..., E,, be events. Then

P (U E]) = Sl — 52 + 53 — 84 e Sn :Z (_1)T+lsr
j=1

r=1

where

1< <i2<... <1 <n
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1.3. Elementary properties of probability spaces

EXAMPLE 10
Suppose that there are three risk factors which affect the chance one will contract
a certain disease. Suppose that for any one risk factor, the probability that a ran-
domly chosen person has any one particular risk factor is .45. Suppose that for any
two risk factors, the probability that a randomly chosen person has those two risk
factors is .2, and suppose that the probability that a person has all three risk factors
is .07. What is the probability that a person has none of the three risk factors?
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1.4. Conditional probability and independence

1.4 Conditional probability and independence

MOTIVATING EXAMPLE
Suppose you roll two fair dice. What is the probability that you roll two numbers
that sum to 10?

1 2 3 4 ) 6

RRREYS

A CHANGE TO THE MOTIVATING EXAMPLE
Again, roll two fair dice. What is the probability that you roll two numbers that
sum to 10, given that at least one die roll is a 6?

When you are asked to compute the probability of one event given that another
one occurs, the quantity you compute is called a conditional probability:
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1.4. Conditional probability and independence

Definition 1.28 Let (2, F, P) be a probability space, and let E and F' be events with
P(F) > 0. The conditional probability of £ given F', denoted P(E | I), is defined
as

P(ENF)

PEIF) = =5

The definition of conditional probability can be rearranged by multiplying through
the equation in Definition by P(F) to obtain

Theorem 1.29 (Multiplication Principle) Let (2, F, P) be a probability space, an
let E and F be events with P(F) > 0. Then

P(ENF)=P(F)-P(E|F)
= P(E) - P(F| E).
P(intersection) = P(first set) - P(second set | first set).

This law is useful for computing probabilities like these, which come from experi-
ments that have multiple stages or steps:

EXAMPLE 11
A jar contains 8 marbles, 3 of which are red. If you draw 2 marbles from the jar (one
at a time, without replacement), what is the probability that both of the marbles
you draw are red?
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1.4. Conditional probability and independence

Independence

Definition 1.30 Let (52, F, P) be a probability space, and let E and F be events. E
and F are said to be independent if P(E N F') = P(E) - P(F).
If E and F are independent, we write E L F. Otherwise we write E J F.

Consequences of this definition

Lemma 1.31 Let (2, F, P) be a probability space, and let E and F be events. If
P(E)=0o0r P(E)=1,then E L F.

(So in particular, ) L. F and Q@ L F for any event F.)

Furthermore, if E L E, then P(E) = 0or P(E) = 1.

PROOF We'll prove here that if P(EF) =0, then £ L F.
Towards that end, suppose P(E) = 0.
Therefore, since ENF C E, P(ENF) =0.
Therefore P(ENF) =0=0P(F) = P(E)P(F),so E L F by definition.
Proofs of the other statements in this lemma are HW. [J

Lemma 1.32 Let (2, F, P) be a probability space, and let E and F' be events with
P(E) > 0and P(F) > 0. Then, the following three statements are equivalent

1. E 1L F
2. P(E|F) = P(E)
3. P(F|E) = P(F)

“To say statements are equivalent means that if any one of them are true, the others are
true, and if any one of them is false, the others are false. We use the symbol <= in between
statements that are equivalent.

PROOF This follows from basic algebra:

PEIF) = P(B)] = TS = P(E)
< P(ENF)=P(E)P(F) <
P(ENF)

> |P(F|E)=P(F)|.0

Lemma is interpreted like this: to say that two events are independent means
heuristically that the probability that either event occurs is not affected by know-
ing whether or not the other event occurs.
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1.4. Conditional probability and independence

Lemma 1.33 Let (2, F, P) be a probability space, and let E and F be events. Then,
the following five statements are equivalent (HW):

1. ELF
F1lFE
E 1 F¢
EC1F

AR N I

E€ | FC

PrROOF HW

EXAMPLE 12
Roll two fair dice. Let E be the event that you roll at least one 6, and let F' be the
event that you roll a total of at least 10. Are £/ and F' independent? Give a heuristic
justification of your answer, and then justify your answer algebraically.

EXAMPLE 13
Flip a fair coin six times consecutively. Compute the probability that out of the
first, fourth and flips, at least one of those flips is heads.
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1.4. Conditional probability and independence

Pairwise and mutual independence

Definition 1.34 Let (2, F, P) be a probability space, and let E, ..., E,, be events.
The events E, ..., &, are called pairwise independent if E; | E; for any i # j.

Heuristic interpretation: To say events are pairwise independent means that know-
ing whether or not any one of the events occurring does not, by itself, affect the
likelihood of any one other event.

Definition 1.35 Let (2, F, P) be a probability space, and let E, ..., E,, be events.
The events Ej, ..., E,, are called mutually independent (or just independent) if
for any subset J C {1,...,n},

P (ﬂ Ej) =[1 P(&)).

Heuristic interpretation: To say that a collection of events is independent means
that knowing whether or not any subcollection of events occur does not affect the
likelihood of any other collection of events (including any other single event) oc-
curring.

(Mutual) independence implies pairwise independence, but not the other way
around, as we see in this example:

EXAMPLE 14
Let Q = {1,2, 3,4} have the uniform distribution. Let £ = {1,2}, F' = {1,3} and
G ={2,3}. Are E, I, G pairwise independent? Are E, I, G independent?
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1.4. Conditional probability and independence

EXAMPLE 15

Let Q = [0,1] x [0, 1] have the uniform distribution. Let £ = |0, ;] x [0,1], F =
1 1 13
0,1] x [o, 2} and G = ([0, 1] x [0, 4}) u <[0, 1] x [2,4D.

1. Are I, F, G pairwise independent?

1 1 1
0.75 0.75 0.75
0.5 0.5 0.5
0.25 0.25 0.25
0 025 05 075 1 0 025 05 075 1 0 025 05 075 1

2. Are E. F, G independent?

1

0.75

0.5

0.25

0 025 05 075 1
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1.4. Conditional probability and independence

EXAMPLE 16 (THE MONTY HALL PROBLEM)
There are three doors on a game show “Let’s Make a Deal”. One door has a car
behind it; two doors have piles of manure behind them. You pick a door. Then the
game show host shows you that behind a door you did not pick, there is a pile of
manure. Then he gives you the option of keeping your door, or switching to the
other door you haven’t seen yet. Should you switch?
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1.5. The Law of Total Probability and Bayes” Law

1.5 The Law of Total Probability and Bayes' Law

Definition 1.36 A partition of a probability space (X2, F, P) is a collection of events
Ey, ..., E, such that

1. P(E;NE;) =0foralli# j(ie. the E; are essentially disjoint); and
2. P(E4UE,U...UE,) =1 (ie. the union of the E;s is essentially Q).

generic picture more useful diagram
Ei E, E; Eq
E E> Es Es
5 Q
EXAMPLE
1 1
E, = {O, 2} and Ey = {2, 1> form a partition of [0, 1] (with Lebesgue measure).

Theorem 1.37 (Law of Total Probability (LTP)) Let (S2, F, P) be a probability space
and let Ey, By, Es, ..., E,, be a partition. Then for any event A,

P(4) =3 P(E,)P(A|E))

J=1

PROOF Start by splitting A into its intersections with each of the E;:

generic picture more useful diagram
E, E, E; E,

E, E; | E3 Es| Q) Q
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1.5. The Law of Total Probability and Bayes” Law

As a special case of the Law of Total Probability, note that for any event £/, E and
E° form a partition of Q. Thus for any two events A and E, the Law of Total
Probability gives us

P(A) = P(E)P(A| E)+ P(EC)P(A| E°).

EXAMPLE 17
A fair coin is flipped. If the coin lands heads, a fair die is rolled once. If the coin
lands tails, a die is rolled twice independently. Find the probability that the num-
ber(s) rolled sum to 5.

EXAMPLE 18
A survey shows 54% of people age 40 or older believe in aliens, and 33% of people
aged less than 40 believe in aliens. If 48% of people are age 40 or older, what
percent of people believe in aliens?
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1.5. The Law of Total Probability and Bayes” Law

Tree diagrams

Implementing the Law of Total Probability in more complicated situations often
involves drawing a diagram called a tree diagram, rather than formally describing
the events with capital letters:

EXAMPLE 19
A vase contains 3 red and 5 blue marbles. One marble is drawn from the jar and
its color recorded, after which it is returned to the jar along with 2 marbles of the
opposite color. Then another marble is drawn and its color recorded, after which
it is returned to the jar with 2 marbles of the same color. Finally a third marble is
drawn. What is the probability that of the three marbles drawn, two of them are
blue?
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1.5. The Law of Total Probability and Bayes” Law

EXAMPLE 20

(from Nate Silver’s book The Signal and the Noise) Studies show that the chance that
a woman in her forties will develop breast cancer is 1.4%. Studies also show that if
a woman in her forties does not have cancer, a mammogram will incorrectly claim
that she does 10% of the time, and if a woman in her forties does have breast can-
cer, a mammogram will detect it 75% of the time. Suppose a woman in her forties
has a mammogram which indicates she has breast cancer. Given this, what is the
probability she actually has breast cancer?

Without reading ahead, guess the answer to this question:

Theorem 1.38 (Bayes’ Law) Let (2, F, P) be a probability space, and let E, ..., E,
be a partition. Then for any event A and any k € {1,...,n},

P(Ey)P(A|Ey)
3, P(E;)P(A| B))

P(E,|A) =

PROOF By direct calculation:

P(E;|A) = W (by def'n of conditional probability)
= P(Ek;j?f:)l | Ex) (by Multiplication Principle)

5 P(E;)P(A]E)

Importance: Bayes’ Law tells you how to get P(E) | A) given all the P(A | Ej).

Application: Think of the £} as hypotheses and think of the A as some bit of
evidence. Theoretically, you should have an idea as to the likelihood that each hy-
pothesis is true (i.e. you know the prior probabilities P(E})). Suppose you actually
witness evidence A; what is the likelihood that hypothesis E, is the correct hypoth-
esis? This posterior probability P(E}, | A) can be computed from the prior probability
using Bayes” Law.

Again, note that for any event F, F and E° form a partition of Q. Thus for any two
events A and E, Bayes’ Law gives us
P(E)P(A|E)

P(E]A) = P(E)P(A|E) + P(EC)P(A| EC)
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1.5. The Law of Total Probability and Bayes” Law

EXAMPLE 20, REPEATED
Studies show that the chance that a woman in her forties will develop breast cancer
is 1.4%. Studies also show that if a woman in her forties does not have cancer, a
mammogram will incorrectly claim that she does 10% of the time, and if a woman
in her forties does have breast cancer, a mammogram will detect it 75% of the time.
Suppose a woman in her forties has a mammogram which indicates she has breast
cancer. Given this, what is the probability she actually has breast cancer?
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1.5. The Law of Total Probability and Bayes” Law

EXAMPLE 21
An insurance company offers three levels of insurance: A,B and C. Assume that in
the next year:

* 35% of level A policyholders will file a claim;
* 12% of level B policyholders will file a claim;
* 16% of level C policyholders will file a claim.

If 80% of all policyholders are level A, and 15% are level B, what is the probability
that a claim within the next year came from a level A policyholder?

Solution: Let E be the event that a claim is filed, and let A, B and C' be the events
that the policyholder has level A,B and C insurance, respectively. Here is the
given information:

P(A) =38 P(E|A) = .35
P(B) =.15 P(E|B) = .12
P(E|C) = .16

Also, since {A, B, C'} forms a partition of 2, we can figure out that
P(C)=1-P(A)— P(B)=1- .8— .15 = .05.
So by Bayes’ Law, we have

P(A)P(E|A)
P(A)P(E|A)+ P(B)P(E|B)+ P(C)P(E|C)
B 8(.35)
~.8(.35) + .15(.12) + .05(.16)

=[.915033]

P(AE) =
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1.6. Chapter 1 Homework

1.6 Chapter 1 Homework

Exercises from Section 1.2

1. a) Shade the region corresponding to the set £ U F© on the Venn diagram
shown below at left.

E

E F
F @
QO

Q

b) Shade the region corresponding to the set (F U F)“ N (E N F)° on the
Venn diagram shown above at right.

c) Shade the region corresponding to the set F' U F' U G on the Venn dia-
gram shown below at left.

LT i
1 )

Q Q

d) Shade the region corresponding to the set /' N (E — ) on the Venn dia-
gram shown above at right.

e) Shade the region corresponding to the set (E¢ N F) U GY on a Venn
diagram similar to the ones given in parts (c) and (d).

2. In this problem, assume £ = {0,2,4,6,8,10,12}, FF = {0,1,2,...,8}, G =
{4,5,6,...,12} and H = {0,3,6,9, 12}. (The universal setis 2 = {0, 1,2, ..., 12}.)
For each given set, list the elements in the set (using proper notation, i.e. sur-
rounding the list with braces):

a) E—H d) G°UH
b) FC e) (H—E)U(H — F°)
) ENF f) EN((FUG) - E)

3. Suppose you flip a fair coin three times, and record the outcomes with Hs
and T's. Describe the following events in words (your description should be
as efficient as possible):

a) E={HHH,TTT}
b) E = {HHT,HTH,THH}
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1.6. Chapter 1 Homework

o) E={HHH HHT,HTH, HTT}
d) E={HHT,HTH HTT,THH,THT,TTH, TTT}

4. A box contains 4 marbles: 2 red, 1 green, and 1 blue.

a) Consider an experiment that consists of taking 1 marble from the box,
putting it back and drawing a second marble from the box (recording
both choices in order). Describe the sample space for this experiment
(your sample space should be constructed so that all the outcomes are
equally likely).

b) Suppose you didn’t put the first marble back before you drew the second
marble. Describe the sample space in this context (again, your sample
space should be constructed so that all the outcomes are equally likely).

5. In each part of this problem, you are given a set (2 and a description of some
a collection F of subsets of ). Determine, with some justification, whether or
not the collection F forms a o-algebra:

a) Q={1,2,3,4}; F = {0,{1,2},{3,4},Q}

b) @ ={1,2,3,4}; F = {0, {1}, {2}, {1,2},Q}

c) 2 = R; Fis the collection of sets I/ which have the property that either
E is finite or E¢ is finite.

6. Suppose you perform an experiment where there are eight possible outcomes.
Assuming that every subset of outcomes constitutes an event, how many dis-
tinct events are there?

Hint: You may want to try this problem in the situation where there are two,
three and/or four outcomes, and look for a pattern.

7. Suppose you roll a fair die repeatedly until a 4 turns up. You record the num-
ber of rolls it takes to roll a 4. Describe a probability space for this experiment.
Verify that you have constructed a probability space.

8. Suppose a point (z,y) is picked at random (with the uniform distribution)
from the triangle in the xy-plane with vertices at (0,0), (4,0), and (4, 4).

a) What is the probability that = > 2?
b) What is the probability that = < y*?

9. Suppose a point (z, y) is chosen uniformly from the rectangle in the zy-plane
whose vertices are (0,0), (4,0), (0,2) and (4,2). Let E be the event that y > z,
and let F' be the event that x < 1.

a) Compute P(E'U F).
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10.

11.

12.

b) Compute P(E° N F).

Suppose a point (z, y, z) is chosen from the unit cube (this means a cube with
opposite vertices at (0,0,0) and (1,1, 1)).
1 1
a) Compute the probability that z < 5 and y > 3"
b) Compute the probability that x +y + z < 1.

Four players, Al, Bal, Cal and Dal, take turns flipping a fair coin (Al goes first
followed by Bal, then Cal, then Dal, then Al again, then Bal, etc.). The first
player to flip a head wins. What is the probability of each player winning?

Hint: Construct a probability space for this experiment where the outcomes
correspond to the number of flips it takes for someone to win. Then, to find
the probability that Al wins, add up the probabilities associated to the num-
bers of flips that would result in Al winning. Proceed from there.

(This is a famous problem in probability called The Triangle Problem.) Suppose
you take a stick of length 1 and break it into three pieces, choosing the break
points uniformly and independently. What is the probability that the three
pieces can be used to form a triangle?

Hint: In a triangle, the sum of the lengths of any two sides must be at least
the length of the third side.

Exercises from Section 1.3

13.

14.

15.

16.

Prove that there is no such thing as a uniform distributionon N = {1,2, 3, ...}.

Hint: Prove this by contradiction: suppose that there is a uniform distribution
on N. This means that P(m) = P(n) for every m,n € N. There are two
possibilities: either P(1) = 0 or P(1) > 0. Explain why both of these cases are
impossible by thinking about what the value of P(2) would end up being.

Let (€2, A, P) be a probability space. Prove (using the definition of probability
space) the Monotonicity law, which says that if £ and F' are events with
E C F, then P(E) < P(F).

Hint: Write F as the union of the twosets EN Fand E'N F.

Prove the Bonferonni Inequality, which says that given any two events £
and F', P(EN F)> P(E)+ P(F)— 1L

Suppose two fair dice are rolled and that the 36 possible outcomes are equally
likely. Compute the probability that the sum of the numbers on the two faces
is even.
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17. (AE) (The “(AE)” means this is, or closely resembles, an old actuarial exam

18.

19.

problem.) The probability that a small fire in a kitchen destroys a microwave
oven is 70%. The probability that a small fire in a kitchen destroys a refriger-
ator is 50%. If the probability that a small fire destroys both is 45%), find the
probability that the fire destroys neither the microwave nor the refrigerator.

A survey reveals that 20% of the population is afraid of ghosts, 35% of the
population is afraid of vampires, and 40% of the population is afraid of zom-
bies. 15% of the population fears ghosts and vampires; 12% of the popula-
tion fears ghosts and zombies, and 20% of the population fears vampires and
zombies. If 8% of the population fears ghosts, vampires and zombies, what
percent of the population isn’t afraid of any of the three mythical creatures
discussed in the survey?

(AE) Suppose events A and B are such that P(A) = g and P(B) = ? If you

also know P(AU B) = ;, compute P(AN B).

Exercises from Section 1.4

20.

21.

22.

Suppose a point is picked uniformly from the square whose vertices are (0, 0),
(1,0), (0,1) and (1,1). Let E be the event that the selected point is in the
triangle bounded by the lines y = 0, z = 1 and = = y, and let F' be the event
that it is in the rectangle with vertices (0, 0), (1,0), (1, 3), and (0, ).

a) Compute P(E|F).

b) Compute P(F|E).

c) Are F and F' independent? Why or why not? (You need an algebraic
proof.)

Suppose a number z is selected uniformly from the interval [0,100]. Let .J
be the event that the number selected is in [0, 50], let K be the event that the
number selected is in [30, 60|, and let L be the event that the number selected
is in [20, 70].

a) Compute P(J UK | L).

b) Compute P(J N LY | K U LY).
Note: Part of the point of this problem is to teach you order of operations
with conditional probabilities. In particular, there are “invisible parentheses”

that surround everything in front of any | and everything after any | in any
conditional probability expression.

(AE)If P(A) = .7, P(AN BY) = .6and A | B, whatis P(B)?
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23. A coin is tossed three times. Consider the following events:

* A = flipping heads on the first toss

B = flipping tails on the second toss

C' = flipping heads on the third toss

D = flipping the same side of the coin all three times
F = flipping heads exactly once in the three tosses

a) Which one or ones of the following pairs of these events are indepen-
dent? Aand B, Aand D, A and E, D and E (No proof is required here,
if you want to use the heuristic idea of independence.)

b) Which one or ones of the following triples of these events are indepen-
dent? A, Band C; A, B and D; C, D and E (No proof is required here, if
you want to use the heuristic idea of independence.)

24. a) Suppose F and F are independent. Prove that £ and F'“ are indepen-
dent.

b) Suppose E and F are independent. Prove that F and F'“ are indepen-
dent.

25. a) Suppose that an event E has probability 1. Prove that F is independent
of any other event F.

b) Prove that if an event E is pairwise independent with itself, then P(E) =
Oor P(E) = 1.

26. A fair die is rolled repeatedly until the first time a 5 is rolled. Given that it
takes an even number of rolls to obtain that first 5, what is the probability
that a 5 is rolled within the first 10 rolls?

27. A point is chosen uniformly from the unit square [0, 1] x [0, 1]. Find a positive
number c so that the events F = {(z,y) : y +cx < 1} and F = {(z,y) : y <
2z/3} are independent.

Hint: There are two values of ¢ which solve this problem; you need to find
one or the other, not both.

Exercises from Section 1.5

28. There are three boxes, labeled I, II and III. Box I contains 2 white balls and 2
black balls; box II contains 2 white balls and 1 black ball; and box III contains
1 white ball and 3 black balls.

a) One ball is selected from each box (the draws are independent of one
another). Calculate the probability of drawing all white balls.
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29.

30.

31.

32.

b) Suppose you have five slips of paper, two labeled “I”, two labeled “I1”
and one labeled “III”. One of these five slips is drawn uniformly and
then a ball is drawn from the box indicated by the slip of paper chosen.
Calculate the probability that the drawn ball is white.

An urn contains 3 red and 2 blue marbles. One marble is drawn from the
jar and its color noted. That marble, along with 2 extra marbles of the same
color, is then returned to the jar. A second marble is drawn from the jar.

a) What is the probability that the two marbles drawn are of the same
color?

b) What is the probability that the second marble drawn is red?

Suppose a student takes a multiple choice exam where each question has
5 possible answers, exactly one of which is correct. If the student knows the
answer to the question, she selects the correct answer. Otherwise, she guesses
uniformly from the 5 possible answers. Assume that the student knows the
answer to 70% of the questions.

a) What is the probability that on any single given question, the student
gets the correct answer?

b) What is the probability that the student knows the answer to a question,
given that she got the question correct?

(AE) Suppose a factory has two machines A and B which make 64% and 36%
of the total production, respectively. Of their output, machine A produces
2% defective items and machine B produces 5% defective items. Find the
probability that a given defective part was produced by machine 5.

(AE) The probability that a randomly chosen male has a blood circulation
problem is .325. Males who have a circulation problem are twice as likely to
be smokers as those who do not have a blood circulation problem. What is
the conditional probability that a male has a blood circulation problem, given
that he is a smoker?

Calculus review

Later in the course, we’ll see that we need calculus to do lots of computations. To
make sure you are up to speed, the first few chapters of these notes have some
review problems incorporated into the homework. Here is the first batch:

33.

a) Let F(z) = 2z + 3 — 42%. Compute L F.
b) Let F(z) = (22 — 2)°. Compute F'(z).

50



1.6. Chapter 1 Homework

2 1
c) Let F(x) = NG + v/z. Compute £,

34. a) Let F(z) = z%¢**. Compute F'(z).
b) Let F(z) = 2¢~%/* — 6e*/3. Compute F'(x).
c) Let M(t) = (.3 + .7¢")%. Compute M"(t).
4
35. a) Let M(t) = ys Compute M"(0).
b) Let M(t) = ¢3¢ ~1). Compute M"(0) — [M'(0)]?.

36. Compute each integral, and then use a calculator to get a decimal approxi-
mation of your answer:

6 2
1

4
b —d
) 1/2 a8 .
4 ,3.25
2
C) /1 e dx
b 2 1
37. a) Determine a value of b so that / - dr = 3
0

4
b) Determine a value of ¢ so that / evrdr = 1.
2

b
c) Suppose / az® dz = 1. Solve for b in terms of a.
0
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Chapter 2

Discrete random variables

2.1 Introducing random variables

Definition 2.1 A random variable (r.v.) X is a (measurable) function X : Q —
R?, where (2, F, P) is a probability space. The range of X is the set of values taken
by X.

Definition 2.2 A r.v. is called real-valued if its range is a subset of R. It is called
vector-valued (or d—dimensional or a joint distribution) if its range is a subset
of RY for d > 1.

Technical remark: In MATH 414, the adjective “measurable” can be ignored with-
out a problem. To be technically precise, a function X : Q — R? is measurable
if given any subset S of the codomain R? whose volume you can compute with
calculus, the inverse image of S under X is an event. We’ll get into this more in
MATH 416, but you would never need to worry about this technicality too much
unless you go to graduate school in mathematics.

EXAMPLES OF RANDOM VARIABLES
Example A: Roll a fair die and let X be the number rolled.

Example B: Flip a fair coin 3 times and let X be the number of times you flip heads.
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2.1. Introducing random variables

Example C: Roll a die repeatedly; let X be the number of rolls it takes for the
running total of your rolls to be even.

Example D: Let X be the smallest amount of time between successive text mes-
sages you receive in the next 48 hours.

Example E: You and your friend plan to meet at The Rock between 6 and 7 PM.
Let X record both your arrival time and your friend’s arrival time, in terms
of the number of minutes after 6 that you each arrive.

Classifying random variables

On the face of things, it seems (based on the definition) that you need a lot of in-
formation to describe a random variable: the €, the F, the P and the rule for X. In
practice, you don’t actually use any of this to characterize a random variable.

First concept: Random variables can be partitioned into three types:
1.
2.
3.

The way you think about a r.v. (and the way you perform calculations related to
the r.v.) depends heavily on which type of r.v. you are dealing with. So the first
thing you must do when dealing with any r.v. is to determine which of these
three types it is.
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2.2. Density functions of discrete random variables

2.2 Density functions of discrete random variables

For now, we study discrete r.v.s; we’ll deal with the others in Chapter 3.

Definition 2.3 A subset S of R is called discrete if given any = € S, you can draw
a circle (or sphere) of positive radius around x such that the only point inside that
circle belonging to S is x itself.

EXAMPLES
N, Z, and Z% are discrete; any finite set is discrete; any subset of a discrete set is
discrete.

NONEXAMPLES
Q, R, Q7 are not discrete; any set containing an interval or a curve is not discrete.

Remark: Knowing the examples and nonexamples listed above is sufficient for
MATH 414 and MATH 416.

Some enrichment: Discreteness is not really a concept of probability theory. It
comes from a branch of mathematics called topology. In fact, a better definition of
discreteness comes from topology - a subset of a metric space is discrete if and only
if it has no cluster points (if and only if all its points are isolated).

Definition 2.4 A random variable X is called discrete if its range is a discrete set.

QUESTION
Which one or ones of Examples A,B,C,D,E given above are discrete r.v.s?

RETURN TO EXAMPLE B
(Flip a fair coin 3 times and record the number of heads)
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2.2. Density functions of discrete random variables

Definition 2.5 Let X : Q — R? be a discrete random variable. A density function
(a.k.a. PDF a.k.a. pdf a.k.a. mass function a.k.a. pmf) for X is a function

fx : Range(X) — R

which satisfies

forall x € R?,

We express density functions either by giving a formula for them, or by giving a
chart:

EXAMPLE 1
Find density functions for the r.v.s described in Examples A and B above.
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2.2. Density functions of discrete random variables

EXAMPLE 2
There are two dice which are rolled; one which is normal and one whose sides are
numbered 1,1, 2,4, 4, 6. Let X represent the sum of the two numbers rolled. Find a
density function of X, and sketch its graph. Finally, explain how you can compute
P(X > 10) from the density function.

x| fx(z)

Jx

01 2345678 9101112131415
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2.2. Density functions of discrete random variables

Key idea: If you want to do any probabilistic calculations related to a discrete
real-valued r.v., all you need to be given (or all you need to figure out) is the
density function of that r.v. This is because if you are given any set £ C R,

P(X€E)= Y. P(X=2)= Y fx(z)

zel zel

so long as X is discrete.

Properties of density functions of discrete r.v.s

Theorem 2.6 (Properties of density functions) A function f is the density func-
tion of a discrete r.v. if and only if:

1. f(x) > 0forall x;

2. {x: f(x) > 0} is a discrete set; and

S, > flz)=1.

ze{z:f(x)>0}

EXAMPLE 3
Suppose a r.v. X takes only the values 2, 3 and 4 and has a density function that is

1
proportional to e What is the probability that X = 2?
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2.3. Counting principles

2.3  Counting principles

The first situation we want to model using random variables is when we select a
number (or vector or some other kind of object) from a finite set, with all numbers
(vectors/objects) equally likely. The random variable that describes this is called a
discrete uniform r.v.:

Definition 2.7 Let Q C R? be a finite set. A (discrete) uniform random variable
on Q is a r.v. X whose density function is

1 )
fx(l“){#(ﬁ) freft

0 else

If X is uniform on 2, we write X ~ Unif ().

EXAMPLE 4
Let X be the number rolled if you roll one fair die. Describe X, by giving its density
function and characterizing X with appropriate language using the ~ symbol.

Theorem 2.8 Suppose X ~ Unif(2). Then given, any subset E of Q, we can com-
pute the probability that X € E by counting:

P(E)y=P(X € E)="2"

EXAMPLE 5
Deal 2 cards from a 52 card deck. What is the probability that you get two aces?

To solve problems like this, it behooves us to learn how to count certain sets of
objects quickly. The study of counting complicated sets of objects is called combi-
natorics.

(In what follows, #(F) refers to the number of elements in set E; all sets in this
section should be assumed finite.)
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2.3. Counting principles

Basic counting principles

The first principle of counting is very simple: if you can divide the things you are
counting into two disjoint groups, you can count the groups separately and add
the answers. For example, if you have 5 red apples and 3 green apples, how many
apples do you have?

Theorem 2.9 (Addition Principle of Counting) Let E and F be finite sets. If EN
F =0, then

#(EUF) =#(E) + #(F).

If you divide the things you are counting into two groups which overlap, you
can use Inclusion-Exclusion to count them. The proof of this principle is virtually
identical to the probabilistic version given in the previous chapter:

Theorem 2.10 (Inclusion-Exclusion Principle (Counting Version)) Let E and
F be finite sets. Then:

HEUF) =4(E) +#(F) - #(ENF).

EXAMPLE 6
Suppose that 17 students surveyed like pepperoni on their pizza, 13 students sur-
veyed like mushroom on their pizza and 20 students like pepperoni or mushroom
on their pizza. How many students like pepperoni and mushroom on their pizza?

Theorem 2.11 (Multiplication Principle of Counting) If E is a finite set of ob-
jects, each of which can be described as the result of a sequence of independent “choices”,
where:

* there are m, options for the first choice;

* each of the first choices allows my options for the second choice;

* each of the first two choices allows ms options for the third choice; etc.
then

#(E) = mymams - - - my,.
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2.3. Counting principles

EXAMPLE 7
How many different license plates can a state make if each plate has 4 letters fol-
lowed by 3 nonzero digits?

Orderings and factorials

EXAMPLE 8
How many different orderings of the letters in the English alphabet are there?

The result of the previous example generalizes:

Definition 2.12 Let n € N. Then n!, read n factorial, is
nl=nn-1)(n-2)(n—-3)---3-2-1.

As a special definition, we let 0! = 1.

Notice: For any n € N, n - (n — 1)! = n! (this explains why 0! should be 1).

The significance of factorials is as follows:

Theorem 2.13 (Orderings) The number of distinct ways to order n different objects
is nl.

QUESTION
Is there such a thing as (3.5)! or 7!? If so, what might that be?

Permutations

EXAMPLE 9
There are 10 people in a club. How many different sets of officers (president, VP,
secretary and treasurer) can be selected from this club?
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2.3. Counting principles

In Example 9, we are selecting an ordered subset of 4 from a set of 10. These
ordered subsets have names:

Definition 2.14 An ordered subset taken from a larger finite set is called a permuta-
tion.

Theorem 2.15 (Permutations) The number of ordered sets of size k, taken from a
set of size n is

(n_k)!:n(n—l)(n—Q)---(n—k+1).

Combinations

EXAMPLE 10

If there are 10 people in a club, how many different 4—person committees can be

formed? (In other words, how many unordered groups of 4 from the group of 10
are there?)

Definition 2.16 An unordered subset (equivalently, just a subset) taken from a larger
finite set is called a combination.

Theorem 2.17 (Combinations) The number of unordered sets of size k taken from

a set of size n is denoted (Z) (read “n choose k”) or C(n, k) or ,Cy, and is given by the
formula

EXAMPLE 11
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2.3. Counting principles

The numbers ( Z ) are called binomial coefficients:

Theorem 2.18 (Properties of binomial coefficients) Let n, k € N. Then:

. . n n
Binomial symmetry: ( k) = (n B k)

Anything choose zero (or itself) is 1: (73) = (n) =1

n

Anything choose 1 is itself: (Tf) = ( " ) =n.

n n n+1
Bi ial ition f la: = )
inomial addition formula (k B 1) + <k> ( i )

PROOF The first three statements follow from Theorem directly.
We will prove the binomial addition formula with some algebra:

n n n! n!
Q%J)+<J::%—1Wn—k+nf+mm—kﬂ

Now add these fractions by finding a common denominator:

n! n! nlk nl(n—k+1)

G Dln—kt ) T Ho—& M-kt Bn—kt1)

_nllk+(n—k+1)
 kKl(n—k+1)

(n+1)!
El(n+1—k)!

:@1)_@

Definition 2.19 Let n,k € N. If n < k, we set (Z) =0.

This definition makes sense because if £ > n, there are no subsets of size k that can
be taken from a set of size n.
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2.3. Counting principles

Pascal’s Triangle

0" ROW — 1
| N\
1t ROW — 1 Hl%l\
27l ROW — 1#/1252 - 1
+2=: =:

3" ROW — 1/ \3<3>3/ \1

+3=
” SN NN SN
4 ROW — 1 4 6 4 1

SN\ NN N

From statements (2) and (4) of Theorem above, the entries of Pascal’s Triangle
must be the binomial coefficients (because they have the same entries down the
sides and they satisfy the same addition law). So Pascal’s Triangle is really an
array of the binomial coefficients:
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2.3. Counting principles

EXAMPLE 12
A restaurant has 12 appetizers, 20 entrees and 5 desserts. If your table splits 3 appe-
tizers, 5 entrees and 2 desserts, how many different meals are possible (assuming
no doubling up of the same appetizer, entree or dessert)?

EXAMPLE 13
Deal 5 cards from a standard deck. What is the probability of being dealt a full
house?

EXAMPLE 14
Deal 5 cards from a standard deck. What is the probability of being dealt two pair
(but not a full house and not 4-of-a-kind)?
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2.3. Counting principles

Binomial coefficients are often used to expand expressions, for example

(z+y)' = (z+y)*(x+y)
= (2% + 2zy + ) (2* + 22y + y*)
= 2t + 223y + 22y% + 223y + 2277 + 2xy® + 22y + 22y + o
= 2t + 423y + 6279 + day® + oyt
(now, write in reverse order)
= y* + dzy® + 622y + 4Py + 2*
— 120170 4 Aty 4 a2yt 4 4gBytd 4 1yt

More generally, we have:

Theorem 2.20 (Binomial Theorem) Let z,y € R and let n € N. Then

(x4 y)" :zn: (Z) T

k=0

PROOF Expand out (z + y)™:

(z+y)"=@+y)lr+y)(z+y)z+y) - (r+y)(z+y)

When you expand this, each term of your answer will be the product of
n numbers, all of which are z or y. So each term is of the form x*y"*.

Next, fix k. The number of z*y"~* terms in the expansion is the number of
different ways to choose which k of the n (z + y)s being multiplied together
contribute an z to the term.

There are (7) such ways to do this, so the coefficient on 2%y ¥ in the expansion
k y p

is (Z) The theorem follows by adding these terms over the k. []

In MATH 414 & 416, the Binomial Theorem is most often used to simplify sums of
series obtained in some probability computation:

EXAMPLE 15
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2.3. Counting principles

Corollary 2.21 Let n € N. Then

PROOF
" (n
> (1)-
o \F

Distinguishable arrangements

EXAMPLE 16
How many different arrangements of the letters in the word MISSISSIPPI are there?

Theorem 2.22 (Distinguishable arrangements, a.k.a. MISSISSIPPI rule)
Suppose you have n = ny + ny + ... + n,. objects of r different types:

* n, objects of type 1;

* ny objects of type 2;

* n, objects of type r.
Then the number of distinguishable ways to order these objects is

n n!
Ny, N2, N3, "« Ny nllng!ngl"'nr!'

66



2.3. Counting principles

Note: Distinguishable arrangements can be thought of extending the idea of a
combination. Suppose you have n objects of two types; where £ objects are of
the first type and n — k objects are of the second type. The number of distin-
guishable arrangements of these objects is therefore

the same as the number of £ combinations from a set of n. This is because
arranging the objects is the same as choosing an unordered set of £ “slots” in
which to place the objects of the first type.

Sampling without replacement

EXAMPLE 17
A box contains 30 red marbles and 20 blue marbles. If you draw 9 marbles from
the box all at once, what is the probability that of those 9 marbles, 7 are red?

Theorem 2.23 (Sampling without replacement) Suppose
you have n = ny + ns + ... + n, total objects of r different types:
* n, objects of type 1;
* ny objects of type 2;

* n, objects of type r.
Suppose you draw k = ki + ko + ... + k, objects simultaneously. Then, the probability
that you draw k; objects of type j (for each j) is

o R
()

67




2.3. Counting principles

Note: in this setting, drawing objects simultaneously is the same (mathematically)
as drawing the objects one at a time without replacement (i.e. without putting back
each object you draw before drawing the next object).

QUESTION
What if you draw the objects with replacement (i.e. put each draw back before
drawing the next one)? We'll discuss that later.

Hypergeometric random variables

Suppose that there were only two types of objects: r of type 1 and n — r of type 2.
Then, if you draw k objects all at once, you can let X be the number of objects of
type 1 you draw.

We summarize this in the following definition:

Definition 2.24 Let n > 0, k < n and r < n be whole numbers. A hypergeo-
metric random variable with parameters n,r and k is a discrete r.v. X with range
{0, 1,2, ..., min(r, k) } whose density function is

(0

If X is hypergeometric with parameters n,r and k, we write X ~ Hyp(n,r, k).

A Hyp(n,r, k) r.v. counts the number of special objects drawn when £ objects
are drawn at once from a set of n objects, r of which are special.

Just to make sure the notation is clear, to say

“Xis Hyp(8,5,4)” or “X ~ Hyp(8,5,4)”
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2.3. Counting principles

means X is a hypergeometric r.v. whose density function is

_ (06
fx(z) = (i) -

Theorem 2.25 (Vandermonde’s Identity) Let r,n,k € N. Then

()66

PROOF By the Binomial Theorem,

Q=3 (Z)t’“. 2.1)

k=0

At the same time, (also by the Binomial Theorem),

1+t =1+t 1A+t)"" = lz <r>t$] : rz (” N T) ty]

=0 \T y=0 \ Y

=500

Next, we do an index change in the second sum: letk =z +y,ie. y =k — x.
That makes the new index k =+ +y gofrom ++0=xztor + (n —r) =n.
So the double sum above becomes (after the index change)

=22 (G2 5060

To match equation 1} above, the term inside the bracket must equal (Z) .

This is Vandermonde’s identity. [

Corollary 2.26 The density function of a hypergeometric r.v. is in fact a density func-
tion (its values sum to 1).

PROOF Take Vandermonde’s identity and divide through by (Z) .0
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2.3. Counting principles

More examples with combinatorics

EXAMPLE 18
Pick a random number with 5 digits (ex: 00312, 15923, etc.) Assuming every 5 digit
string is equally likely,

1. What is the probability that any two digits are the same?

2. What is the probability that exactly two digits are the same?

EXAMPLE 19
Roll seven fair dice. What is the probability you roll 4 sixes, 2 threes and a one?
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2.3. Counting principles

EXAMPLE 20 (THE COAT CHECK PROBLEM)

Suppose N people leave their coat at a coat check. The coats get jumbled randomly,
so when the people leave, they each get a coat at random (that said, no two people
get the same coat—each coat goes to one person).

LN =

What is the probability a specified person gets their coat back?

What is the probability n specified people get their coat back?

What is the probability at least one person gets their coat back?

Suppose there are an infinite number of people (i.e. let N — o0). What is the
probability that no one gets their coat back?

Solution:

1.

2.

3.

We apply Generalized Inclusion-Exclusion: let S,, be the event that some
group of n people get their coat back.

P(Sn) =

Therefore, by Generalized Inclusion-Exclusion,

P(> 1 person gets their coat back) = P(S;) — P(S) + P(S5) — P(S4) + ...

1 1 1 1

_ i (- |

n!

Take the limit on the answer to # 3 as NV — oo to get P(> 1 person gets their
coat back), which is

$ 0TS (—n1!>” - li GV 1] _

| |
n=1 n. n=1 n=0 n:

Finally, by the complement rule, P(no one gets their coat back) is
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2.4. Bernoulli processes

2.4 Bernoulli processes

Definition 2.27 A stochastic process {X; : ¢t € I} is a collection of random vari-
ables indexed by t. The set T of values of t is called the index set of the stochastic
process.

Almost always, the index setis {0, 1, 2, 3, ...} or Z (in which case we call the stochas-
tic process a discrete-time process and often use n instead of ¢ for the index), or the
index set is [0, 00) or R (in which case we call the stochastic process a continuous-
time process).

In MATH 414, we will focus on three stochastic processes which are of fundamen-
tal importance (we will learn a lot more about stochastic processes in MATH 416).
The first one, called the Bernoulli process, is discussed in this section.

Definition 2.28 Let p € [0,1]. A Bernoulli experiment is a probabilistic experi-
ment consisting of a “subexperiment” called a trial which is repeated over and over
again, where the trials have the following properties:

1. Each trial has two outcomes, success and failure.

2. On any one trial, the probability of success is p (so the probability of failure is
1 —p).

3. The result of any one trial is independent of the results of any other trials.

If we let, for n € {0,1,2,3,...}, X,, be the number of successes in the first n trials,
{X,, : n €{0,1,2,...}} is a stochastic process called a Bernoulli process and p is
called the success probability.

To picture a Bernoulli process in your mind, think of flipping a coin repeatedly
(which flips heads with probability p) and writing down the sequence of heads
and tails you get. X, is the number of heads you flip in the first n flips.
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2.4. Bernoulli processes

Suppose you flip this coin repeatedly and get the following results:

THTHTTTHHTTHTT H..

You can represent the result of this process by the following picture:

>

— N W kR U 0

O 1 2 3 4 5 6 7 8 9 10111213 14 15

Each sequence of dots we get from a sequence of coin flips is called a sample func-
tion for the process.

Observations about any Bernoulli process { X;}

1. Xy = 0 (you can't flip a positive number of heads in zero flips);
2. every time you flip heads, the value of X,, goes up by 1;

3. every time you flip tails, the value of X,, stays the same;

4. X, never decreases nor jumps by more than 1 unit at a time.

The definition of a Bernoulli process alone is enough to figure out some basic con-
ditional probability questions:

EXAMPLE 21
Let {X,,} be a Bernoulli process with success probability p.

1. Compute the probability that X5 = 5, given that X = 3.
2. Compute the probability that X7 = 3, given that X3 = 3.
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2.4. Bernoulli processes

3. Let X,, be a Bernoulli process with success probability p. Find the probability
that Xg = 2, given that X; = 1.

4. In Question 3 of this example, what is really relevant? For example, if I asked
you to find the probability that X; = b given that X, = a, what matters about
s,t,a and b?

Binomial random variables

At this point, we want to define a random variable which counts the number of
successes in n trials coming from a Bernoulli experiment:

Definition 2.29 A binomial random variable with parameters n € N and p € [0, 1]
is a discrete r.v. taking values in {0, 1,2, ...n} whose density function is

n
T

fx(e) = ( )Ml e,

If X is binomial with parameters n and p, we write X ~ b(n,p) or X ~ bin(n,p).

A binomial r.v. with parameters n and p counts the number of successes in n
trials of a Bernoulli process with success probability p.

The numbers which occur as values of the density function of binomial r.v.s are
commonly encountered in probability. We denote by b(n, p, k) the number

n

b(n,p, k) = <k>pk(1 —p)"
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2.4. Bernoulli processes

Theorem 2.30 The density function of a binomial(n, p) r.v. is a density function (i.e.
its values sum to 1).

PROOF Use the binomial theorem:

;ng)fx(x) = Zn: <Z>px(1 —p) =

=0

How binomial r.v.s relate to Bernoulli processes

Let { X, } be a Bernoulli process with success probability p. Then:
1. For any fixed m and n with m < n, X,, — X,,, ~ b(n —m,p);

2. For any fixed n, X,, ~ b(n, p);
NOTE: X, is ar.v.,; {X,} is a process.

3. If m < n, P(X, =y|X,, = ) equals the number b(n —m,p,y — x).

Back to sampling with/without replacement

QUESTION
Suppose you have a bag containing 40 marbles, of which 8 are orange. If you draw
20 marbles from the bag, what is the probability that you draw exactly 5 orange
marbles?

Solution: It depends on whether you draw the marbles without replacement (in-
cluding if they are all drawn at once) or with replacement (i.e. you put each marble
back before you draw again).

If the sampling is without replacement:

If the sampling is with replacement:
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2.4. Bernoulli processes

EXAMPLE 22
Suppose you guess at every question on a 10-question multiple choice test (four
choices per question). What is the probability you get exactly 7 questions correct?

EXAMPLE 23 (CHALLENGE)
Suppose you know 75% of the questions that might be asked on a 10-question
exam. If you guess at the other 25% of the questions, what is the probability you
get all ten questions correct?

137858491849

~ .1253.
1099511627776

Remark: From Mathematica, this sum is

EXAMPLE 24
A fair coin is tossed 11 times (equivalently, 11 fair coins are tossed at once).

1. What is the probability of flipping exactly 7 heads?
2. What is the probability of at least 8 heads?

3. What is the probability of at least one head?
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2.4. Bernoulli processes

EXAMPLE 25
A machine produces parts which are defective 1% of the time. Out of 2000 parts
produced, what is the probability that exactly 30 parts are defective?

Geometric and negative binomial random variables

We earlier discussed binomial random variables, which describe the height of the
graph coming from a Bernoulli process at time n. Now we introduce random vari-
ables which describe horizontal measurements on the graph. For example, sup-
pose {X,,} is a Bernoulli process with success probability p. Let X be a r.v. which
measures the amount of time that passes before the first time the graph of {X,,}
hits height 1. X is called a geometric random variable.

T—'—H—O—'—H n
X

QUESTION
What is the density function of X?
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2.4. Bernoulli processes

Definition 2.31 A geometric random variable with parameter p € (0, 1] is a discrete
r.v. taking values in {0, 1,2, 3, ...} whose density function is

fx(x) = p(1—p)~.

If X is geometric with parameter p, we write X ~ Geom(p).

A Geom(p) r.v. counts the number of failures before the first success in a
Bernoulli process with success probability p.

Theorem 2.32 The density function of a Geom(p) r.v. is a density function (i.e. its
values sum to 1).

PROOF
> fx(@) =3 p(l—p)" = O
=0 x=0
Theorem 2.33 (Hazard law for geometric r.v.s) Let X ~ Geom(p). Then for any
n €N,
P(X >n)=
PROOF
P(X>n)=Y fx(@) = p(l-p)* = D

Geometric random variables are exactly the discrete random variables which have
an important property called memorylessness:

Definition 2.34 A random variable X is called memoryless if for all m,n > 0,

P(X>m+n|X>m)=P(X >n).

To say that a r.v. is memoryless means that if you think of the r.v. as the time it
takes for something to happen, if you know you have been waiting for m units,
the probability you will wait at least another n units is the same as the probability
you would wait at least n units from the get go (in other words, you “forget” that
you have already waited m units).
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2.4. Bernoulli processes

Theorem 2.35 A random variable X taking values in {0, 1,2, ...} is memoryless if

and only if X is geometric.

PROOF (<) Assume X ~ Geom(p).
We will show X is memorylessness by verifying that

P(X>m+n|X >m)=P(X >n).

We do this by direct computation:

PX>m+n|X>m)=

- (1-pm

PX>m+n X >n)
P(X >m)
P(X >m+n)
P(X >m)
(1= pmen

(by def'n of cond’l probability)

(by the hazard law)

(1-p)"
P(X >n) (by the hazard law in reverse).

(=) Assume X is memoryless and let p = P(X = 0).
By the definition of memorylessness, for all m,

PX>m+1|X>m)=P(X>1)=1-P(X=0)=1—p.

Therefore for all m > 0, we have

P(X>m+1)=(1-p)P(X >m). (2.2)

Since p = P(X = 0), we know

P(X>1)=1-P(X=0)=1—p

and therefore, by repeatedly applying (2.2), we see

P(X >2) =
P(X >3) =

P(X > m) = (1—p)™
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2.4. Bernoulli processes

Last,

=
S
I
-
<
I

r)=PX>z)-P(X>z+1)
=(1-p°®-01-p**
=[1-(1-p|1-p)*
=p(1 —p)*

meaning X ~ Geom(p) as wanted. [

Let’s now generalize the idea of a geometric random variable. Suppose we wanted
to count the number of failures before the " success in a Bernoulli process, where
r € N. Let X be such a r.v.; what is the density function of X?

Definition 2.36 A negative binomial random variable with parameters r € N and
p € [0, 1] is a discrete r.v. taking values in {0, 1,2, 3, ...} whose density function is

fx(z) = (36 ji; 1)29”"(1 —p)* =

If X is negative binomial with parameters r and p, we write X ~ N B(r,p).

That this function is in fact a density function will not be proven here. It uses the
Taylor series expansion of the function (1 —p)~*. (The “—" sign here is why we call
this the “negative” binomial r.v.)

A NB(r,p) r.v. counts the number of failures before the r'" success in a
Bernoulli process with success probability p.

Note that a negative binomial r.v. with parameters 1 and p is the same thing as a
geometric r.v. with parameter p. (We shorthand this fact by writing “NB(1,p) ~
Geom(p)”.)
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2.4. Bernoulli processes

Examples with geometric and negative binomial r.v.s

EXAMPLE 26
Let X be a geometric r.v. so that P(X > 5) = .3. Whatis P(X =1)?

EXAMPLE 27
The number of hurricanes that hit Florida in a given year is assumed to be geomet-
ric with parameter .85. What is the probability that either 3 or 4 hurricanes will hit
Florida this year?

EXAMPLE 28
An urn contains 30 red, 20 green and 50 blue marbles. Marbles are drawn from the
urn, one at a time with replacement. What is the probability that the fifth time a
green marble is drawn is on the 18th draw?
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2.5. Summary of Chapter 2

2.5 Summary of Chapter 2

e A discrete random variable is a function X : @ — R? taking values in a
discrete set (like N or Z or Z%).

* We can completely describe a discrete r.v. X by giving its density function
fx : Range(X) — [0, 1], which is defined by

Such a function must take only values between 0 and 1, and its values must
sum to 1. The density function of a discrete r.v. is used to compute probabili-
ties by adding its values: if E is any subset of the range of X,

P(X € E)=>_ fx(x).

zel

¢ (Classes of commonly encountered discrete random variables include the fol-
lowing:
1. uniform r.v.s, which assign equal likelihood to all values in the range of
X;
2. hypergeometric r.v.s, which count the number of special objects drawn
when a sample is drawn without replacement;

3. binomial r.v.s, which count the number of successes in n trials of a
Bernoulli process (and also describe sampling with replacement);

4. geometric r.v.s, which count the number of failures before the first suc-
cess in a Bernoulli process (and are the only memoryless discrete r.v.s);

5. negative binomial r.v.s, which count the number of failures before the
r'" success in a Bernoulli process.

You must know (or be able to refer to on your cheat sheet) the range, density
function and other relevant facts about each of these common r.v.s.

¢ We solve probability questions associated to uniform r.v.s by counting. Tech-
niques used to count sets include inclusion-exclusion, the multiplication prin-
ciple, permutations, combinations, distinguishable arrangements, and parti-
tion formulas.
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2.6. Chapter 2 Homework

2.6 Chapter 2 Homework
Exercises from Section 2.2
1. Suppose X is a discrete r.v. with density function f given by

v | =3]-1]o0]1]2]3]5]3
fx(@)| 1] 2[a5]2].1].15[.05].05

a) Compute the probability that X is negative.

b) Compute the probability that X is not positive.
¢) Compute the probability that X is even.

d) Compute P(X € [1,8]).

e) Compute P(X = -3 | X <0).

f) Compute P(X > 3| X > 0).

2. Choose two of (a), (b), (c):

a) Suppose a box has 12 balls numbered 1 to 12. Two balls are selected from
the box independently, with replacement. Let X denote the larger of the
two numbers on the selected balls. Compute the density of X.

b) Suppose you choose a zip code (i.e. a five-digit sequence of numbers)
uniformly from all possible zip codes and let X be the number of nonzero
digits in the zip code. Calculate the density function of X.

¢) Suppose you uniformly and independently choose three whole num-
bers from 0 to 9. Let X be the first digit of the number you get when you
add these whole numbers together. Calculate the density function of X.

Exercises from Section 2.3

3. (AE) Among a group of 20000 people, 7200 are below age 40, 8200 are child-
less and 12300 are male. In the same group, there are 5400 males below age
40, 4700 childless persons below age 40 and 6000 childless males. Finally,
there are 3100 childless males below age 40. How many people are females
above 40 who have children?

4. A 7-person committee, consisting of 3 Democrats, 3 Republicans and 1 Inde-
pendent, is to be chosen from a group of 20 Democrats, 15 Republicans and
10 Independents. How many different committees are possible?

5. Abus starts with 6 people and stops at 10 different stops. Assuming that each
passenger is equally likely to depart at any stop, calculate the probability that
the 6 people get off at 6 different stops.
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2.6. Chapter 2 Homework

6. My niece’s iPhone has 100 songs on it, of which 10 are performed by Taylor
Swift. If she sets her iPod to shuffle mode, which will play all 100 songs in a
random order (without repeating any songs until they are all played once),
what is the probability that the first Taylor Swift song my niece hears is the
eighth song played?

7. A domino is a rectangular block divided into two equal subrectangles as
below, where each subrectangle has a number on it:

Z )

(The numbers =z and y might be the same or different.) Since dominos are
symmetric, the domino (z,y) is the same as (y,z). How many different
domino blocks can be made if the = and y are to be chosen from n different
numbers?

Hint: Count the dominos where = y separately from the dominos where
x # y. Then add these two separate counts.

8. How many distinct arrangements of the letters in each of the following words
are possible?

a) COFFEE b) ASSESS c¢) BOOKKEEPER

9. a) Consider the grid of points shown below. Suppose that starting at the
point A you move from point to point, moving only one unit to the right
or one unit up at a time, ending at the point 5. How many different
paths from A to B are possible?

A®

b) The above picture gives a 6 x 4 grid of dots. Answer the same question
that was posed in part (a), if the grid is m x n (i.e. it has n horizontal
rows, each containing m dots).

10. How many distinct, non-negative integer-valued vectors (zy, zs, ..., x5) sat-
isfy:cl + X2+ 23+ T4+ x5 = 12?

Hint: This has something to do with distinguishable arrangements, and might
have something to do with Problem 9} depending on how you think about it.

In Problems you are to give both a formula for the answer in terms of stan-
dard combinatorial notation, and a decimal approximation of your answer.
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2.6. Chapter 2 Homework

11.

12.

13.

14.

15.

Suppose you deal a five-card hand from a standard deck of cards. Compute
the probability of being dealt each of the following hands:

a) A royal flush (the A, K,Q,J and 10 of the same suit)
b) A flush (any five cards of the same suit)
¢) Three-of-a-kind, but not a full house or four-of-a-kind

d) A straight (five cards in a sequence, regardless of suit)
Note: An ace may be the highest card (10-J-Q-K-A) or lowest card (A-2-3-
4-5) in a straight, but a sequence like K-A-2-3-4 is not a straight because
the ace is in the middle.

e) A hand which contains no pair (nor three- nor four-of-a-kind)
In Texas Hold’Em, each player is dealt 2 cards from a standard deck.

a) What is the probability that a Texas Hold'Em player is dealt a pair?

b) What is the probability that a Texas Hold’Em player’s hand is a “Broad-
way” hand (i.e. both cards are 10 or higher)?

c) What is the probability that a Texas Hold’Em player is dealt “suited con-
nectors”, meaning that the cards are of the same suit and adjoining rank
(Like (A-2) or (8-9) or (10-]) or (K-A))?

In the card game Bridge, each player is dealt 13 cards from a standard deck.

a) A Yarborough is a (terrible) Bridge hand that contains no card higher
than a 10 (i.e. no jacks through aces). Compute the probability that a
Bridge hand is a Yarborough.

b) A Bridge hand is said to have a void if there is at least one suit for which
the hand has no cards in that suit. Compute the probability that a Bridge
hand has exactly one void.

In the card game Shanghai Rummy, two 54-card decks (each including the
standard 52 cards and 2 jokers) are shuffled together. Then, each player is
dealt a 12-card hand. What is the probability that a Shanghai Rummy hand
contains at least one joker?

Set is a card game played with a deck of 81 different cards. Unlike normal
playing cards, which have two attributes (a suit and a rank), each card in a
Set deck has four attributes: a color (one of red, green, or purple), a shape
(one of diamonds, ovals or waves), a number (1, 2 or 3), and a pattern (solid,
striped, or open).

a) If you choose five cards randomly from a Set deck, what is the probabil-
ity that your hand is a color flush (meaning all five cards are of the same
color)?
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2.6. Chapter 2 Homework

b) If you choose five cards randomly from a Set deck, what is the probabil-
ity that your hand is a color and shape flush (meaning all five cards are
of the same color and shape)?

c) If you choose five cards randomly from a Set deck, what is the probabil-
ity that your hand is a color and shape and pattern flush (meaning all
tive cards are of the same color, shape and pattern)?

d) If you choose five cards randomly from a Set deck, what is the probabil-
ity that your hand is a flush with respect to any two attributes?

e) If you choose five cards randomly from a Set deck, what is the probabil-
ity that your hand is a flush with respect to at least one attribute?

Hint: Use Inclusion-Exclusion, together with previous parts of this prob-
lem.

Exercises from Section 2.4

16.

17.

18.

19.

A fair die is rolled 12 times (independently). Compute the probability of
rolling exactly 2 sixes, and the probability of rolling at most 2 sixes.

(AE) Experience shows that 20% of the people reserving tables at a certain
restaurant never show up. If the restaurant has 50 tables and takes 52 reser-
vations, what is the probability that it will be able to accommodate everyone
who shows up?

A circular target of radius 1 is divided into four annular zones (an “annular”
shape is like a ring) of outer radii 1, 3, 2 and 1, respectively. Suppose 10 shots
are fired at the target independently, and that each shot hits a random point
in the target chosen uniformly.

a) Compute the probability that exactly four shots land in the region of
radius 1/4.

b) What is the probability that at most three shots land in the zone bounded
on the inside by the circle of radius 1/2 and on the outside by the circle
of radius 3/4?

) If exactly 5 shots land inside the circle of radius 1/2, determine the prob-
ability that at least one shot lands inside the circle of radius 1/4.

(AE) You own a business that gets bolts from two bolt manufacturers: A and
B (you get 70% of your bolts from A and 30% from B). Suppose that 5% of
all bolts from manufacturer A are defective, and that 20% of all bolts from
manufacturer B are defective. You get a shipment of 12 bolts from one of
the two manufacturers. If exactly 3 of the 12 bolts are defective, what is the
probability that the shipment came from manufacturer B?
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2.6. Chapter 2 Homework

20. There are 40 gumballs in a bag, of which 20 are red, 10 are orange, 8 are green,
and 2 are purple.

a) If you draw 10 gumballs from the bag without replacement, what is the
probability that you draw 5 red, 3 orange, and 2 purple gumballs?

b) If you draw 7 gumballs from the bag without replacement, what is the
probability that you draw exactly 4 green gumballs?

¢) If youdraw 7 gumballs from the bag with replacement, what is the prob-
ability that you draw exactly 4 green gumballs?

d) If you draw 6 gumballs from the bag without replacement, what is the
probability you draw at least 5 orange gumballs?

e) If you draw 10 gumballs from the bag with replacement, what is the
probability that you draw 3 orange gumballs?

21. Continuing with the same bag of gumballs as in the previous problem:

a) If you draw 15 gumbealls from the bag without replacement and take a
bite out of them, then put them back in the bag, and if you subsequently
draw 5 gumballs from the bag with replacement, what is the probability
that you drew 3 gumballs that you bit?

b) Suppose you draw gumbealls from the bag repeatedly, with replacement.
What is the probability that the first time you draw a purple gumball is
on the 9th draw?

¢) Suppose you draw gumballs from the bag repeatedly, with replacement.
What is the probability that the fifth time you draw a red gumball is on
the 14th draw?

d) Suppose you draw gumballs from the bag two at a time, putting each
group back after you draw it. What is the probability that the first time
you draw 2 red gumbealls (on a single draw) is the 4th time you draw 2
gumballs from the bag?

e) Divide the 40 gumballs randomly into four disjoint groups of 10. What
is the probability that the first and second groups have the same number
of green gumballs?

22. Suppose X ~ Geom(.8). Compute the following:

a) P(X > 3) ¢) P(X <2|X <3)
b) PA< X <TorX >09) d) P(X >85|X > 80)
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Calculus review

23.

24.

25.

26.

27.

Evaluate each integral:

a) /ewda: d) /e”/‘r’dx
b) /e’z dx e) /67(3/8)“dx
C) /e% dz f) /6(5$_3)/4dl‘

Based on your answers to Exercise what is / e dx? (There are two cases,
depending on whether or not r = 0.)
Based on your answer to Exercise 24} evaluate the following integrals, simpli-

tying your answer as much as possible. Try to do them quickly, i.e. without
writing a u-substitution.

"o 4z —z/4
a) /36 4 dx d) /126 dr
1 4 8
b) / —e @3 gy 7
0o 2 e) / ae™"" da
5

5
c) /2 2e" du (in (e), assume b # 0)
Evaluate each improper integral:

a) /Oo 3e " dux.
1

b) /Oo 2e " du
5

) / - re”** dx (assume in this problem that s # 0)

Determine the value of ¢ so that / de™dx = 1.
0
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Chapter 3

Continuous random variables

3.1 Density functions of continuous random variables

RECALL
Arv. X isa function X : Q — R? where (, A, P) is a probability space.

In Chapter 2, we studied discrete r.v.s, meaning those whose range is finite or
countable. Now, we will study non-discrete r.v.s. First, a definition:

Definition 3.1 A r.v. X : Q — R?is called continuous (cts) if, for every x € RY,
we have

Definition 3.2 A r.v. X : Q — R?is called mixed if if it neither discrete nor
continuous.

EXAMPLE 1
Pick a number uniformly from [0, 3] and let X be the result.
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3.1. Density functions of continuous random variables

RECALL

To describe a discrete real-valued r.v., we write down a

for that r.v. This object tells us two things:

QUESTION
What is the analogue of this for a cts r.v.?

Bad news: Unfortunately, we can’t accomplish both (1) and (2) above when X is
cts:

Definition 3.3 Let X : 2 — R be a cts r.v. We say X has a density function [y
(equivalently, fx is a density function for X) if fx : R — [0, 0o) satisfies, for any
real numbers a < b,

P(X € [a,b]) /fX

EXAMPLE 1, CONTINUED
What is a density function for the uniform r.v. on [0, 3]?
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3.1. Density functions of continuous random variables

Theorem 3.4 A function f : R — R is the density function of actsrov. X : Q@ — R
if and only if all of the following hold:

b
1. f is measurable (meaning you can compute / f(z) dx for every a and b);

2. f(z) >0 forall x;

3. /_O:of(x)dx— L.

EXAMPLE 2
Suppose X is a continuous r.v. whose density function is

cx if0o<x<3
Fx(@) = { 0 else
for some constant c.
What is the range of X?
What is the value of ¢?

Find P(X < 1).

Find P(X > 2).

Find P(X > 2).

Which is more likely, that X =1 or X = 2?

Which is more likely, that X is close to 1 or X is close to 2?

NS A L=
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3.1. Density functions of continuous random variables

Key idea: If you want to do any probabilistic calculations related to a contin-
uous r.v., all you need to be given (or all you need to figure out) is the density
function of that r.v. This is because if you are given any set F C R,

P(X € B) = /EfX(x) d,

so long as X is continuous.

Contrast this with how you compute probabilities for discrete r.v.s:

DISCRETE R.V.S CONTINUOUS R.V.S

How the density
function is

defined

How probabilities
are computed
using the density

Bad news: There are continuous r.v.s that do not have a density function.
Good news: You would not encounter these r.v.s in any normal situation.

Uniform continuous r.v.s

The most common type of continuous r.v. is where you choose from a set where
all subsets of the same size have equal probability This is called a uniform r.v.:

Definition 3.5 Let (2 C R be a union of intervals whose total length is finite.
A (continuous) uniform random variable on ) is the cts r.v. X with density function

1

fx(z) =2 total length(S2)
0 else

ifex e

If X is uniform on a single interval [a,b] C R, we write X ~ Unif([a,b]).

Example 1 describes a uniform r.v. on [0, 3], for instance.
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3.1. Density functions of continuous random variables

EXAMPLE 3
Describe a density function for the uniform r.v. on [0, 4] U [10, 11) U {13}.

Remark: The density function of a cts r.v. is never unique — it can be altered on
any finite or countable set without affecting any probability computations.

EXAMPLE 4
1
Find a density function for X, if X ~ Unif( [0, 2] ).

Remark: Unlike density functions for discrete r.v.s, density functions for cts
r.v.s can take values greater than 1.
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3.2. Distribution functions

3.2 Distribution functions

In this section, we address two questions:
1. How do we represent a r.v. which is mixed (neither discrete nor cts)?

2. Is there an object which describes r.v.s, which unifies the theory of discrete,
cts and mixed r.v.s?

The answer to these questions is given in the following definition. For now, we’ll
stick to real-valued r.v.s (and discuss vector-valued r.v.s later).

Definition 3.6 Let X : 2 — R be a r.v. The cumulative distribution function
(a.k.a. distribution function a.k.a. cdf) of X is the function Fx : R — R defined

by

Fx(z) = P(X < x).

EXAMPLE 5
What is the cdf for the uniform r.v. on [0, 4]?
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3.2. Distribution functions

EXAMPLE 6
Shown below are graphs of the cdfs for three r.v.s X, Y and Z. What can you tell
about X, Y and Z from these graphs? What are the commonalities across these
three graphs?

1. 1. & 1. ——
Fy FY *—O F/
0.8 X 0.8 el 0.8

0 0.6 o 0.6
0:4 0:4 =0 0.4
*—0
0.2 0:2 0.2
*—0
-9 -6 -3 0 3 6 9 -3 -1 1 3 5 7 9 -3 -1 1 3 5 7 9
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3.2. Distribution functions

Theorem 3.7 (Properties of distribution functions) Let X : Q2 — R be a r.o.
whose cdf is Fx. Then:

1. Fx is the only cdf of X;
2. Fx is nondecreasing;

3. lim Fx(z)=0;

T—r—00

4. lim Fx(z)=1,

5. If Range(X) C (a,b), then Fx(z) = 0forall x < a;
6. If Range(X) C (a,b), then Fx(x) =1 forall x > b;

7. Fx is right-continuous everywhere

(meaning lim Fx(z) = Fx(c) for all c).
Tr—C

Theorem 3.8 (Calculating probabilities from distribution functions) Let X :
2 — R be a r.v. whose cdf is Fx. Then:

1. P(X € (a,b]) = Fx(b) — Fx(a) forall a < b.

.
J

a

- L1

2. P(X =c¢) = Fx(c)— li}mﬁ Fx(x)

(this is the size of the jump in Fx at c).

Fyx

lim Fy(x) P
X—¢C

c

3. P(X = c¢) = 0ifand only if Fx is continuous at c.

The next theorem generalizes what we observed in Example 6:

Theorem 3.9 Let X : Q — R be a r.v. whose cdf is F'x. Then:

1. X is cts if and only if Fx is a continuous function;

2. X is discrete if and only if Fx is piecewise constant.
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3.2. Distribution functions

EXAMPLE 7
Suppose X is a real-valued r.v. that has distribution function

ifz <0
+/r ifz e (0,1)
— 4 I
Fx(w) = so ifzell,2)
1 ifx>2

Compute each probability:

1. ( (do this for every real number z)

)
)
)
)
)

e

x
1
1
1
1

X <

'/\vam

e
D e

.O\.U‘tPPJN
e
AAAAA

N
~—

Theorem 3.10 (Relationship between density and dist. functions) Suppose that
X : Q — Ris a cts r.v. with density function fx. Then:

1. (Fx(a)) = fx(@); and

2. /_ ‘; Fx(t) dt = Fx ().

PROOF Statement (2) follows from definitions of density and distribution func-
tions:

/_; Fx(t)dt = P(X € (—o0,1]) = Fx(z).
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3.2. Distribution functions

Statement (1) follows from (2) and the Fundamental Theorem of Calculus:
d d [ (=
() = | [ x| = fx(a). O

EXAMPLE 8

Suppose X is a cts. r.v. whose distribution function is

0 z <0

) s

Fy(z) ={ sinz O<Q7CT§§ _
1 > —
7

1. Find a density function of X.
2. Compute P <X < g) using the cdf of X.

3. Compute P <X < g) using a density function of X.

Survival functions

Definition 3.11 Let X be a real-valued r.v. The survival function of X is the func-
tion Sx(z) = P(X > z) =1— Fx(x).

Note: if X is cts, then Sx(z) = P(X > z) as well.

EXAMPLE 9

Compute the survival function of X, if X ~ Unif(]0, 8]).
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3.3. Transformations of random variables

3.3 Transformations of random variables

Let ¢ : R — R be a function and let X be a real-valued r.v. (By the way, ¢ is “phi”.)
Then Y = ¢(X) is a r.v. which is called a transformation of X. The object of this
section is to compute the density function of a transformation when you are given
a density function of the original r.v.

When X is discrete

In this situation, ¥ = (X)) must also be discrete. To compute the density function
of Y, first determine the range of Y. Then, for y belonging to the range of Y/, start
with the definitions as follows:

fr(y) = P(Y = y) = P(p(X) = y)

and then solve the equation inside the parentheses for X. Then use a density func-
tion of X to compute probabilities.

EXAMPLE 10
Suppose X ~ Unif({—2,-1,0,1,2}). Let Y = X*. Find a density function of Y.

Remark: Once you have a density function of Y, you can compute any proba-
bility associated to Y by adding values of fy (or integrating fy, if Y is contin-
uous).
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3.3. Transformations of random variables

When X is continuous

In this situation, ¥ = ¢(X) could be discrete, continuous or neither. Since you
don’t even know that Y has a density function, the best way to proceed is to find
the distribution function of Y first. First, determine the range of Y. If this range
is [a, b] or (a,b), you know that

and

Next, let y be in the range of Y. By the definition of cdf, we get
Fy(y) = P(Y <y) = P(p(X) < ).

Solve the inequality ¢(X) < y for X (this may involve multiple cases) and use
either the density or distribution function of X to obtain the cdf of Y. Finally, dif-
ferentiate Fy to obtain fy-.

EXAMPLE 11
Let X be uniform on [0,2] and let Y = X?3. Compute a density function of Y.

100



3.3. Transformations of random variables

EXAMPLE 12
Suppose that an insurance company has to make two kinds of annual payments,
“direct” and “indirect”. If X is the size of the direct payment and Y is the size
of the indirect payment the company has to make, assume that (X,Y’) is mod-
eled by a uniform r.v. on the unit square (this is the square whose vertices are
(0,0),(1,0),(0,1) and (1, 1)). Determine a density function of the total annual pay-
ment the insurance company has to make.
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3.3. Transformations of random variables

EXAMPLE 13

Choose a point (X, Y') uniformly from the rectangle whose vertices are the four
points (1,0),(1,1),(4,0) and (4,1). Let Z = Y/ X; compute f5.
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3.3. Transformations of random variables

EXAMPLE 14
You and your friend decide to meet at the library to study math. Each of you
choose a random time (uniformly and independently) to arrive at the library be-
tween 6 and 7 PM. What is the density function of the length of time the first person
to arrive has to wait for the second person to arrive?
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3.3. Transformations of random variables

Definition 3.12 A continuous, real-valued r.v. Y is called Cauchy if Y = tan X,

for X uniform on [ ; ;T

The Cauchy r.v. measures the slope of an angle which is uniformly chosen,
because tan @ is the slope of a line at angle ¢ to the horizontal.

EXAMPLE 15
Compute a density function of the Cauchy r.v.

Solution: First, notice that since X ~ Unif([5, §]),

1

1
- .
3 ™

fx(z) =

3
for z € [5, 7] (and fx(z) = 0 otherwise).
Now, let Y = tan X; the range of Y is R. For any y € R,

Fy(y) = P(Y <y)
= P(tan X <)
= P(X < arctany)

arctany
N /71'/2
/arctany ]_
N w/2
™
= (arctany—( ))
s 2

1
= —arctany + —.
s 2
Therefore a density function for Y is

d d 11 1
fr(y) = @Fy(y) =W [7? arctany + 2] —

Jr(y)
] L

-5 -4 -3 -2 -1 ] 2 3 4 5
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3.4. Poisson processes

3.4 Poisson processes

In the last chapter, we discussed Bernoulli processes, which count the number of
successes occurring when time is kept track of discretely (i.e. in terms of the number
of trials that have been performed). In this section we describe a second important
type of process, which can be thought of as keeping track of the number of “suc-
cesses” called births occurring when time is kept track of continuously (i.e. in terms
of elapsed physical time). Such a process is called a Poisson process:

Definition 3.13 Suppose “births” are occurring at random times in [0, co) according
to the following three rules:

No simultaneous births: the probability of two births happening at the same time
1S zero;

Time homogeneity: the number of births happening in any interval of time depends
only on the length of that interval (and not on the starting point or endpoint of
that interval); and

Independent increments: the number of births occurring on any collection of dis-
joint intervals are mutually independent of one another.

In this setting, if we define X, to be the number of births in time interval [0, ], we
obtain a continuous-time stochastic process {X; : t € [0,00)} called a Poisson pro-
cess.

Things from the real world modeled by Poisson processes include:
¢ births of new individuals in a population;
e arrivals of customers to a service center;
¢ times of radioactive emissions;
* times when a cell phone receives a text message;
¢ times when an earthquake hits the San Andreas Fault;
¢ times at which insurance companies acquire new customers;
¢ times at which insurance companies’ customers file claims;
¢ times when an error occurs during a transmission.

In all these situations, each time when one of these things occurs is the time of a
“birth”.
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3.4. Poisson processes

To get a picture of what a Poisson process “looks like”, suppose births happen at
times 2, 7, v/30, 7.3, 9, .... If we graph X, against ¢, we get this sample function:

X

7

6

2

T

NED)

7.3

9

More generally, suppose the times of births are (in increasing order) 74,75, T, ....
This produces the following picture of a sample function, from which we can de-

tine random variables associated to the Poisson process:

X

71

6_

51

4+ o—
3t ° O

2t e——O

1+ ® O

* i n, T !
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3.4. Poisson processes

Definition 3.14 Let {X,} be a Poisson process. For j = 1,2, 3, ..., define the follow-

ing r.v.s:
T; = min{t: X; = j}

= the j" smallest time at which a birth occurs (set Ty = 0)
W; =T; —T;_, = the j'" waiting time
(the time between the (j — 1) and ;' births)

Note the parallels between these r.v.s and the r.v.s arising from a Bernoulli process:

Bernoulli process | Poisson process
time measurement discrete continuous
(t eN) (t €10,00))
success
parameter probability
p
distribution of X; binomial(z, p)
W ~ time to first success/birth Geom(p)
(memoryless)
T, ~ time to r'" success/birth NB(r,p)

Exponential random variables

Our goal is to determine the density function for each of the r.v.s associated to a
Poisson process. We start with the distribution of the waiting times W:

Quick observations about waiting times:
2. It i # j, the values of W; L W; (follows from independent increments).

3. For any j, the density function of W, is the same as the density function of
any other WW;, hence the same as the density function of W; (follows from
time homogeneity). So we can call each of the waiting times .

4. W is continuous (follows from time homogeneity).

5. W is memoryless (see next page).
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3.4. Poisson processes

Lemma 3.15 If W is the waiting time between births in a Poisson process, then W is
memoryless, meaning that for all m,n > 0,

PW >m+n|W >m)=P(W >n).

PROOF The important observation to prove this is that in a Poisson process, W >
w means there are no births in a time interval of length w. The rest of this proof is
a calculation based on this observation:

P(W > n) = P(no births take place in the time interval [0, 1))
(since waiting time to first birth is at least n)
= P(no births take place in the time interval [m, m + n))
(by time homogeneity)
( no births take place | no births take place )
= P | in the time interval | in the time interval
[m, m+n) [0,m)
(by the independent increment property)
P(no births in [0, m) N no births in [m, m + n))
- P(no births in [0,m))
(by definition of conditional probability)
P(no births in [0,m + n))
- P(no births in [0, m))
PW >m+n)
P(W >m)
PW>m+4+nNOW>m)
P(W >m)
=PW>m+n|W >m).0O

RECALL

If X is discrete, we showed that any memoryless r.v. X mustbe .
The waiting time I in a Poisson process is memoryless, but is continuous. To clas-
sify it, we use the following theorem:
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3.4. Poisson processes

Theorem 3.16 Let X be a continuous r.v. taking values in [0, co) which is memory-
less. Then X has density function

fx(z) =

PROOF First, let F'x be the cdf of X and consider the survival function
Sx(z) =1—Fx(z) =P(X >z)=P(X > x).

Note Sx(z) € (0,1) so —In Sx(1) > 0.
We can then let A = —In Sx (1), which means Sx (1) = e~
Since X is memoryless,

P(X >m+n)
P(X >m)

—P(X>n) = P(X>m+n)=PX >m)P(X >n)
=

So for any positive integer m,

Sx(m)=Sx(1+1+4..+1)=5x(1)Sx(1)---Sx(1) = [Sx(1)]™ = e ™.

Now for any positive rational number *,

xlm) = 8 (5o 0) =8 () 5 () -9 () = [+ (5)]

so by taking n'" roots of both sides of the above equation we get

Sx (:’Z) = /S (m) = /S (1) = [Sx ()" = e Am/m),

Since Sy () = e~*"™/") for all rational numbers m/n, and since S is
continuous (because X is cts by hypothesis), it must be that for all real
numbers z, Sx(z) = e~ **. Thus

Fx(z)=1—-Sx(z)=1—¢e"

and

fx(z) =
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3.4. Poisson processes

Definition 3.17 An exponential r.v. X with parameter A € (0, c0) is a continuous
r.v. whose density function is

Ae ™™ >0

Jx(z) = { 0 else

If X is exponential with parameter \, we write X ~ Exp(\).

Here are some plots of density functions of Exp(\) r.v.s for various A:

A=t A=1 A=3 A=10

1/5

Thus if X is exponential, we are more likely to get smaller values for X if ) is large,
and more likely to get larger values for X if A is small.

Theorem 3.18 (Properties of exponential r.v.s) Let X be a real-valued rv. The
following statements are equivalent:

1. X ~ Exzp()).
2. X is memoryless and continuous.

0 ifex <0

3. The cdf of X is Fx(x) :{ l—e™ x>0

4. The survival function of X is Sx(z) = e **.

5. X models the time between births in a Poisson process.

Corollary 3.19 (Waiting times are exponential) Let {X,} be a Poisson process.
Then there is a number \ > 0, called the rate or birth rate of the process, such
that the waiting times between each births are Exp(\).

An exponential r.v. with parameter )\ gives the waiting time between births
in a Poisson process with rate \.
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3.4. Poisson processes

Poisson random variables

Now, we turn our attention to figuring out the density of X, (for a fixed t). No-
tice first that each X, is discrete because it counts the number of births in [0, ¢].
Furthermore,

P(X; = x) = P(exactly = births in the time interval [0, ¢]).

Take the time interval [0, t] and divide it into n equal-length subintervals:

The length of each subinterval is
and therefore the probability of no birth in each subinterval is
so the probability of at least one birth in each subinterval is

Now, if n is large enough, then these subintervals will be very, very small, so by
the property of no simultaneous births, we will not have more than one birth any
any of these subintervals. So for large enough n, each subinterval will have

one birth (with probability 1 — e=/")
or
zero births  (with probability e=/™).

That means we can think of each subinterval as being a trial of a Bernoulli experi-
ment (where a “success” means that the subinterval contains a birth), and therefore

P(X; = x) = P(exactly z births in the time interval [0, ¢])
= P(x successes in n trials)

=b(n,1 —e " 1)

Of course, this only works if 7 is large enough. How large is large enough? Well,
oo is definitely large enough, so we conclude

P(X;=z)= lim b(n,1 — e /" z).

n—oo

and we work out this limit on the next page.
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3.4. Poisson processes

From the previous page,

P(X;=xz)= lim b (n, 1—e M ZL‘)

n—oo
i (0) -y
= lim _n (1 _ e—At/n)x o~ M(n—z)/n

n—oo gl(n — x)!

1 ! T n—=x
= — lim L' (1 — e_’\t/"> exp {—)\t (n rﬂ

xl n=oo (n — x)! n

1 ! r z .
- = lim . (1 — 6—/\t/n) exp [—)\t <1 — I)

xln=oo (n —x)! n* n

= exp [—At(1)] lim e n (1 —e )
n* 4+ smaller powers of n . (1 B e‘*t/")x

1 :
= JOxP [—At(1)] Jim =

— e M li negative powers =At/n\ |z
= 4, (1+n JIn (1 =)
- S 00 fi [ =)
e N : =At/n)\ | z
= (1))
B e~ At i 1 — efz\t/n
L e e <7¥>
=—|lim ———~
! |n—oo
= [
e_'M : ®
= — M (e”)]
B (/\t)zef/\t
N

112



3.4. Poisson processes

Definition 3.20 Let A € (0,00). A Poisson r.v., denoted Pois()), is a discrete r.v.
taking values {0, 1,2, 3, ...} whose density function is

S

z!

fx(z)

A is called the parameter of the Poisson r.v.

Theorem 3.21 The density function of a Poisson r.v. is in fact a density function (its
values sum to 1).

PROOF Apply the formula for the Taylor series of e*:

. > e A= AT AA
= = e — = :1|:|
Q)= T =T e

Theorem 3.22 Let {X; : t € [0,00)} be a Poisson process with rate \. Then for each
t, Xy ~ Pois(\t).

A Poisson r.v. with parameter A\ counts the number of births taking place in
a Poisson process with rate \ over any one unit of time.

A Poisson r.v. with parameter A\t counts the number of births taking place in
a Poisson process with rate \ over any time period of length ¢.

There is a relationship between binomial and Poisson r.v.s:

Theorem 3.23 (Law of Small Numbers (LSN)) lim = b(n, 2) = Pois(\). Re-
stated, this means that for any x € {0,1,2,3, ...},

-\
hnll)<n,A,x> _ ¢ A .
n

PROOF HW

The LSN says that if you perform more and more trials in a Bernoulli experiment,
but simultaneously lower the probability of success on each trial so that the ex-
pected number of successes is kept equal to the constant ), you achieve a Poisson
r.v. in the limit. So a Poisson r.v. is kind of like a binomial r.v. with infinitely many
trials and an infinitely small success probability.
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3.4. Poisson processes

Gamma random variables

The last r.v. associated to a Poisson process whose density we need to find is the
time 7, to the 7" birth in a Poisson process. We start by noting that the range of
T =T, is [0, 00); next we compute its distribution function. Let ¢ € [0, c0). Then

Fr(t)=P(T, <t)=P(X; >r)
(both these inequalities describe the
event of at least r births in [0, ¢])
=1—-P(X; <)
=1— P(Pois(At) <)

— ! dt
_ = & i [exlnt—kt}
! dt
— = & {easlntf)\t] (I’ o )\)
= ! t
r—1
AT
=55 ] ()
=0 xZ.
— Til )\93+1 taﬁe—)\t _ Sﬁ tl‘—le—)\t
= ! = !
= ! = !

. )\x z—1 _—At = )\x x—1_—At
EDSN ey R D Yy
= ( )\Tl)'tr—le—)\t

T — !
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3.4. Poisson processes

Definition 3.24 Let A\ € (0,00) and let r € {1,2,3,...}. A gamma r.v., denoted
[(r,N), is a cts r.v. X taking values in [0, co) whose density function is

)\T r—1_—Ax 0
fX(a:){(,,,l)!x e ife >0

0 else

r and X are called the parameters of the gamma r.v.

We will prove that fx is actually a density function later.

Theorem 3.25 Let {X, : t € [0,00)} be a Poisson process with rate \. Then for each
r€{1,2,3,...}, T, (the time to the r'" birth) is T'(r, \).

In particular,a (1, \) r.v. is the same thing as an Exp(\) r.v. (i.e. |[I'(1, ) ~ Exp(X) ).

PROOF The first part of this was derived on the previous page.
For the second part, let X ~ I'(1,\):

fx(z) =

This is the same density as an Exp(\) 1.v., s0 X ~ Ezp(A). O

A T(r,\) r.v. measures the time until the r*" birth in a Poisson process with
rate \.

Problems with r.v.s related to Poisson processes

EXAMPLE 17
The number of people in a community who live to 100 years of age is a Poisson r.v.
with parameter 6.

1. Compute the probability that exactly 4 people live to 100.

2. Compute the probability that at least 2 people live to 100.
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3.4. Poisson processes

EXAMPLE 18
The time (in hours) it takes to repair a machine is an exponential r.v. with parame-

1
ter 3 Find the probability that the repair time is at least 2 hours.

EXAMPLE 19
Suppose X is exponential with parameter 4. Let Y = X? find a density function
of Y.
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3.4. Poisson processes

EXAMPLE 20
Suppose that hits to a certain website follows a Poisson process with rate 200.

1. What is the probability there are (exactly) 630 hits in the first 3 units of time?

2. Suppose there is a hit at time 10. What is the probability that there are no hits
between times 10 and 117

3. Write a density function of the r.v. measuring the time to the fifth hit.
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3.5. More on gamma random variables

3.5 More on gamma random variables

The gamma function

We begin this question by trying to determine the value of n! when n is not a whole
number. For example, what is %!? What is 7!?

More precisely, we seek a function f : R — R (or at least f : [0,00) — R) with the
following properties:

1. f(n)=n!foralln € {0,1,2,...};
2. fis continuous;
3. zf(xr —1) = f(x) for all x.

Such an f would be a “continuous version of factorial”:

n! n! n!

3!=6 .

7! .

3o}

L]

Il
%)
°
N
w =
0]
N
3

=g . 6! .

12 3 4 o 1 2 3 4 5 1 2 3 4 5

n

(o))

7 8

To do this, we will start by trying to incorporate property (3) above through some
creative integration by parts. Our attempt will be slightly off, but “close enough”.

Definition 3.26 The gamma function is the function I' : (0, c0) — R defined by

o0 1 + 1 "
11 (1+i) (this isn’t relevant to MATH 414 or 416).

n=1 n

1
It turns out that I'(r) = —
”

n! n! n!

I'(n+1)

I'(n+1)

1 2 3 3" I 2 3" 1 2 3 4 5 6 7 8"
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3.5. More on gamma random variables

Theorem 3.27 (Properties of the gamma function) Let I be the gamma function.
Then:

1. T': (0, 00) — R is continuous.

') =1.

Foreveryr > 0,I'(r+1) =rI'(r).
Foreveryr > 1,T(r) = (r — 1)I'(r — 1).
Forn € {1,2,3,..},I'(n) = (n — 1)L

S T

Foreveryn e N,n! =T'(n+1).

PROOF (1) All functions defined as integrals are cts by the Fund. Thm. of Calculus.

@) T(1) = /°° e dr = —e P =0 — (—1) = 1.
0
(4) follows from (3) by replacing all the rs with r — 1.
(5) follows from (2) and repeated application of (4).
(6) follows from (5) by replacing each n with n + 1. That leaves (3).

To establish (3), use integration by parts with u = 2" and dv = e dx:

We can now extend the definition of gamma random variables to the situation
where r is not necessarily a whole number:

Definition 3.28 Let A € (0,00) and let r € (0,00). A gamma r.v., denoted I'(r, \),
is a cts r.v. X taking values in [0, oo) whose density function is

A r—1_—\x ;
fx<x>{r<r>$ AR

0 else

r and X are called the parameters of the gamma r.v.
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3.5. More on gamma random variables

Here are some graphs of density functions of I'(r, A) r.v.s:

fx(x)
3.0

fx(x)
30;

25

201
=12, 1=3/4
150
10/

E\ r=1.1,1=3/4

05f r=2,A=3/4

Theorem 3.29 The density function of a I'(r, \) r.v. is in fact a density function.

PROOF Perform the u-substitution u = Az; du = A dz inside the integral:

o o o N r—1 _—A\z o
/0 fX($)d£B—/O mx Le™ A% dg =

Corollary 3.30 (Gamma Integral Formula) Let r, A > 0. Then:

o I'(r)
r—1 Az dr =
/0 X e XL T

Application:/ 428 dz =
0
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3.6. Summary of Chapter 3

3.6

Summary of Chapter 3

* A continuous random variable is a function X : Q — R such that the proba-
bility of any individual value of X is zero.

¢ We usually describe continuous r.v.s by specifying a density function fx :
R? — [0, 00), which satisfies

P(X € E) = /EfX(x) dx

for any set £. Such a function must be everywhere nonnegative and must
integrate to 1. We compute probabilities associated to a cts r.v. by integrating
the density function as above.

¢ All real-valued r.v.s can be described by giving a distribution function Fx :
R — [0, 1] defined by

Distribution functions have many properties; notably X is cts if and only if
Fx is cts; and if X is cts with density fx,

d

fx(2) = —Fx(z) and Fx(z)= /_w Fx(t) dt.

* To find the density function of a continuous transformation Y of a continuous
r.v X, first find the range of Y, then compute Fy by back-substitution. Last,
differentiate Fy to get fy.

¢ (Classes of commonly encountered continuous random variables include the
following;:

1. uniform r.v.s, which assign relatively equal likelihood to all values in
the range of X;

2. exponential r.v.s, which measure the amount of time until a birth hap-
pens in a Poisson process (and are the only memoryless cts r.v.s);

3. gamma r.v.s, which measure the amount of time until the r** birth in a
Poisson process;

4. the Cauchy r.v.,, which gives the tangent of a uniformly chosen angle.

You should know the range, distribution and density function of each of
these common r.v.s, and additional facts relevant to each class.

* One additional class of discrete r.v.s not previously encountered are Poisson
r.v.s, which count the number of births over a fixed length of time in a Poisson
process.
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3.7. Chapter 3 Homework

* The gamma function I, defined by

I(r) = /Oo e " da,
0

extends the idea of factorial to positive real numbers (for n € N, n! = I'(n+1)).

3.7 Chapter 3 Homework

Exercises from Section 3.1

1. Suppose you choose a real number X from the interval |2, 10] with a density
function of the form fx(x) = C'z, where C' is some constant.
a) What is the value of C?
b) Compute P(X > 5).
c) Compute P(X < 7).
2. a) (AE) The loss due to a fire in a commercial building is modeled by a
continuous r.v. X with density function f(z) = k(20 — z) for 0 < z <

20 (f(z) = 0 otherwise). Given that a fire loss exceeds 8, what is the
probability that it exceeds 16?
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3.7. Chapter 3 Homework

b) In part (a) of this problem, did you have to determine the value of & to
tind the answer? Why or why not?

¢) In general, for what types of probability computations would one not
need to find the value of an unknown multiplicative constant (like the &
in part (a)) in a density function?

Exercises from Section 3.2

3. Let X be a r.v. whose distribution function is

0 ifz<0
2 ifo<a<
Fx(l’) = 4
5 ffl<z<2
1 ifzx>2
Compute each quantity:
a) P(1<x<?) d P1<x<i)
b) P(L<Xx<1) e) P(1<X<2)
c) P (i <X < 1) f) P (X is an integer)
4. Suppose X is ar.v. whose cdf is
0 ifrx <1
1 .
— fl<z<3
Fx(z) = L
x
— if 3 < 4
10 H3<zr<
2 .
K—— ifz>14
T

where K is a constant. Compute each quantity:

a) K e) P(X >1)

b) P(X =3) f) P(X >4|X >4)
) P2< X <3) g) P(X <35|X <4)
d) PB< X <4) h) P(X >2|X >3)
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3.7. Chapter 3 Homework

5. Suppose X is a continuous r.v. with survival function

32 ifr>0
S(x)_{ 1 ifa<0.

a) Compute P(X > 7).

b) Compute P(X < 5).

c) Compute P(3 < X < 10).
d) Compute the cdf of X.

e) Compute a density function of X.

Exercises from Section 3.3

6. Let X be a discrete r.v. with density function fx defined as follows:

2 1

5 fx(2)=—.

fx(=1) = £ fx(0) = ¢, Jx(1) = :

a) Compute a density function of ¥ = 2.X + 1.
b) Compute a density function of Z = X~.
7. Suppose X ~ Unif([1,10]). Compute a density of Y = In X.
8. Suppose X has the density
§x—ix2 ifo0<z <4
fx(z) = 8 32
0 else

Compute a density function of Y = v/X.

9. Let X be a continuous, real-valued r.v. with some unknown distribution
function F'y and density function fx.

a) Compute (in terms of Fix) the distribution function of Y = e*.

b) Compute (in terms of fx) a density function of Y = e*.

10. Suppose a point (X, Y) is chosen uniformly from the triangle whose vertices
are (0,0), (4,0), and (4,4). Compute a density functionof W =Y — X.

11. Suppose a point (X, Y') is chosen uniformly from the rectangle whose vertices
are (1,0), (5,0), (1,2) and (5, 2). Compute a density functionof V = X + Y.

12. Compute the density function of Z = XY, where X and Y are chosen as in
the previous problem.
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13. A point is chosen uniformly from the interval (—10,10). Let X be the r.v.
defined so that X denotes the coordinate of the chosen point if the point is in
[—5,5], X = —5if the point is in the interval (—10, —5), and X = 5 if the point
is in the interval (5, 10).

a) Compute the distribution function Fx of the r.v. X.
b) Sketch the graph of Fx.

c) Classify X as discrete, continuous or mixed, with appropriate justifica-
tion.

d) Does X have a density function? Why or why not?

Exercises from Section 3.4

14. a) The number of bad checks that a bank receives during a 5-hour business
day is a Poisson r.v. with A\ = 2. What is the probability that the bank
will receive no more than 2 bad checks in its business day?

b) The mileage (in thousands of miles) that car owners get with a certain
kind of radial tire is a r.v. whose distribution is exponential with param-

1
eter o Compute the probability that one of these tires will last at least
20,000 miles.

15. (AE) You are given the following information about N, the annual number of
claims for a randomly selected insured person:

Let S denote the total annual claim amount for an insured. When N =1, S'is

1
exponentially distributed with parameter 6 When N > 1, S is exponentially
1
distributed with parameter 10 Compute P(4 < S < 8).
Hint: Use the Law of Total Probability.

16. Suppose that births occur according to a Poisson process with hourly rate
A = 3, where ¢ = 0 corresponds to midnight. Let p be the probability that no
births occur between 8 AM and 10 AM.

a) Compute p, using the density function of an appropriate discrete r.v.

b) Compute p, using the density function of an appropriate continuous r.v.

17. Suppose that births occur according to a Poisson process with hourly rate
A = 3, where t = 0 corresponds to midnight.
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3.7. Chapter 3 Homework

a) What is the probability that exactly 5 births occur by 2 AM?
b) What is the probability that at least 3 births have occurred by 7 AM?

c) What is the probability that exactly one birth occurs between 8 and 9
AM and exactly two births occur between 2 and 4 PM?

d) What is the conditional probability that at least one birth takes place
between 8 AM and noon, given that no births take place between 8 AM
and 10 AM?

e) What is the probability that exactly one birth occurs between 8 and 10
AM and exactly one birth occurs between 9 and 11 AM?

Hint: Split this situation into two disjoint events; compute the probabil-
ity of each event, and add.

18. Suppose that births occur according to a Poisson process with rate \.

a) Suppose you are given that v births occur between times 0 and ¢. Let s <
t; compute the probability that exactly x of the v births occur between
times 0 and s.

b) Suppose you are given that v births occur between times 0 and ¢. Let
s < t. If X records the number of births occurring between times 0 and
s, what kind of r.v. is X? Include its parameters.
Hint: You computed the density function of X in part (a). Simplify this
density function and identify it as the density of a common r.v.

¢) Suppose nine births occur between times 15 and 27. What is the proba-
bility that (exactly) three of those births occurred after time 22?

NOTE: You should remember the result you derived in part (b) of the preced-
ing problem.

19. Suppose X is exponential with parameter A\, where \ is such that P(X >
.02) = .35. Determine the number ¢ such that P(X > t) = .85.

20. (AE) Suppose the number of claims filed by an insurance policyholder is a
Poisson r.v. If the filing of (exactly) one claim is four times as likely as the fil-
ing of (exactly) two claims, find the probability the policyholder files exactly
five claims.

21. Choose (a) or (b):

a) Let X have an exponential density with parameter \. Compute the den-
sity of Y = c¢X, where ¢ > 0 is a positive constant.
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3.7. Chapter 3 Homework

b) Let X have the Cauchy density. Compute the density of ¥ = a + bX,
where a and b are constants such that b > 0.

22. Prove the Law of Small Numbers, which says that for any constant A > 0,

-\
limb<n,)\,x>:e A .
n

Hint: As a model, follow the (long) computation done on the page before
Definition 3.20]

23. (AE) The damage done to a house by a natural disaster is an exponential
r.v. with P(X > 30) = .03. If a natural disaster strikes 15 houses, and the
damages to each house are independent, what is the probability that of the
15 houses, at least 2 of them suffer damage at least 20?

Exercises from Section 3.5

24. a) Evaluate I'(7).

b) Simplify FE?;;

¢) Suppose z is some number so that I'(x) = 100000. Compute I'(x — 2), in
terms of x.

A useful and amazing fact to know about the gamma function is the follow-

ing:
™

L(r)l(l—r)=

sin(7r)”

Use this fact to evaluate each given expression:
HrE)rE)
9T (E)r ()

25. Evaluate each integral:
a) /OO zTe /3 du C) /OO 8233727 dx
0 0

b) /OOO 4o dx d) /OOO(Sx)teyw dx

Calculus review

of of &f o*f 4 Of

26. For each given function f, compute 90 a—y, 922 By a 900y’
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3.7. Chapter 3 Homework

27.

28.

29.

a) f(z,y) =2+ 2xy + 3y? b) flz,y) = >3
For each given function f, compute gi; and gi
) f(z,y) = e+ e — b) f(r,y) = e 2" 2

In each part of this exercise, you are given an iterated integral. Some of them
represent valid mathematics, and some of them are nonsense. Determine
whether each expression is valid, or nonsense:

a) /Ol/olf(x,y)dxdy f) /Ow/oxf(:v,y)dxdy
b) /Ol/oxf(x,y)dydx g) /Oy/;f(x,y)dydx
9 [ [ wydyas b [ [ @y dody
d) /Ol/oyf(:c,y)dydx i) /Om/:f(:c,wdydw
o [ [ 1) sy D[]y deay
Compute each iterated integral:

a) /()1/()y6x2y3dxdy d) /Ol/yz_ydxdy

b) /0 h /y etV da dy Note:

I didn’t forget anything in (d).

1 4
Q) / / xydydx
0 Jx
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Chapter 4

Joint distributions

4.1 Introducing joint distributions

Suppose that in a probabilistic experiment you are taking more than one measure-
ment, say d distinct (real-valued) random variables. Often, the right way to think
of these d quantities is as a single random variable which takes values in R%

EXAMPLE 1
Pick a sample of 6 marbles (simultaneously) from an urn with 10 red, 12 blue, 18
black and 20 green marbles in it. Let

X1 = # of red marbles drawn
X5 = # of blue marbles drawn
X3 = # of black marbles drawn
X4 = # of green marbles drawn

Obtain X = ? =X = (X1, Xy, X3, Xy) : Q — R* (discrete, 4—diml r.v.)

EXAMPLE 2
Pick a point uniformly from the unit square. Let

X = z — coordinate of the chosen point
Y = y — coordinate of the chosen point

Obtain X = X — (X,Y): Q — R? (cts, 2—diml r.v.)
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4.1. Introducing joint distributions

EXAMPLE 3

Pick a point uniformly (or not) from the triangle whose vertices are (0, 0), (0,2) and
(4,0). Let

X =z — coordinate of the chosen point
Y = y — coordinate of the chosen point

Obtain X = X = (X,Y): Q — R?(cts, 2—diml r.v.)

Notice: In Example 2, you obtain no information about either X or ¥ when
you are told the value of the other coordinate. This is not the case in Examples
1 and 3; as you learn information about one or more coordinates, your belief
about the values of the remaining coordinates changes.

Definition 4.1 A d—dimensional random variable (a.k.a. d—dimensional ran-
dom vector is a random variable whose range is a subset of R?. We denote such a r.v.

beorXorY.

Definition 4.2 Let X : Q — R? be a discrete d—dim’l r.v. with joint density func-
tion fx. The coordinates X1, X, ..., X4 of X are called its marginals, and any such

X is called a joint distribution of its marginals. fx is called the joint density
(function) of X.

Note: Given a bunch of marginals X, ..., X4, one can construct lots of different
joint distributions X of those marginals (see Examples 4 and 5 coming up).
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4.2. Discrete joint distributions

4.2 Discrete joint distributions

Similar to real-valued discrete r.v.s, a discrete d—dim’l r.v. is determined by a den-
sity function

Ix=Ix=/fz R — [0, 00)
satisfying
fx(x) = P(X = x) forall x € R?

and

P(XeFE)=> fx(x)

xeE

for any event E.

Theorem 4.3 (Density function of marginals, discrete case) Let X : Q — R¢
be a discrete d—dim’l r.v. with density function fx. Then the density function of the
§™" marginal X is

fx,(@)=PX;=2)= 3  fx(x)

{xeR%:x;=z}

In other words, this theorem says that to find the density function of a marginal,
you add up the values of the joint density over all the coordinates other than the
marginal you want. As a special case, given a two-dimensional joint density fx y,

fx(x)IZfX,Y(l’ay) and fY(y):ZfX,Y(xay)'

EXAMPLE 4
Independently roll a fair die and flip a fair coin. Let X record the number on the
die and let Y record 0 for tails and 1 for heads. Describe the joint density of X and
Y, and the marginals.
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4.2. Discrete joint distributions

EXAMPLE 5
Roll a fair die and flip a coin, with the assumption that the coin “knows” what
number is rolled, i.e. if you roll an even number then the coin flips heads with
probability 2/3 and if you roll an odd number then the coin flips heads with prob-
ability 1/3. Let X record the number on the die and let Y record 0 for tails and 1
for heads. Describe the joint density of X and Y, and the marginals.
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4.2. Discrete joint distributions

EXAMPLE 6
Draw 4 balls without replacement from an urn with 15 green and 5 black balls in it.
Let X and Y be the number of green and black balls drawn, respectively. Describe
the joint density of X and Y, and the marginals.

EXAMPLE 7
1000 people are surveyed, and the results are summarized in the following table:

SMOKERS | NON-SMOKERS
UNDER AGE 30 10% 38%
AGE 30+ 18% 34%

For each question, give the correct notation for what the question is asking, and
answer the question.

1. What % of those surveyed are under age 30?
2. What is the probability that a surveyed person aged 30+ smokes?
3. What is the probability that a given non-smoker is under 30?
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4.2. Discrete joint distributions

EXAMPLE 8
Suppose X and Y are integer-valued r.v.s with joint density

C
— if0<y<

else

where c is a constant.

1. Determine the value of c.

2. Compute P(X =8,Y =5).

3. Compute the density function of the marginal X.
4. Compute P(X —Y = 3).
5

. Write an expression involving sums and /or integrals that could be evaluated
to give P(X +Y < 12). (You do not need to evaluate this expression.)
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4.2. Discrete joint distributions

4. First, sketch a picture of the points (X,Y) so that X —Y = 3:

J 7 8 9 10 11

X

Now compute the probability by adding up values of the density function

over all the (z, y) marked in the picture:

v

_9 (Y _[3
S 16\1—141) 256

1 2 3 4 5 6 7

X

8 9 10 11 12 13

Now compute the probability by adding up values of the density function

over all (z,y) € E:
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4.2. Discrete joint distributions

EXAMPLE 9
Suppose X and Y are discrete r.v.s with joint distribution

_ pa(l=p)*(1—¢q)¥ forz>0,y>0
fxv(@y) = { 0 else

where p and ¢ are constants.
1. Compute the density of the marginal Y.
2. Compute the density of Z = min(X,Y).
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4.3. Multinomial and hypergeometric distributions

4.3 Multinomial and hypergeometric distributions

MOTIVATING PROBLEM: SAMPLING
A jar contains 100 marbles of various colors: 20 red, 25 white, 15 green, and 40
black. You draw a sample of 8 marbles from the jar. Let

X = (R,W,G, B)

record the number of marbles of each color you draw. This is a 4-dimensional r.v.

Question: What is the joint density function of X?

Answer:

Sampling without replacement

In this setting, the joint density comes from the partition problem formula we de-
scribed in Chapter 2:

Definition 4.4 Let n € Nand let ny,...,ng € N be such that 3-;n; = n. Let k < n.
A discrete joint distribution X : Q — R? is called hypergeometric (or d—dim’l
hypergeometric if it has density function

() 5) G

. .
= xzn L4 for (21, ..., x4) € N satisfying dzi=k
fx(ZL’l,...,Jid) = k J=1

0 else

In this case, we write X ~ Hyp(n, (n1,na,...,nq), k) or X ~ Hyp(n, k) where n =
(n1, ..., ng).

d-dimensional hypergeometric r.v.s model the situation where you have n; ob-
jects of type j in a jar (for a total of n objects) and you draw k objects without
replacement. If you let X; be the number of objects of type j you draw, then
X = (X1,...,Xq) ~ Hyp(n, (n1, ..., nq), k).
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4.3. Multinomial and hypergeometric distributions

In our motivating example above, if the sampling is without replacement the joint
density of X would be

and the probability of drawing 3 red, 1 white, 2 green and 2 black marbles is

Theorem 4.5 Suppose X ~ Hyp(n, (n1,ne,...,nq), k). Then X; ~ Hyp(n,n;, k),
where X is the j'* marginal of X.

Sampling with replacement

In this setting, we can think of each draw from the jar as an independent repetition
of a “Bernoulli-like” trial, except that the trial has d different outcomes (d = 4 in
our example; this is the number of different colors). Now, the probability of getting
the j outcome z; times in n trials is
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4.3. Multinomial and hypergeometric distributions

Definition 4.6 Let n € Nand let pi,...,pq > 0 be such that 3~;p; = 1. A discrete
joint distribution X : Q — R? is said to be multinomial with parameters n and
p = (p1, ..., pa) if it has joint density

n il n!
_ Tj __ . Z1 T2 Zd
fx(z1,...,2q) = [[p" = ————p0'p5% - D
L1, %2,y %d ) ;5 xylwe! - -yl

d
(for nonnegative integers x1, ..., xq satisfying >. x; = n; the joint density is 0 oth-
j=1

erwise). In this setting, we write X ~ multi(n, (p1,p2, ..., pa)) or X ~ multi(n, p).

Multinomial r.v.s describe sampling with replacement.

In our motivating example above, if the sampling is with replacement then the
joint density of X would be

and the probability of drawing 3 red, 1 white, 2 green and 2 black marbles is

Theorem 4.7 Suppose X ~ multi(n, p). Then X; ~ b(n,p;), where X; is the j™*
marginal of X.
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4.4. Continuous joint distributions

4.4  Continuous joint distributions

In this section, we take the usual language associated to non-discrete, real-valued
r.v.s and extend it to joint distributions.
As usual, given 2 real-valued r.v.s X and YV, we think of X = (XY : Q — R%,

(Similarly, write X = (X1, ..., X4) : © — R%)

Joint distribution functions

DEFINITION OF APPLICATION TO
DIMENSION DIST. FUNCTION PROBABILITIES
d=1 Fy :R—[0,1] Pla< X <b)=
d=2
(X:Q—R?
X = (X,Y))
general d
X:0Q—RY
Moral Distribution functions are not as useful for joint distributions as

they are for real-valued r.v.s.

140



4.4. Continuous joint distributions

Theorem 4.8 (Properties of joint distribution functions) Let X : Q — R¢ bea
joint distribution with joint cdf Fx : R? — [0, 1]. Then:

1. lim  Fx(x) =1

x;—00 Vj

2. lim Fx(x)=0.

zj——00Vj

3. If all but one coordinate is fixed, Fx is increasing with respect to that coordinate.

Marginal distribution functions

As with the discrete case, the coordinates of a joint non-discrete r.v. are called its
marginals. We can compute the cdf of a marginal from a joint cdf by taking limits:

Theorem 4.9 (Distribution functions of marginals) Let X : Q — R? be a joint
distribution with joint cdf Fx : R* — [0,1]. Then the cdf Fx, of the j™ marginal X
is

FX]-< j) :P(X] SZE]) = lim Fx(l‘l,...,l’d).

x;—00 Vi#]

PROOF

Fx,(z;) = P(X; < )
= P(Xl < 00, Xy < 00, ---an—l < OO,Xj < l'jan—&—l < 00,...,Xg < OO)

£“"
= "Fx(00, 00, ...,00, %}, 00, ..., 00)

= lim Fx(z1,29,...,2q). O
T;—>00Vi#£]

As a special case, given joint distribution (X, Y') with joint cdf Fx y, we have

Fx(z) = lim Fxy(z,y) and  Fy(y) = lim Fxy(z,y).
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4.4. Continuous joint distributions

Density functions for continuous joint distributions

RECALL
Arv. X : Q — R%is called continuous if P(X = x) = 0 for every x € R%.

When d = 1, most cts r.v.s have a density function which is used to compute prob-
abilities: if X : 2 — R is continuous with density function fy, then

Definition 4.10 Let X : Q — R? be a rv. We say that a function fx : R? —
0, 00) is a (joint) density function for X if for every subset E C R® whose size (i.e.
length/area/volume/etc.) can be computed using calculus,

P(X € E) = /E Fx(x) dx.

Note: The integral in the above definition is really a multiple integral:

b
d=1: /Efx(x) dx means /a fx(x)dz
d=2: /E fx(x) dx means //E fxy(z,y)dA
d=3: /Efx(x) dx means ///E fxyz(z,y, z)dV

etc.

Note: Density functions for a specific cts joint distribution X are not unique
(they can be changed at single points, etc. without affecting probability com-
putations).
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4.4. Continuous joint distributions

Theorem 4.11 (Properties of joint density functions) Let X : Q — R? be a d-
dimensional 1.v.

1. If X is mixed, then it has no density function.

2. A (measurable) function f : R? — R is the density function of a cts joint
distribution X if and only if
(i) f(x)>0forall x € R and
(ii) / f(x)dx = 1.
R4

3. Suppose continuous X : Q — R? has joint distribution function Fx and joint
density function fx. Then for all x € RY,
ad
(x) =
8x18x2 cee aZEd

Jx Fx(x).

Remark: There are continuous joint distributions that do not have a density
function, but we don’t have to worry about those in MATH 414 or 416.

As a special case of (3), we see that if (X, Y') is a cts joint distribution with joint cdf
Fxy(z,y) and joint density fx y(z,y), then

2
fxy(zy) = mFx,y(x,y) )

PROOF (WHEN d = 2) Let z,y € R. Then
/ /y Ixy(s,t)dtds = P(X <x2,Y <y) = Fxy(z,y)

Differentiate both sides of this equation with respect to x:

a [r (v 0
%/_OO /_OO [xy(s,t)dtds = %FX,Y(%Q)

Now differentiate both sides with respect to y:

o v olo
Y dt= 2 |2 F
ay [00 fxy(z,t)dt oy lax X,Y(l'a?/)]
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4.4. Continuous joint distributions

EXAMPLE 10
Suppose X and Y are cts r.v.s with joint density

[ 6y f0<ax<1,0<y<1
fX,Y(xay)_{ 0 else .

1
Compute P (X +Y < 2).
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4.4. Continuous joint distributions

Density functions of marginals (continuous case)

Theorem 4.12 (Density functions of marginals, continuous case) Let X : 2 —
RY be a cts joint distribution with joint density function fx : R? — [0, 00). Then:

1. Each marginal X is continuous and has a density function;

2. For each j,

fXj (.ZIZ'J) = [ L tee [ fx(X) dxldl'g cee d.%j,ldl'jqu tee diL’d.

This theorem tells us that to find the density function of the marginal of a continu-
ous joint distribution, you integrate the joint density with respect to all the other
coordinates.

As a special case, if X and Y are cts r.v.s with joint density function fxy(x,y), then

fx@) = [ fxr(eydy) and Ay = [ fory)de,

PROOF (WHEN d = 2) Let z € R. Then:

P(X <) = P(X € (—o00,]) = / Fx(s) ds.

—0o0

At the same time,
P(X <z)=P(X € (—0,z]) = P(X € (—o0,z],Y € (—00,0))

= s,y)dA
//(—oo,:c]x(—oo,oo) fX’Y( y)
= [ [ ferlswydyds

By equating the two expressions above we found for P(X < z), we get

/_zoo Ix(s)ds = /_zoo /_O:o fxvy(s,y)dyds.

Differentiate both sides of this with respect to x; by the FTC we get

fx(z) = /_O:O fxy(z,y)dy. O
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4.5. Independence of random variables

4.5 Independence of random variables

RECALL
Earlier in the course we talked about what it means for two events to be independent:

Now, we want to extend the notion of independence to random variables.

Definition 4.13 Let Xy, ..., Xy be real-valued r.v.s with joint distribution X. The
r.v.s (just as well, the distribution) are (is) called (mutually) independent if

Fx(x) 21:[1 Fx,(z;)

forall x = (21, ..., xq) € R?, where Fx is the joint cdf and the Fx, are the cdfs of the
marginals.

Notation: If two r.v.s X and Y are independent, we write X L Y; otherwise we
write X [ Y.

Idea: To say two r.v.s are independent means that given any information about one
of them does not affect your assessment of any probability associated to the other
one.

IMPORTANT: Whether r.v.s are independent depends on the joint distribu-
tion, and not just on the marginals. Look back at Examples 4 and 5 from earlier
in this chapter, which have the same marginals X and Y.

¢ In Example4, X LY.

¢ In Example5, X LY.
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4.5. Independence of random variables

Theorem 4.14 Let Xy, ..., X, be continuous real-valued r.v.s with joint density fx :
R? — [0, 00). Then the X; are independent if and only if

d
fX b1l g ooo H Ij fOT[le (1‘1,...,l'd) S Rd.

As a special case, we see that| X L Y iff fxy(z,y) = fx(z)fy(y)|for all z,y.

PROOF (WHEN d = 2)
(=) Suppose X LY.

Then Fx y(z,y) = Fx(z)Fy(y) by definition of L.
Take mixed second-order partials of both sides of this to get

02 0 0

92y —Fxy(z,y) = 9z 0y — Fx(2)Fy(y)
fxy(z,y) = ;;FX(JU) aayFy(y)

fX,Y(%y) = fx(z)fr(v).
(<) Suppose fxy(z,y) = fx(z)fy(y). Then

Fxy(z,y) = P(X <z,Y <y)= /x /y Ixy(s,t)dtds

:/_:/_:fx< ) v (1) dt ds
= [ txyds - [* pvar
= Fx(z)Fy(y)

so X 1Y by definition. [J

A similar result holds for density functions of discrete r.v.s:

Theorem 4.15 Let X, ..., X, be discrete, real-valued r.v.s with joint distribution X.
The r.v.s are independent if and only if

forall x = (21, ...,z4) € R

147



4.6. Example computations with joint distributions

4.6 Example computations with joint distributions

EXAMPLE 11

1
Pick a point (X,Y") uniformly from the region {(x, y):0< 2z <6,y < Qx}.

1. Determine the joint density of X and Y.
2. Determine the density functions of the marginals.

3. Determine whether X and Y are independent.
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4.6. Example computations with joint distributions

EXAMPLE 12
Suppose X ~ Geom(p). Find the density of X + X.
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4.6. Example computations with joint distributions

EXAMPLE 13
Suppose X and Y are continuous r.v.s whose joint density

¢
fxy(z,y) = { (z +y)*

ife>1,y>1

0 else

1. Determine the value of C.
2. Compute P(Y < 2X).
3. Compute the densities of the marginals.

4. Determineif X 1 Y.
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4.6. Example computations with joint distributions

3. We compute the density of X first, by integrating with respectto

fx(z) = /O:O Ixy(z,y)dy = /1OO (33_2:2)4@

= 8z +y)°[
=0—(=8(z+1)7%)
=8(x+1)7%

This holds when = > 1; otherwise fx(z) = 0. So formally, the density is

3
fx(x) = { 8(x—51) 1eflsxeZ 1

Next, we compute the density of Y by integrating with respect to x:

rw = [ roepdr= [T

= —8(z+y) |
=0—(-8(1+y)™)

=8(1+y)~".

Formally, the answer is

-3 .
- {0 e

4. To determine whether or not X 1 Y, we test as follows:
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4.7. Conditional density

4.7 Conditional density

RECALL
Given a probability space (€2, A, P) and an event E with P(E) > 0, we defined the
conditional probability of I’ given E by

P(ENF)

P(FIB)= =5

Our goal is to create something similar on the level of random variables:
QUESTION

Let X, Y be real-valued r.v.s. (either cts or discrete). What is the “probability” of X
given a particular value of Y? e.g.

“PX=z|Y=y)=

Definition 4.16 Let X and Y be real-valued r.v.s with joint density function fxy-.
The conditional density of X given Y is the function fyy : R* — [0, o) defined
by

fxy(2,y)

fX|Y(x|y) = W,

where fy is the density of the marginal Y (if fy(y) = 0, we say fxy(x|y) = 0).
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4.7. Conditional density

Theorem 4.17 (Properties of conditional densities) Let X and Y be real-valued
r.v.s. Then:

Conditional densities are densities: For every y such that fy(y) > 0, fx)v(z|y)
is a density function for a random variable X |Y (whose value is x), i.e.

/_O:O fxyy(zly) de = 1.

Multiplicative property: We can compute the joint density of X and Y by multi-
plying the density of one marginal times the conditional density of the other one,
given the first:

fxiy (@ly) - fr () = fxy(z, ).

Conditional probability calculations: We compute conditional probabilities asso-
ciated to one r.v. given the value of the other as follows:

/ fxp (zly)de if X is cts
E
> fxv(zly)  if X is discrete

x

P(X€EE|Y =y) =

EXAMPLE 14
Suppose X and Y have joint density

fX,Y@,y):{ vz=r=y) if(zy) €01

1. Find the conditional density of Y given X.

1
2. Find the conditional density of ¥ given X = 3"

3. Find the probability that Y € Lll’ ﬂ given that X = Zl%

Solution: 1.
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4.7. Conditional density

2. Having computed fy|x in # 1, we compute this simply by plugging in z = 3:

Tyix (ylé) = W =|2y <2 — y) fory € [0,1] |

3. Integrate the conditional density found in # 2:

1 3 1 3/4 1
P Y -, — X = — | = _ d
< € [4,4} | 3) ” fY|X(CU|3) Yy
3/4 5
= 2y ( —y> dy
1/4 3

3/4 /10
[ (o) o
1/4 \ 3

_[5 s 2 3}3/4 9

3V 73 1/4 16 |

3Y —3Y

REMARK: If X is cts, there is a big difference between

13 1 13 1
-, = == -, = < -):
P(YGLL’ALHX 3> and P(YGLMHX—?))
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4.7. Conditional density

EXAMPLE 15
Suppose that X ~ Ezp()), and that Y|X ~ Ezp(z).

1. Determine the joint density of X and Y.

2. Compute a density function of Y.
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4.8 Transformations of continuous joint distributions

We want to consider two types of transformation problems:

Class 1: Compute the density of a real-valued r.v. U obtained as a function of
several r.v.s X, ..., X4y which have some given joint distribution.

Example: Given a joint density of X and Y, find a density of Z = X + 2Y.

Class 2: Compute the joint density of some r.v.s Uy, ..., U, obtained as functions
of several r.v.s X1, ..., X; which have some given joint distribution.

Example: Given a joint density of X and Y, find a joint density of U and V/,
whereU = X +Yand V =

X
X+Y

We handle problems in each of these two classes separately.

Class 1 Examples

Setup: ¢ : R? — R is some function; U = p(X1, ..., X4) = @(7) is real-valued.

Method of solution:

1.
2.
3.

Classify U as discrete or continuous.
Find the range of U.
If U is discrete, compute the density by back-substitution:
fo(u) = P(U = u) = P(p(X) = u) = P(X € ¢~ (u))
[ xx)dx ifXiscts
¢~ Hw)
> fx(x) if Xis discrete
)

x€p~1(u
If U is continuous, first compute the cdf of ¥ by back-substitution:
Fy(u) = P(U < u) = P(p(X) < u) = P(X € ¢~ (—00,ul)
/ L X0 i X cis
e~ (—oo,u

Z fx(x) if X is discrete '

x€p~1(—o0,ul

Then differentiate Fy; with respect to u to obtain fi;.
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EXAMPLE 16
Let (X,Y’) be independent, exponential r.v.s, both with parameter A. Determine a
density of X + Y.
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4.8. Transformations of continuous joint distributions

EXAMPLE 17
Suppose that the amount X an insurance company pays in claims and the amount
Y it collects in premiums are modeled by a joint density

Foy (o) 5301’ fo<ax<y<10
xy(T,y) =
0 else

Let R be the ratio of premiums to claims; find the distribution function of R.
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4.8. Transformations of continuous joint distributions

Class 2 Examples

Setup: ¢ : RY — R?is some function (we will assume that ¢ is invertible, otherwise
the problem is much harder); U = (Uy,..,Us) = ¢o(X1,..., X4) = »(X) is a joint
distribution. fy(u)="7?

Let’s write ¢(z1, ..., z4) = (ug, ..., ug) for convenience.

This problem has a theoretical solution: suppose for now that d = 2. Then, the
joint density of U should satisfy, for every (measurable) set E C R?,

Motivation from Calculus 1: u-substitutions

Since this holds for every E C R?, we have

fulur,ug) - [J(p)| = fx(z1,22) = | fulu,ug) = mfx(flalé)

where J(y) is the Jacobian of ¢:

0u1 8u1
87171 871'2 (ul)xl (ul)m
J(p) = det = det = det Dep.
% % <u2)$1 (u2)$2
61’1 8@

This generalizes:
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4.8. Transformations of continuous joint distributions

Theorem 4.18 (Transformation theorem, higher-dimensions)

Suppose X = (X1, ..., X4) has joint density fx : R* — [0, c0).

Suppose that U = (Uy, ..., Uy) = p(X1, ..., X4) = @(X), where p : R — R¥isa C*
functionf

If the Jacobian determinant

Oou, Ouyg Oouq

21 92 GTcd
Jp)=det| i .

8ud 8ud 8ud

9ty Oxy  0xa / 4ua

is everywhere nonzero, then the U, are all continuous and have joint density given by

1
fU(ul, ...,Ud) = mfx(ail, ...,J,’d),

ie.

1
fu(u) = =— fx(p™" (u)).
[ 7(#)l
“A function is called C' if all its partial derivatives exist everywhere and are continuous.
EXAMPLE 18

Let (X1, X2) be uniform on [0, 1]°. Compute a joint density of Y; = X; + X, and
Yo = X7 — Xo.
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4.8. Transformations of continuous joint distributions

EXAMPLE 19
Suppose X; ~ I'(a, A), Xo ~ I'(5,A) and X; L X,. Find the joint density of Y; =
X
Xi+Xoand Yy = ——.
1 2 2= X L X,
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4.9 Chapter 4 Homework

Exercises from Section 4.2
1. Suppose X and Y are discrete, integer-valued r.v.s with joint density function

9 9o
9 3ety
0

ifx >0,y >0
fxy(z,y) =
ifr<Oory<0

a) Verify that this fyy is in fact a density function (by showing that its
values sum to 1).

b) Compute the probability that X =3 and Y = 4.
Note: This is one question, asking for the probability that (X = 3 and
Y = 4).

¢) Compute the probability that X = 2.

d) Calculate a density function of the marginal Y.

e) Based on the computation you did in part (d), how would you describe
Y as a common r.v.? (Include any appropriate parameters.)

2. Suppose you have two dice numbered 1 to 6 that you can load however you
want (i.e. you can assign whatever probabilities you want to each number on
each die). Is it possible to load the dice in such a manner that makes every
sum from 2 to 12 equally likely when the dice are rolled independently? If
so, explain how. If not, explain why not.

Hint: Call the two dice X and Y. Letp; = fx(1) = P(X = 1), ps = fx(6) =
P(X =6),¢1= fy(1)=P(Y =1)and g5 = fy(6) = P(Y = 6). Now, consider
the probability that the sum of the numbers rolled is 2 and the probability that
the sum of the numbers rolled is 11. What must each of these probabilities
be, in terms of pi, ps, ¢1 and ¢s? What must these equal, since every sum
is supposed to be equally likely? This gives you two equations involving
D1, 6, ¢1 and ge. Finally, consider the probability that the sum of the numbers
rolled is 7. This will lead you to an inequality involving p, ps, ¢: and ¢ from
which you can derive something useful.

3. Let X and Y be r.v.s having joint density function given by the following

table:

vy Xl =110 21]6

1 1 1 1

2| % | 3|5 %

1 1 2

1 1 531013513

2 1 2

3105|393

163



4.9. Chapter 4 Homework

a) Compute the probability that X is even.
b) Compute the probability that XY is odd.

4. Let X and Y have the joint density given in Exercise

a) Compute the probability that X > 0and Y > 0.
b) Compute the probability that X > 0 or Y > 0.

5. Let X and Y have the joint density given in Exercise

a) Compute the density function of X.
b) Compute the density function of Y.

6. Let X ~ Unif({0,1}) and Y ~ Unif({0,1}). Characterize all possible joint
distributions of X and Y. For each of these joint distributions, compute the
density of X + Y.

Hint: The idea here is to think about the most general way in which you
could make a chart similar to the ones we made for Examples 4, 5 and 6. For
instance, if you put a number a in one of the boxes in that chart, what would
have to go in the other boxes?

7. Suppose X and Y are discrete r.v.s, each taking values on the nonnegative
integers, with joint density function fxy. For each given probability, write
an expression, involving one or more sums, which gives the probability.

As an example, if asked to compute P(0 < X < 5,2 <Y < 4), one possible
correct answer is

5 4
PO<X<52<Y<4)=> 3 fey(z,y).

=0 y=2

a) P6<X <10,0<Y <4)
Note: in this type of statement, the comma always means “and”.
b) P(X =6,9<Y)
c) P(X=5orY >14)
d) P(X =1)

8. Same directions as Exercise [/}

a) PB<X,12<Y <20)

(
b) P(X+Y—11)
o) P(X =9)
d) P(0 X<Y)
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9. Same directions as Exercise [7t

a) P(0< X <Y < 10)

b) P(X +Y < 15)

¢) P(X +Y = z), where z is a constant
(

d) P(Y — X = z), where z is a nonnegative constant
10. Suppose X and Y are as described in Exercise

a) Compute the probability that X +Y = 8.

Hint: I want an answer with no “X”s in it. To evaluate your sum, you
will need the formula for a finite geometric sum given on the pink sheet.

b) Compute the probability that X +Y > 12 (again, no “~”s in your answer
are allowed).

Exercises from Section 4.3

11. There are 40 gumballs in a bag, of which 20 are red, 10 are orange, 8 are green,
and 2 are purple.

a) Suppose you randomly draw 15 gumballs from the bag, one at a time,
with replacement. What is the probability you draw 5 red, 5 orange, and
5 green gumballs?

b) Suppose you randomly draw 15 gumballs from the bag simultaneously.
What is the probability you draw 5 red, 5 orange, and 5 green gumballs?

Exercises from Sections 4.4 to 4.6

12. Suppose X and Y are continuous r.v.s such that X > 0 and Y > 0, with
joint density function fxy. For each given probability, write an expression
involving integrals which gives the probability. As an example, if asked to
compute P(0 < X < 5,2 <Y < 4), one possible correct answer is

5 rd
PO<X <522y <) = [ [ fry(ay)dydo.

a) PB< X <8,0<Y <5h) c) P(X+Y <38)
b) P(X > 4) d) P(min(X,Y) <6)

13. Same directions as Exercise
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a) P(max(X,Y) <6) c) P(Y/X <5)
b) P(X <Y) d) P(X —2Y > 5)

14. Repeat Exercise[I2, but under the extra assumptions that X and Y take values
only in the square whose vertices are (0,0), (7,0), (0,7) and (7,7).

15. Suppose X and Y are continuous r.v.s such that 0 < Y < X, with joint den-
sity function fx y. For each given probability, write an expression involving
integrals which gives the probability.

a) P(X > 14) c) P(X+Y <8)
b) P(Y < 2) d) P3< X <10,5<Y <8)

16. Suppose X and Y are two continuous real-valued r.v.s with joint density
function

C<x2+x2y) ifo<r<1,0<y<?2
fX7Y<:E7y) =
0 else

where C'is some constant. Compute each quantity:
a) C ) P(X >Y)
1 1
b) fx(z) d)P(Y>2‘X<2>

17. Let §2 be the triangle in the xy—plane whose vertices are (0,0), (2,0) and (0, 2).
Suppose X and Y are r.v.s with joint density

ety if (z,y) €Q
fX,Y<x7y) - { 0 else

where c is some constant.

a) Compute c.
b) Calculate the probability that X > 1.

c) Calculate the probability that both X and Y are greater than ;

d) Determine a density function of the marginal Y.

e) Are X and Y independent? Why or why not?
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18.

19.

20.

21.

22.

(AE) A device runs until either of two components fails, at which point the
device stops running. The joint density function of the lifetimes of the two
components, both measured in hours, is

Flry) = é(“y) 0<zy<2
7 0 else

What is the probability that the device fails during its first hour of operation?

(AE) An insurance company insures a large number of drivers. Let X be the
r.v. representing the company’s losses under collision insurance, and let Y’
represent the company’s losses under liability insurance. X and Y have joint
density function

flx,y) = { i(2x+2_y> z € (0,1),y € (0,2)

0 else
What is the probability that the total loss is at least 1?
Suppose X and Y are real-valued r.v.s with joint density

Ne M 0<z<y
0 else )

fxy(z,y) :{

a) Compute the marginal densities of X and Y.
b) Compute the probability that Y < 4.

Let X and Y denote the coordinates of a point chosen uniformly from the
unit square. Let Z; = X?,let Z, = Y?and let Z3 = X + Y.

a) Are 7, and Z, independent? Why or why not? (Give a heuristic argu-
ment only.)

b) Are Z; and Z; independent? Why or why not? (Give a heuristic argu-
ment only.)

Let X and Y be independent r.v.s, where X ~ Geom(p) and Y ~ Geom(q) (do
not assume any relationship between p and ¢ in this problem).

a) Compute P(X =Y). b) Compute P(X >Y).
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Exercises from Section 4.7

23.

24.

25.

26.

27.

28.

29.

Suppose X and Y are continuous r.v.s with joint density

re W) ifr >0,y >0
fxy(z,y) = { 0 else :

Compute the conditional density of X given Y.

Suppose X and Y are discrete r.v.s, taking values in the integers, whose joint
density is

1
—/\xe_’\_x_l(:v +1)Y if0<xz,0<y
fxy(z,y) =3 =¥
0 else

Compute the conditional density of Y given X = 3.

(AE) An insurance company supposes that each person has an accident pa-
rameter a and that the yearly number of accidents of someone who has ac-
cident parameter a is a Poisson r.v. X with parameter a. The company also
supposes that the parameter of a newly insured person is itself a I'(r, \) r.v. If
a newly insured person has n accidents in his first year,

a) Compute the conditional density of his accident parameter.
b) Identify the conditional density you found in part (a) as the density of a
common r.v. (including appropriate parameters).

LetY ~ Exp(X), where Aisitselfarv. A ~ I'(r, ).

a) Compute a density of Y.
b) Compute the conditional density of A given Y = y.

The distribution of Y, given X, is uniform on [0, X|. The marginal density of
Xis fx(z) =2z for 0 < z < 1 (fx(x) = 0 otherwise). Find the conditional
density of X given Y = y (where this conditional density is positive).

Compute the conditional density fyx, for the joint density given in Exercise

20

(AE) An auto insurance policy will pay for damage to both the policyholder’s
car and the other driver’s car in the event that the policyholder is responsible
for an accident. Assume that the size X of the payment for damage to the
policyholder’s car is uniform on (0, 1), and that given X = z, the size Y of the
payment to the other driver’s car is uniform on (z, x + 1). If the policyholder
is responsible for an accident, what is the probability that the payment for

damage to the other driver’s car is greater than 5?
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30.

Suppose X and Y are discrete r.v.s whose joint density is given in the chart
in Exercise 3l

a) Calculate P(X <4|Y =1).
b) Calculate P(Y < 3| X = 6).

Exercises from Section 4.8

31.

32.

33.

34.
35.

36.

37.

Let X and Y be independent r.v.s, where X ~ Pois(\;) and Y ~ Pois()q).
Prove that X + Y is Poisson; what is its parameter? (The way you do this for
now is to explicitly compute the density function of X 4 Y.)

NOTE: The fact you just proved in Exercise 31| should be memorized
(and will be generalized later).

Suppose (X, Y') have joint density

dry if0<zx<1,0<y<1
0 else

fX,Y(xa y) = {
Compute the density of W = X + Y.

Hint: The computation requires separate cases, depending on whether W > 1
or W < L.

(AE) A company offers earthquake insurance. Annual premiums are mod-
eled by an exponential random variable with parameter 1. Annual claims
are modeled by an exponential random variable with parameter 2. Assume
that the annual premiums and claims are independent; let X' denote the ratio
of claims to premiums. What is the density function of X?

If X ~T'(r,\), what is the density of Y = v/X?
(AE) The time T that a computer is not working is a random variable whose

1
cumulative distribution function is F'(t) = 1 — 175_2 for ¢t > 2. The resulting

cost X to the business as a result of the computer malfunctioning is X = 7%
Find the density function of X (when X > 4).

Let X and Y be independent exponential r.v.s, with respective parameters A
and .. Compute the joint density of X and Z = X + Y.

Let X and Y be continuous r.v.s with joint density function

e f0<z<y
fX7Y<x>y) - { 0 else' .

Compute the joint density of W and Z, where W =Y/X and Z = X + Y.
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38. Let X and Y be continuous r.v.s with 0 < X and 0 < Y that have some
unknown density function f. Compute, in terms of f, the joint density of
T=X*%andU = XY.

39. Let X and Y be independent Poisson r.v.s, with respective parameters A and
p.LetZ=X+Y.

a) Compute the joint density of X and Z.
Hint: In terms of X and Z, the joint density of X and Z is fx z(z, z) =
P(X = z,Z = z). Back-substitute to see what this is in terms of X and
Y.

b) Compute the conditional density of X given Z.

Hint: You should know what the density of Z is without computing its
marginal again (since you studied this situation in Exercise [31).

40. Suppose X7, ..., X, are independent, continuous r.v.s.
a) Let MAX = max(X;, ..., X;) be the maximum of the Xs. Derive a for-
mula for Fj/4x in terms of the Fy,.

b) (AE) A company decides to accept the highest of five sealed bids on a
property. The sealed bids are regarded as five independent r.v.s, each
with common cumulative distribution function

_ a2
F(z) = (z 43) for3 <ax <5.

Find the density function of the accepted bid.
41. Suppose X3, ..., X, are independent, continuous r.v.s.
a) Let MIN = min(Xy, ..., Xy). Derive a formula for the survival Sy;;y of

the minimum, in terms of the survival functions S X; of the marginals.

b) Prove thatif Xj, ..., X,; are independent exponential r.v.s with respective
parameters Ay, ..., A4, then min( Xy, ..., X;;) is exponential with parameter
A+ .+ A

NOTE: The facts you prove in Exercises 0] (a) and 1] (a) and (b) are good
to memorize for the actuarial exam, and for MATH 416. The maximum and
minimum of the r.v.is X, ..., X; are part of what are called the order statistics
of the X;.
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Chapter 5

Expected value

5.1 Definition of expected value

MOTIVATING QUESTION
What is the “average” value of a random variable?

EXAMPLE 1
You and your friend play a game with a spinner. You spin the spinner and then
exchange money depending on where the spinner lands:

+10
+3
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Flawed definition: The expected value of a discrete, real-valued r.v. X, denoted
EX,is

zE€Range(X)
Technical point: The range of X might be an infinite set (i.e. it might be Z). Then
there are potential issues with the convergence of the infinite series

> xfx(x)

z€Range(X)

if we try to rearrange terms. To get around any problems, we require that this se-
ries converge absolutely.

RECALL FROM CALCULUS 2
A series Y a,, is said to converge absolutely if 3" |a,| converges. Absolutely con-
vergent sequences can be rearranged and/or regrouped without changing the sum
of the series.

In our setting, tosay > xfx(z) converges absolutely means
z€Range(X)

With this in mind, we make the following definition:

Definition 5.1 Let X : 2 — R be a discrete r.v., with density fx. We say X has
finite expectation (and write EX < oo) if

Z 2| fx(z) < oo;

zE€Range(X)

in which case we say the expected value (a.k.a. mean a.k.a. expectation) of X is
the real number

EX= Y zfx(a).

z€ Range(X)
If > |z fx(z) = oo, we say X does not have finite expectation and we
xE€Range(X)
write EX = oo.

A similar definition works for continuous, real-valued r.v.s:
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Definition 5.2 Let X : 2 — R be a continuous r.v., with density fx. We say X has
finite expectation (and write EX < oo) if

/O:O |z| fx(z) dx < 0o

in which case we say the expected value (a.k.a. mean a.k.a. expectation) of X is
the real number

EX = /jo z fx(z)d.

If / |z| fx (x) diverges, we say X does not have finite expectation and we write
EX = oo.

Notation: £ X is also denoted 1, p1x, E[X], E(X) and E(X).

Note: If X : 2 — R is neither discrete nor cts, then it makes no sense to talk
about £ X.

Also, if X isn’t real-valued (such as when X : Q — R is a joint distribution), it
makes no sense to talk about £.X.

EXAMPLE 2

Suppose X has density function fx(z) = 238352 for -1 < z < 3 (and fx(z) =0

otherwise). Compute the expected value of X.
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Note: If the range of X is bounded above and bounded below (like in Example
2), then EX < oo is automatic.

If the range of X is either bounded above or bounded below, then you can
simultaneously check that X has finite expectation and compute £X by com-
puting

> zfx(x) (if X is discrete) or / - zfx(x)dx (if X is continuous).

T o0

So in practice, you never actually have to mess with computing  _ |z|fx(z) dx

or / || fx (x) dx.

LOTUS (Expected values of transformations)

QUESTION
Suppose you know the density of r.v. X. To get the expected value of X, you
compute

EX =) zf.(x) or EX = /xfx(m) d.

How would you compute the expected value of a transformation of X, i.e. what is
EY itY = ¢(X)?

Long way:

Seemingly dumb way:

Actually, this seemingly dumb way works! It’s called “LOTUS”, which is an acronym
for the Law of the Unconscious Statistician:
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Theorem 5.3 (LOTUS) Suppose X : 1 — R? is a r.v. with density fx. Let U =
©(X) where p : R — R is a real-valued function of d variables. Then:

(a) U has finite expectation if and only if

Z lo(x)| fx (x if X is discrete
/C>o lo(@)| fx(x)dr < oo if X = X is cts and real-valued
/ lo(x)|fx(x)dx < oo if X is cts and vector-valued

R4

(b) if EU < oo, then

> o(x) fx(x) if X is discrete
EU = / ~ o(@)fx(z) de if X = X cts and real-valued
/ o(x dx if X is cts and vector-valued
Rd

Remark 1: In practice, we’ll never have to worry about part (a) of this theorem,
because we will deal with r.v.s that have finite expectation.

Remark 2: If X is a joint distribution, then the integrals here are actually mul-
tiple integrals. For instance, if U = ¢(X,Y), then

EU = / / o(x,y)fxy(x,y)dA.

PROOF (WHEN X IS DISCRETE) In this case, U is also discrete, so we can denote
the values in the range of U uy, u, ....

For each j, let 4; = ¢~ (u;) = {x € Range(X) : p(x) = u;}.
The A; form a partition of the range of X.
Now, since X € A; if and only if U = u;, we see that

fuluj) = P(U=u;) =P(X € A;)= > fx(x

XEA;
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Therefore
E|U| = Z |w;| fo(u;) = Z ;| Z fx(x) (from the previous page)
J J TEA;
=3 > lulfx(x)
7 XGAj
= > le@)]fx(x).
x€Range(X)

Therefore EU < oo if and only if Y |p(x)|fx(x) < oo, proving statement (a).

For statement (b), repeat the argument that proved part (a), but with no
absolute values around the u;.

The proof of LOTUS when X is continuous is beyond the scope of this course,
as it uses a branch of mathematics called measure theory. (]

EXAMPLE 3

1
Suppose X has density function fx(z) = = + 3 for0 < z < 1 (and fx(z) =0
otherwise). Let Y = 3X? + 6X + 7. Find EY.
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EXAMPLE 4
Let X ~ Pois(\). Find E[e*].

Expected values and survival functions

A useful, alternate method to compute expected values is by means of the survival
function. Recall that for a real-valued r.v. X, Sx(z) = P(X > x) =1 — Fx(x).

Theorem 5.4 (Expected value from survival function) Suppose X is a random
variable taking values in [0, c0). Then:

1. if X is discrete, then EX = ioj Sx ().

z=0

2. if X is continuous, then EX :/ Sx(x) dx.
0

PROOF If X is discrete, then

EX =Y afx(z)
=0

(1) + 2(2) + 3/x(3) + 4/ (1) +
= [fx(1) + fx(2) + fxB) + ]+ [fx(2) + fx )+ ] + [[x(3) +...]

=PX>0+PX>1)+P(X>2)+..

= i P(X >z) = f:oSX(x).

=0
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If X is continuous, then

b b
EX = blim xfx(z)dx = blim leX(xﬂg —/ Fx(x) dx]
—00.J0 —00 0
I b
= Jim |bFx(b) - / Fy(z) dx]
—00 0
[/ rb b
= lim (/ 1dr1:> FX(b)—l/ Fx(x) d:v]
b—o0 | \/0 0
[ b b
= lim FX(b)/ 1(1:17] — {lim Fx(b) / Fx(z)dx
b—o0 i Jo b—o0 0
| b ) b
= Jim |Fx(t) /0 1dx] — lim [Fx(b) /O Fy(z) d:c]
[ b
= blim FX(b)/ [1— Fx(x)] d;z:}
—00 0
b
=1- blggo ; 1 — Fx(x)] dx
:/ Sx(z)dz. O
0
EXAMPLE 5
2
Suppose X is a continuous, real-valued r.v. with cdf Fy(z) = 1 — (90;:1)2 for

x> 0 (Fx(z) = 0for < 0.) Compute the expected value of X.
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5.1. Definition of expected value

EXAMPLE 6
A dishwasher manufacturer offers a warranty program, under which they agree to
cover the full cost of repair of a broken dishwasher within the first five years after
purchase and agree to cover one-fourth of the cost of a repair after five years have
elapsed from the purchase. If the cost of a repair is $160, and the time until the

3 1
dishwasher breaks has density fr(t) = §t_4 for t > 3 (and fr(t) = 0 otherwise),
compute the expected amount the manufacturer pays to cover repairs.
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5.2. Properties of expected value

5.2 Properties of expected value

RECALL (FROM LINEAR ALGEBRA)
Let V and W be vector spaces. A transformation 7" : V' — W is called linear if

The first thing to know about expected value is that it is a linear transformation
from the vector space of random variables to the vector space R:

Theorem 5.5 (Linearity of Expected Value) Suppose X andY are real-valued r.v.s
with EX < oo and EY < oo. Then:

1. X +Y has finite expectation and E[X + Y| = EX + EY.

2. For any constant ¢, cX has finite expectation and E[cX] = c EX.

PROOF Suppose X and Y have finite expectation.
For the first statement, let Z = X + Y = ¢(X,Y). Then if X and Y are discrete,

Dolz+ylfxy (e y) <D (o] + ly) fxy (z,y)

x?y m7y

= lzlfxy(zy) + > [yl fxy ().
T,y l’,y
and if X and Y are continuous,

Lo+l fxr (@ dA < [ (ol + 1y Sy (e, y) dA

= [ lelfxr e dA+ [yl (@) dA.

Since EX < oo, the red sum/integral is finite, and since E'Y" < oo, the blue
sum/integral is finite.
So the entire (red + blue) expression is finite, so by LOTUS, E[X + Y] < oc.

Now, again using LOTUS,
EBIX+Y]=Y (z+y)fxy(@y) => afx(@,y)+ Y yfxy(x,y) = EX + EY.
z,y x,y z,y
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5.2. Properties of expected value

Now for the second statement: if X is discrete, then so is ¢X and

> lexlfx(@) = le| 3 |x]fx(z) < o0

xT

so by LOTUS cX has finite expectation. Then, again using LOTUS,
EleX] =Y cafx(z)=c¢) afx(z) = cEX.

If X is continuous, the same proof works using integrals instead of sums. [

Theorem 5.6 (Expectation preserves constants) Let X be a real-valued r.v. If
P(X =c¢) =1, then EX = c.

PROOF If P(X = ¢) = 1, then X is discrete and fx(c) = 1. So

EX = zfx(z)=c-1=cO

EXAMPLE 7
Suppose EX = 8 and EY = —3. Compute the expected value of 2X + 5Y + 3.

Inequality properties

Theorem 5.7 (Inequality Properties of Expected Value) Suppose X and Y are
real-valued r.v.s with EX < oo and EY < oo. Then:

Positivity: If P(X > 0) =1, then EX > 0.

Monotonicity: If P(X >Y) =1, then EX > EY.

Triangle inequality: |EX| < E|X].

Preservation of bounds: If P(|.X| < M) =1, then |EX| < M.
Definiteness: If P(X >Y)=1and EX = EY then P(X =Y) = 1.

PROOF We begin by proving positivity. If P(X > 0) = 1 and X is discrete, then

EX =) zfx(z)>0
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5.2. Properties of expected value

since all the numbers in the sum are nonnegative.
If P(X > 0) = 1and X is continuous, then Range(X) C [0, 00) so

EX:/_OO fo(x)dx:/OooscfX(x)d:cz()

since the integrand is positive. This proves positivity.

Next, we prove monotonicity: let Z = X —Y; by linearity, £Z = EX — LY.
If P(X>Y)=1,then P(Z>0)=1.
So by positivity, EZ > 0.
Thus EX — EY > 0so EX > EY, proving monotonicity.

To establish the triangle inequality, suppose —| X| < X < |X].
This implies —E|X| < EX < E|X|by monotonicity. Thus |[EX| < E|X]|.

Preservation of bounds follows from the triangle inequality and monotonicity.

For definiteness, again let Z = X — Y, since EX = EY we have £EZ = 0.

Assuming Z is discrete, repeating the argument we made for positivity, we
have (since P(Z > 0) = 1)

EZ = izfz(z) =0
z=0

and since all the zs in the sum are > 0 and all the f7(z)s are > 0, the only
way this can be consistent with Y f(z) = 1isif f;(0) = 1 (otherwise there

would be a positive term without any negative term that could cancel it).
Thus P(Z=0)=1soP(X -Y =0)=1soP(X =Y)=1.
If Z is continuous, the proof of definiteness is harder (take MATH 430). O

Theorem 5.8 (Independence Properties of Expected Value) Suppose X and Y
are real-valued r.v.s with EX < ooand EY < oco. If X LY, then for any functions
0, : R = R, if o(X)and (Y') both have finite expectation, then so does p(X ) (Y),
and

Blp(X)(Y)] = E[p(X)] - E[p(Y)]

In particular, E[XY| = EX - EY.
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5.2. Properties of expected value

WARNING: The converse of this is false, i.e. E[XY] = EX - EY does not
imply X LY.

PROOF Note that X L Y implies fxy(z,y) = fx(z)fy(y).
Then, if X and Y are discrete,

leo P fxy(z,y) = ZZI@D ()| fx () f (y)
=(Zr¢ i) (Slelsm).

and if X and Y are continuous,

[ le@)fxr @y da= [ [ Je@) el fx(@)fr(y) de dy

- (/_ (@)l fx(w)d )(/_O:O |¢(y)|fy(y)dy).

Since E[p(X)] < oo, the red sum/integral is finite.

Since E[1)(Y)] < oo, the blue sum/integral is finite.

Thus the entire expression is finite so by LOTUS, E[p(X)y(Y)] < cc.
So if o(X)y(Y) is discrete,

E[p(X Zso y) fxy(z,y) = ZZ@ (=) fv (y)

_ (z @(ﬂf)fx(@) (z S0

= Elp(X)] - E[$(Y)].

(and if (X)) (Y) is cts, the same type of computation works with integrals). [J
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5.3. Variance

5.3 Variance

MOTIVATION
Here are some random variables, all of which have mean 10:

X=10 X ~Unif({9,11}) X ~ Unif([0,20])

To distinguish these r.v.s, we can think of how much the values of the r.v. are
spread out. To do this, we use a quantity called variance:

Definition 5.9 Let X : Q — R be a r.v. such that EX < oo and E[(X — FX)?] <
0. The variance of X, denoted Var(X) (or V(X) or o® or 0%), is

Var(X) = E[(X — EX)?).

The standard deviation of X, denoted o or ox, is 0 = /Var(X).

Observations:
1. Var(X) > 0.

2. The more spread out X is, the further from zero X — F'X is, so the greater
Var(X) is. Thus variance is a measure of spread of a random variable.

Theorem 5.10 (Variance of a constant) Let X be a real-valued r.v. Var(X) = 0 if
and only if X is constant (i.e. Acs.t. P(X =c¢) = 1).

PROOF (=) Suppose Var(X) = 0. Then E[(X — EX)?] = 0.
Since (X — EX)? > 0, by definiteness, that means P((X — EX)? =0) = 1.
This is equivalent to P(X = EX) = 1, i.e. X is constant with probability 1.

(<) Suppose X is constant, say X = c.
Then EX = cso (X — EX)? = (c—¢)? = 0, and therefore Var(X) = E[0] = 0.

Theorem 5.11 (Variance Formula) Let X be a real-valued r.v. so that Var(X) ex-
ists. Then

Var(X) = EX? — (EX)?
= “second moment” — “mean squared”.

PROOF This is just algebra, together with properties of expected value:
Var(X) = B[(X — EX)?

(X — EX)(X — EX)]

[(X? —2(EX)X + (EX)?]

E
E
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5.3. Variance

EXAMPLE 8

1
Suppose X is a continuous r.v. with density fx(z) = ng for 0 < z < 2. Compute
the variance of X.

Theorem 5.12 (Properties of Variance) Let X be a r.v. with finite variance. Then:
1. For any constant b, Var(X +b) = Var(X);
2. For any constant a, Var(aX) = a*Var(X).

PROOF HW (as a hint, these follow from either the definition of variance or the
variance formula)

EXAMPLE 9
Suppose X is a r.v. with variance 12. Compute the variance of 5X + 8.
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5.4. Expected values and variances of common random variables

5.4 Expected values and variances of common random variables

Theorem 5.13 Expected values and variances of common r.v.s are as follows:
X EX Var(X)
Unif({1,2,...,n}) ”;1 ni; !
1—p l—p
Geom(p) T P2
1—p 1—p
A (5) (%)
binomial(n, p) np np(1 —p)
Pois()\) A A
Hyp(n,r, k) IZ ]Z(n;r)zj
Unif([a, b)) ol ® I;)Q
Exp(\) i\ /\12
I'(r,\) ; %
Cauchy 00 DNE
std. normal n(0,1) 0 1
normal n(u, c?) u o?

Remark: “Standard normal” and “normal” random variables will be introduced
in Chapter 6.

PROOF (OF SOME OF THESE) In the homework, you will prove the expected value

formulas when X is hypergeometric, exponential, and gamma, and the variance
formulas when X is continuous uniform, exponential and gamma.
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5.4. Expected values and variances of common random variables

X ~Unif({1,2,...,n}):
EX =Y afx(z) :le _
ZmeX Z 2 1 iz:lxgzi[n(n—&-l)@n—kl)]:(n+1)(2n+1);

6 6
_ _(+DEn+1)  (n1N__n?-1

Var(X) = EX? - (EX)? = c —( 5 ) ==

X ~ Pois(A):
o) B AT
EX = szx(m) = Zoxe )‘E =
ZfoX ZxZ 7)\)\ _

Var(X) = EX? — (EX)? = A2+ 0] - A2 =[]

X ~ b(n, p):
n n '
EX =) afx(x)= Zow(z>p‘”(1 -p)"" = lex!(nn; A
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5.4. Expected values and variances of common random variables

X ~ Unif(la,b)):

X ~ Cauchy:
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5.5. Covariance and correlation

5.5 Covariance and correlation

MOTIVATING QUESTION
We have seen variance is not linear, because Var(aX) = a*Var(X), not a Var(X).

But we haven’t looked at whether or not variance respects addition. In particular,
does Var(X +Y) = Var(X) + Var(Y)? If not, what is a formula for Var(X +Y)
in terms of Var(X) and Var(Y)?

Answer:

Definition 5.14 Given two r.v.s X and Y, each having finite variance, the covari-
ance between X and Y, denoted Cov(X,Y) (or C(X,Y) or oxy or oxy) is

Cov(X,Y) = E[(X — EX)(Y — EY)].

The covariance between two random variables measures the “tendency of the r.v.s
to change together”. In other words:
e If Cov(X,Y) > 0, then as X increases, we expect Y to increase and as X
decreases, we expect Y to decrease.
o If Cou(X,Y) < 0, then as X increases, we expect Y to decrease and as X
decreases, we expect Y to increase.
e If Cou(X,Y) = 0, then changes in X should not lead to any expected change
inY.
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5.5. Covariance and correlation

Properties of covariance

Theorem 5.15 (Bilinearity of covariance) Suppose that all the r.v.s mentioned in
these equations are real-valued, and have finite mean and variance. Then:

1. Cov(X;+ X5,Y) = Cov(X1,Y) + Cov(Xy,Y);
2. Cov(X,Y1+Ys) =Cov(X, Y1)+ Cov(X,Ys);

3. For any constant a, Cov(aX,Y) = aCov(X,Y) = Cov(X,aY).

PROOF HW

Theorem 5.16 (Properties of covariance) Let X and Y be real-valued r.v.s having
finite variance. Then:

Covariance formula: Cov(X,Y) = E[XY| - EX - EY.
Symmetry: Cov(X,Y) = Cou(Y, X).
Self-covariance is variance: Cov(X, X) = Var(X).

Variance sum formula: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y).

PROOF The variance sum formula was established earlier.

For the covariance formula, notice

Cou(X,Y) = E[(X — EX)(Y — EY)]

XY —EX.Y —EY - X + EX - EY]

[XY] - E|[EX -Y] - E|[EY - X] + E|[EX - EY]
[

[

XY|-EX-EY —EY  -EX+ EX-EY

E
E
E
E[XY]|—- EX - EY.

Symmetry of covariance is obvious from the definition.

To prove that self-covariance is variance, observe

Cov(X,X)=FE[XX]-EX -EX =EX?— (EX)*=Var(X).O
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5.5. Covariance and correlation

Theorem 5.17 (Independent r.v.s have zero covariance) Suppose that X and Y
are real-valued r.v.s with finite mean and variance. If X L Y, then Cov(X,Y) = 0
and Var(X +Y) =Var(X) + Var(Y).

WARNING: The converse of this is false. There are r.v.s X and Y with covari-
ance 0 that are not independent.

PROOF If X 1 Y, then F[XY] = EX - EY by a previous theorem.
Therefore Cov(X,Y) = E[XY]| - EX -EY =0.0

A PROBLEM WITH COVARIANCE
Suppose X and Y, both measured in hours, have covariance 2. Then if we let X,
and Y), be the same quantities as X and Y, but measured in minutes rather than hours,
we have

CO’U(XM7 YM) =

Thus the covariance between two quantities depends greatly on the units the quantities
are measured in. We don’t really want this, because the covariance is “supposed”
to measure how correlated the random variables are. To fix this, we invent a new
quantity called “correlation”:

Definition 5.18 Given two r.v.s X and Y, each having finite variance, the correla-
tion between X and Y, denoted p(X,Y) (or pxy or pxy) is

_ Cov(X,Y)
\/Var(X) Var(Y) '

p(X,Y)

X and Y are uncorrelated if p(X,Y') = 0 (equivalently, if Cov(X,Y") = 0).

From Theorem independent r.v.s are uncorrelated, but heed the warning af-
ter Theorem uncorrelated r.v.s may not be independent (we’ll see a specific
example in the HW).
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5.5. Covariance and correlation

Theorem 5.19 (Schwarz Inequality) Let X and Y be real-valued r.v.s with finite
variances. Then

(E[XY))? < EX? - EY?

PROOF The proof of the Schwarz inequality has two cases:
Case1: If P(Y =0) =1, then
E(XY])*=0<0=EX?.0=FEX?.-EY?
as desired.

Case 2: Suppose P(Y =0) < 1.
This implies P(Y? = 0) < 1 so F[Y?] > 0; this will allow us to divide through
by EY? later on (which we couldn’t do in Case 1).
Now, define a function f : R — R by

f(t) = E[(X —tY)?].

Note that f(¢) > 0 for all ¢ since f is the expected value of a nonnegative r.v.
Expanding f, we get

f(t) = B[(X —tY)(X —tY)] = B[X? - 2tXY + £’Y?]
= EX? - 2E[XY] +?EY?>.
Thus f is a quadratic function of ¢ whose graph is a parabola that opens

upward. Since f(t) > 0 for all ¢, the vertex (a, ) of this parabola must lie
above the t-axis:

Now, let’s find the coordinates of this vertex using some calculus:
f'(t) =2tEY? — 2E[XY]

E[XY]

Set f'(t) = 0 and solve for ¢ (a.k.a. a) to get a = Zye
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5.5. Covariance and correlation

The y-coordinate of the vertex is therefore

5:f@0:f<%gg?):EXQ—ZC%XH>EMW1+<EMYUQEW

- B BY? T TRy
EXY
pxe - (B
Putting this all together, we have
0<p

E[XY])?
= OgEXQ—(£”J>

(Eg(;;])Q < EX2

= (BE[XY))? < EX?.EY?
which is the Schwarz inequality. [

SOME CONTEXT
You may recall from linear algebra another inequality called the Cauchy-Schwarz
Inequality (important in the context of computing projections of one vector onto
another, angles between vectors, etc.). That inequality is basically the same as this
one; it says that for two vectors x,y € R¢, we have

[x -y <[]yl

where || || denotes the norm or length of a vector (recall that ||x|| = v/x - x). Denot-
ing the “dot product” of two random variables as “X - Y” = E[XY], the Schwarz
inequality here is exactly the same thing as the C-S inequality from linear algebra...
if you square both sides of the C-S inequality you get

(x-y)* < |Ix|[* Iyl
(x-y)’<(x-x)(y-y)
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Properties of correlation

Theorem 5.20 (Properties of Correlation) Let X and Y be r.v.s with finite vari-
ance. Then:

Correlation is symmetric: p(X,Y) = p(Y, X).

Self-correlation is 1: p(X, X) = 1.

Correlation is between —1 and 1: |[p(X,Y)| < 1.

1 r.v.s are uncorrelated: If X LY, then p(X,Y) = 0 (the converse of this is false).

Correlation is unchanged under linear transformations: For any positive con-
stants a and b, and any constants c and d,

plaX +¢c,bY +d) = p(X,Y).

Correlation of +1 implies linear relationship: p(X,Y') = +1if and only if there
are constants a and b (with a # 0) such that Y = aX + 0.

PROOF The first statement is clear, since Cov(X,Y) = Cov(Y, X).
The second is a direct calculation:
Cov(X, X) ~ Var(X)  Var(X)
\/Var -Var(X) B \/(Var(X))2 ~ Var(X)

p(X, X) = ~1.

For the bounds on p, apply the Schwarz Inequality to X — EX and Y — EY:
E[(X — EX)(Y — EY)]> < E[(X — EX)Y - E[(Y — EY)?]

ie. Cov(X,Y)2 < Var(X) - Var(Y).
Take the square root of both sides to get

[Cov(X,Y)| < \/Var(X) - Var(Y)

i.e.
|Cov(X,Y)|

\/Vav" Var(Y)

(X, Y)] =

The fact that independent r.v.s are uncorrelated follows from the fact that
X 1Y implies Cov(X,Y) = 0.

The last two statements are HW problems. [J
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5.5. Covariance and correlation

EXAMPLE 10
Suppose X and Y are chosen from [0, 1]* with joint density fxy(z,y) = x+y. Com-
pute the correlation between X and Y.

Solution: Compute a lot of expected values using LOTUS:

1,1 7
EXZ//x(chry)dydx:"':*
- 12
gy = [ [ dy d ‘
_// x+y)yl‘—“'—§
// (x+y)dyde = -- 152
// (x+y)dyde = 152
1
EXY:/ / wy(r+y)dyde =--- =3
0 JO 3
Then
Var(X) = EX? — (EX 7)
12 144
B 2
Var(Y) = EY? - (EY (12) 144
—1
Cov(X,Y)=EXY —EX -EY = —
144
and finally,
XY = Cov(X,Y) _ T :ﬁ: L

\/Var War(Y) \/<1{414) (%) 144 1]
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5.6. Conditional expectation and conditional variance

5.6 Conditional expectation and conditional variance

Definition 5.21 Let X and Y be real-valued r.v.s. The conditional expectation of
Y given X, also called the regression of Y on X, is the function

S yfvix(ylz)  ifY|X is discrete
EYIx) =1 7

/_ yfvix(ylz)dy ifY|X iscts

In this setting, there is also a conditional expectation of X given Y, defined by

S zfxy(zly)  if X|Y is discrete
EXY)=19 .2
/ rfxy(zly)dr if X|Y is cts

Important: £(Y|X) is a function of z, not a number.

(Similarly, £(X|Y) is a function of y.)
That said, we can think of E(Y'|X) as a r.v. by thinking of it as a function of X:
as an example, if E(Y|X)(z) = 2% — 3z, we can also write E(Y]X) = X? — 3X.

What does conditional expectation mean? As an example, suppose X and Y are
chosen from this set (2 with some joint density function:

Y
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5.6. Conditional expectation and conditional variance

Theorem 5.22 (Properties of conditional expectation) Suppose that any r.v.s men-
tioned in this theorem have finite expectation, and let c be an arbitrary constant. Then:

Law of Total Expectation: E[E(Y|X)| = EY. This means:

/Oo E(Y|X)(x)fx(z) dz = EY if X is cts

or Y E(Y|X)(z)fx(xz) = EY if X is disrete

Linearity: E(Y; + Y2 | X) = E(Y1|X) + E(Y2|X) and E(cY|X) = cE(Y|X)

Independence: The following are equivalent:

e X 1Y
* E(Y|X) is a constant function.
e E(Y|X)=FEY forall x.

Preservation of constants: E[c|X| = ¢ for any constant c.
Stability/“pulling out what’s given”: For any function ¢,
E[p(X)Y|X] = o(X) E[Y|X].

In particular, E(X|X) = X.

Useful integral formulas when computing conditional expectations

% r
Gamma integral formula: / e M dr = )(\:)
0
. ' oo- - L(@)T(B)
Beta integral f 1:/"‘11—/31d:7
eta integral formula: | (1—-2) x Tt 5)
Gaussian 1n.tegra1 formula: /00 . Nor
(coming later) —oo
Note: If you recognize the conditional density fy|x as a common density,

then you can immediately conclude the value of E(Y|X) from the
facts known about expected values of common r.v.s.

EXAMPLE 11
Suppose the conditional density of Y given X is (for z,y > 0)

frix(ylz) = ve™™.

Then we know
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5.6. Conditional expectation and conditional variance

EXAMPLE 12
Let X and Y have joint density

frrlog) = { Sue—v—y) i@y e

0 else

Find the conditional expectation of ¥ given X and the conditional expectation of

1
Y given X = 3"
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5.6. Conditional expectation and conditional variance

EXAMPLE 13
Three contestants on a game show are given the same question, and each person
answers the question correctly with probability 1 — z (their answers are indepen-
dent). The difficulty z of the question is itself a r.v. chosen from (0, 1) with density
function 6z(1 — x). Find the expected difficulty level of the question, given that all
three contestants answer incorrectly.
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Conditional variance

Definition 5.23 Let X and Y be real-valued r.v.s. The conditional variance of YV
given X, is the function
Var(Y|X) = E[(Y — E[Y|X])?| X]
= E(Y2 | X) — E(Y]X)2.

That the two formulas given in the box above are the same is a HW problem.

As with conditional expectation, the conditional variance is a function of x (and
can be thought of as a random variable).

Theorem 5.24 (Law of Total Variance) Let X and Y be real-valued r.v.s. Then

Var(Y) = ElVar(Y|X)] + Var[E(Y|X)].

PROOF HW (use the definitions and crunch the symbols appropriately)

This theorem is extremely useful for computing the variance of Y/, when X and
Y| X are given as common random variables:

EXAMPLE 14
The number of accidents on a stretch of highway is uniformon {1, 2, 3, ..., 9}. Given
N accidents on the stretch of highway, the total amount of damage caused by the
accidents is exponential with mean 2/N. Find the variance of the total amount of
damage caused by accidents on this stretch of highway.
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5.7 Probability generating functions

What is a generating function?

Take a sequence of numbers ay, a;, as, as, .... To record this sequence, you can write
down the entire sequence, or take the numbers and put them in as terms in a power
series

ft) = Z ant”™ = ag + ait + ast® + ast® + agtt + ...

n=0

This gives you a function of ¢, called the generating function of the sequence {a,, }.
There are a couple of reasons why we would want to do this:

e the formula for f(¢) may be easier/shorter to write than the formula for a,,;

* properties of the generating function may give you useful information about
the sequence.

In our setting, we start with a discrete r.v. X taking values in {0, 1,2,3,...}. This
naturally gives you a sequence coming from the probabilities of each value of X:

fx(0), fx(1), fx(2), fx(3), fx(4), ...

The generating function associated to this sequence is therefore

This is called the probability generating function of X, and it turns out that this func-
tion has many useful properties.

Definition 5.25 Let X : Q — Nbeadiscrete r.v., taking values only in {0, 1,2, 3, ... }.
The probability generating function of X (a.k.a. pgf or generating function),
denoted G x or ®x, is the function Gx : [—1, 1] — R defined by

Gx(t) = E[t*] :iﬂ fx(z)t".

Note: The t in this definition is just a dummy variable. It doesn’t really have any
meaning.
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5.7. Probability generating functions

Properties of probability generating functions

Theorem 5.26 (Properties of PGFs) Let X be a discrete r.v. taking values in N.
Then:

1. Gx is a continuous and differentiable function of t on [—1, 1].
2. Gx(1) =1

3. Gx(0) = fx(0) = P(X = 0) (the constant term on Gx).

4. |Gx(t)] <1 forallt.

PROOF Statement (1) follows from the fact that G'x is a power series (in Calculus
2, we learn that all power series are cts and diffble).

For statement (2), observe Gx(1) = E[1¥] = E[1] = 1.
For (3), notice Gx(0) = fx(0) = P(X = 0), the constant term on G x.
For the last statement, note |Gx (t)| = |E[tX]| < E|t¥| < E[1] =1. O

Theorem 5.27 (PGFs and expectations) Let X be a discrete r.v. taking values in
N. Then:

1. G%(1) = EX.
2. G%(1)=E[X(X —-1)]=EX? - EX.
3. GV =EX(X-1)(X-2)(X=3)--- (X —r+1)].
(This quantity is called the r'* factorial moment of X.)
4. Var(X) = G%(1) + G (1) — [Gx ()]~
5. The equation Gx (t) = t has a solution in (0, 1) if and only if EX > 1.

PROOF For statement (1), notice G'x (¢ Z " fx(z) s0 Gy (t) =>_ at™ ' fx(x).
=1

Therefore G's (1) :i 2171 fy () :gl fo( ) = z vfx(z) = EX.

To prove statement (2), differentiate Gy (t) to get G’ (t) =Y x(z — 1)t fx(z).

This means "
G% (1) IZ_; w(z — 1177 fx (x) 222 z(z — 1) fx(z)

z (¢~ 1)fx(x) = BIX(X - 1))
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5.7. Probability generating functions

Statement (3) has a similar proof as (2), but uses induction.
Statement (4) follows from (1), (2) and the variance formula.

For the last statement, notice that the graph of G'x:

* is continuous (part (1) of Theorem [5.26),

* passes through (1, 1) (part (2) of Theorem with slope £ X (statement (1)
of this theorem),

* and passes through (0, fx(0)) (part (1) of this theorem).

So the graph of G x looks like

1 r's 1 r's
or
fx(0) e fx(0)®
0 1 0 1

Theorem 5.28 (Independence property of PGFs) Let X : @ — NandY : Q} —
N be independent r.v.s with respective PGFs G'x and Gy. Then

G)(+y(t) = Gx(t) Gy(t)

PROOF This is a direct calculation:

Gxyy(t) = E[t"Y] = E[t*t"] = E[t*|E[tY] (since X 1Y)

Theorem 5.29 (Uniqueness of PGFs) Let X and Y be discrete r.v.s taking values
in N. Then:

GP(0)

n!

Inversion formula for PGFs: fx(n) = foralln € {0,1,2,3,...}

Uniqueness of PGFs: If Gx(t) = Gy(t), then X ~Y.

PROOF The first part of this is the uniqueness of power series from Calculus 2.
That means we can determine a r.v.’s density from its PGE. Thus if Gx = Gy,
fX = fy, e X ~Y. O
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5.7. Probability generating functions

Theorem 5.30 (PGFs of common r.v.s) For the discrete r.v.s encountered in Chap-
ter 2, their probability generating functions are as follows:

X Gx(t)
Unif({1,2, ..., n}) M
Geom(p) i)
NB(r,p) L_tg_p)] T
binomial(n, p) (pt+1—p)"
Pois(\) g =

PROOFS (OF SOME OF THESE) The uniform discrete r.v. is left as HW.
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5.7. Probability generating functions

A main application of probability generating functions is to derive facts about
the sums of independent random variables. These arguments combine the PGFs

of common r.v.s with the independence property of PGFs and the uniqueness of
PGFs:

Theorem 5.31 Suppose X1, ..., X, are independent r.v.s, and let S = X; + ... + X,
Then:

1. Ifeach X; ~ Pois();), then S ~ Pois(A\ + ... + Ag).
2. Ifeach X; ~ b(n;,p) (same p), then S ~ b(ny + ... + ng, p).
3. Ifeach X; ~ Geom(p) (same p), then S ~ NB(d,p).

4. Ifeach X; ~ NB(rj,p) (same p), then S ~ NB(r; + ... + 14, D).

PROOF First, we prove statement (1).

For statement (2), suppose X; ~ b(n;,p). Then Gx,(t) = (pt + 1 — p)™ for each
J, 80

d d
— Tl Gy (pt+1—p)=(pt+1—pXi™ =G t).
jl;[l ]];[1 p (p p) b(z].nj,p)()

By uniqueness of PGFs, S ~ b (Zj nj, p).

Statement (3) is HW; the proof of statement (4) is similar and omitted. [J
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5.8 Moments and moment generating functions

A DRAWBACK OF PGFs

Definition 5.32 Let X : Q@ — Rand let r € {0,1,2,3,...}. If X" has finite expec-
tation, then we define the r'" moment of X, denoted y,., to be E[X"]. Otherwise, we
say X does not have a moment of order r.

Heuristic analogy:

r interpretation of f(0) interpretation of EX"

0 f(0) =heightof fatz =0 EX°=1

1 1'(0) =slopeof fatz =0 EX'= FX = mean

2 f"(0) = concavity of f atz =0 EX? = variance (sort of)
3 f"(0) =jerk EX3 = skewness (sort of)

Let’s take the moments of r.v. X and put them in a sequence:
1,EX,EX? EX? EX*, ..

We could directly construct a generating function from this sequence, but since
these moments are supposed to be like derivatives, we'll take some inspiration
from Calculus 2 and divide the 7" moment by r! (kind of like how you divide
£(0) by r! to get the coefficient on 2" in the Taylor series of f(x)). This gives us a

sequence

1 1 1
1, EX, -EX? —EX3 —EX* | ..
2 3! 41
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5.8. Moments and moment generating functions

which has generating function

1 1 1
1+ EXt+ §EX2t2 + —‘EX?’tS + —EX% 4 .

= E[l] + B[tX] + E thzy] +E4l!(t§!>3] p [(ti)j .
-pfreer 7GR G

This leads to the following definition:

Definition 5.33 Given real-valued r.v. X (X can be cts or discrete), the moment
generating function (MGF) of X, denoted Mx or gx, is defined by

Mx(t) = E[e*¥].

The domain of My is the set of all t € R such that e'* has finite expectation.

EXAMPLE 15

Suppose X is a continuous r.v. taking values in [0, 1] with density fx(z) = Te"
e J—
Compute the moment generating function of X.
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Properties of moment generating functions

Many properties of MGFs are similar to those of PGFs:

Theorem 5.34 (Properties of MGFs) Let X : Q — R be a rv. with mgf Mx(t).
Then:

1. Mx(0) = 1.

2. Expected value from MGF: M (0) = EX = 1.

3. MU(0) = EX? = p,.

4. Moment formula: Forall r € {1,2,3,...}, M)((T)(O) = u, = E[X"].
5. Variance from MGF: Var(X) = M4 (0) — [M%(0)]%

6. Linear translation formula: For any a and b, M,x ,(t) = € Mx (at).

PROOF The first five statements come from equating coefficients on two different
ways of writing My as a power series:

1 1 ‘
Mx(t) =1+ EXt+ §EX2t2 + §EX'%E” + th+ .
! 1 " 2 1 el 3 4

The last statement is a direct computation:

Moxss(t) = E [e(aX—i-b)t} —F {ebteX(at)} —tp [eX(at)} _ ethX(at). 0

Theorem 5.35 (Independence property of MGFs) Let X : Q — RandY : Q —
R be independent r.v.s with respective mgfs Mx and My. Then

Mx v (t) = Mx(t) My(t).

Similarly, if X, ..., X, are independent r.v.s with respective mgfs Mx,, Mx,, ..., Mx,,
then:

d
M 4 =] Mx, ().
&, (O =11 M0

j=1

PROOF HW (similar to proof for PGFs)
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Moment generating functions of common random variables

Theorem 5.36 (MGFs of common r.v.s) For the common classes of random vari-
ables encountered in Chapters 2 and 3, their moment generating functions are as fol-
lows:
X Mx(t)
) €t<€nt _ 1)
1,2, ... —
p
Geom(p) —1-p)e
P
NB _—
) ll - (1 —p)et]
binomial(n, p) (1 —p+ pet)n
Pois(\) XD
6tb - eta
' b
Unif(fo, ) e
Exp(\) . Zffort <A
A T
F(T, )\) ()\—]f) fOT't <A
std. normal n(0,1) et*/?
o242
normal n(u, o?) exp (,ut - 2)

PROOFS (OF SOME OF THESE) First, whenever X is discrete, then

Mx(t) = E[e"] = E[(¢')"] = Gx(e")

so the MGFs of all the discrete r.v.s come from replacing any ts in the PGF with e’.

Exponential and gamma r.v.s are left as HW; let’s do the uniform cts r.v. here:
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5.9 Uniqueness of MGFs

It turns out that you can explicitly recover the density function of a real-valued r.v.
from its moment generating function:

Theorem 5.37 (Inversion formula) Let X : Q — R have mgf Mx. Then:

1. If X is discrete and integer-valued, then for every x € Z,

(@) = = / " e My (it) di.

2 J-
2. If X is continuous, then X has density

1 [~
/ e M (it) dt.

I =az ).

WARNING: If you are ever using these formulas to do a MATH 414 or 416
problem, you are doing the problem wrong.

We’ll use formula (2) once, to discover one important fact later in the course.

Gaussian integral formula

To prove the inversion formulas, we first need the following important integral
formulas (which will also be used for other purposes later):

Lemma 5.38 (Basic Gaussian Integral Formula)

/ e dp = vV 2.
—00

PROOF Let A = / e~"/% dz. (A > 0 since the integrand is positive.) Then

= ([ ) ([ e as)
([ man) ([ o)

/ e e V2 dy

I
:// (=2 4+4%)/2 g 4

A?
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5.9. Uniqueness of MGFs

Continuing from the previous page, we next perform the u-sub

2
u=—.du=rdr
2’

on the inside integral to get

2T OO 9 2w poo
A? :/ / e " /27‘d7‘d9:/ / e “dudb
0 0 0 0
2 )
:/0 [—e }0 do
2T
= do
0
= 2.

Since A2 =mand A > 0, A = /27 as wanted. [J

Theorem 5.39 (Gaussian Integral Formula) Let i, 0 be constants with o > 0.
Then

—00

— 1 . .
PROOF Perform the u-sub u = u, du = —dz in the integral to obtain
o o

o | ZE = 1)’ _/°° 1<x—u>2
/Ooexp[ 52 der = 7ooexp —3 > dx
00 u?
:[wexp l—Q] o du
:0/00 e 12 dy

=oV2r. U

Observe: The value of this integral does not depend on p (only on o).

The Gaussian Integral Formula can be combined with an algebraic technique called
completing the square to compute lots of integrals:
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5.9. Uniqueness of MGFs

EXAMPLE 16
Compute this integral:

o 9224904-39
/ e 2T 202=39 1.
— 00

Solution: The goal is to rewrite the integral so that it matches the Gaussian
Integral Formula given on the previous page:

/Oo exp l_(”@_mj dz = ov/2r

—00 20’2

/OO exp [—29&2 + 20z — 39} dx

—0o0

At this point, our integral becomes

/OO exp [—2(1; — 5)2} e dr = e /Oo exp —1(4)(1‘ — 5)2} dx

—o0 —00 L 2

00 (o E)\2

el 2(3)

00 _ _ 2
— 611 / exp M da:»

IO

This matches the Gaussian Integral Formula with 1 = 5, o =  so the

1
integral evaluates to 6115\/ 27 |.
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5.9. Uniqueness of MGFs

Proof of the inversion formula

Here is a proof of the inversion formula when X is continuous (the proof when X
is discrete is similar, but omitted from these notes). Recall that our goal is to show

1

= / e~ My (it) dt.

fx(z) = o |

The proof is just a long calculation. The first step is to start with the right-hand
side and insert an additional term in the inversion formula needed to make it look
more like a Gaussian integral:

1 e 1 e
= / e M (it) dt = o / e~ (1) M (it) dt
S T J_

2w J-
1 o —ixt s —et? .
= 5/7006 <6gu5£0 ) Mx (it) dt
1 ,
= lim — MX(zt) et gt

e—0t 271

The second step is to expand the Mx(it) term using the definition of MGF and
LOTUS. This gives

lim —/ Mx(it)e_5t2e_m dt = lim —/ E {e”x] et eiwt gt

e—0t 27 J— e—0t 27 J-x

TR T A Y ity —et? izt
- L I e e
— lim 7/ / Fx(y)et =2 e~ gy g

e—0+ 27

:hm—/ / Fr(y)e=2e= dt gy

e—0t+ 27

Now, pull the fx(y) out of the dt integral, and evaluate the inside integral by com-
pleting the square and using the Gaussian Integral Formula:

hm—/ / Fx ()t *etzdtdy

e—0+ 271

oo 222
— lim 1/ Fxly )/OO exp | —e (tz_ i(y_x)t+ —(y — x)? n <y4_€2$)2>] dt dy

e—0t+ 27 —00 € 4€?
i i(y—x) 2
1 oo 0 —(t—152) —(y —z)?
=l o [ Sxl) [ ew | Eu e T
L 2€
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5.9. Uniqueness of MGFs

1 /1
= lim — fX \/ 21 exp l — ) ] dy
e—0t 27'('

. . i(y — ) 1
Gaussian Integral Formula with y = — , 0= ——
( g f e 0= )
o1 —(y —x)?
= —— | dy.
e—0+ 2y/me J— y) exp l 4e 4
Next, use the u-sub u = y2?/_€90, du = 5 \[ dy to write the integral as

Jy 2\/—/ Jx(y) exp [_(94_ J”)Q] dy
- 5;>0+ 2\/—/ fX T +2ﬁu)exp{ } 2\ﬁdu
= lim \/7;/00 Frla +2veu) e du

e—0t

Finally, move the limit back inside the integral and use the Gaussian Integral For-
mula one more time:

f/ [hm fy m+2\/Eu)} e du

\/_/ — du
1 00 —u?
= 7fx(x)/ exp {2] du
—00 1
v 2 (%)
1 1
= ﬁfx(l’)ﬁm
(Gaussian Integral Formula with ¢ =0, o = \}5)
= fx(ﬂf)

This proves the inversion formula (when X is continuous). [

The significance of the inversion formulas is that they explain the following prin-
ciple:

Corollary 5.40 (Uniqueness of MGFs) Let X : Q@ — Rand Y : Q — R be any
two real-valued r.v.s so that Mx (t) = My (t). Then X ~ Y.
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Sums of independent common r.v.s

As with PGFs, an important application of MGFs is to establish results about the
sum of independent random variables:

Theorem 5.41 (Sums of L r.v.s) Suppose X1, ..., X, are independent r.v.s, and let
S =X, +..+ X4 Then:

1.

S R

If each X; ~ Pois(\;), then S ~ Pois(A + ... + A\g).

Ifeach X; ~ b(n;,p) (same p), then S ~ b(ny + ... + ng, p).

If each X; ~ Geom(p) (same p), then S ~ NB(d, p).

Ifeach X; ~ NB(r;,p) (same p), then S ~ NB(ry + ... + 74, D).
Ifeach X; ~ Exp(\) (same \), then S ~ T'(d, \).

Ifeach X; ~ T'(rj, \) (same \), then S ~ I'(r; + ... + 14, A).

PROOF (OF SOME OF THESE) Statement (6) is left as HW.

215



5.10. Joint moment generating functions

5.10 Joint moment generating functions

Definition 5.42 Let X;, ..., Xy be real-valued r.v.s with some joint distribution X.
The joint moment generating function of X, denoted Mx or gx, is the function
Mx : R? — R defined by

Mx(t) = E[e*¥].

The domain of Mx is the set of all t € R? such that e** has finite expectation.

Many of the same properties of MGFs carry over to the joint case:

Theorem 5.43 (Properties of joint MGFs) Let X1, ..., X, be real-valued r.v.s with
joint MGF M = Mx. Then:

M(0) = 1.
MGSEF of marginals: Foreach j € {1,...,d},

Mx (t) = Mx(0,0,...,0,t,0,...,0) (thet is in the " position).

J

MGTF of linear combination of marginals:
For any constants ay, ..., ag, Mo, x,+.. 4ayx,(t) = Mx(ait, ..., agt).

In vector language, this says that for any a = (ay, ..., aq), Max(t) = Mx(ta).
Moment formulas: Foreach j € {1,...,d},

0" My
ot

 OMx

ElX)] = —
J

and E[X]] =

J
t=0

t=0
Product moment formulas: For any nonnegative integers r1, ..., 4,

8T1+...+T‘dMX

BIXTXG? - Xa'] = ot oLy - - Oty

t=0

Linear translation formula: Forany a € Rand b € RY,

Max+b(t) = €b.th(CL t)
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Theorem 5.44 Let X and Y be two joint distributions of the same dimension.
Inversion formula for joint MGFs: If X is continuous, then

1
(2r)?

fx(x) = /]Rd e ™t Mx (t) dt.

Uniqueness of joint MGFs: If Mx = My, then X ~Y.

Theorem 5.45 (Independence test using joint MGF) Let X, ..., X, be real-valued
rv.s. Then Xy, ..., X, are independent if and only if

Mx (t) :1:[ Mx, (t5)

forall t = (t,...,tq) € R%

PROOF (=) Suppose the X; are independent. Then

Mx(t) = E [¢"X] =

(<) Suppose Mx(t) :ﬁ My, (t;).

By uniqueness of joint MGFs, it must be that the r.v.s are independent (for if
they weren't, their joint MGF would have to be something other than what we
computed in the (=) direction). [J
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5.10. Joint moment generating functions

EXAMPLE 17
Suppose X and Y are real-valued r.v.s with joint MGF

Mxy(s,t) =exp (—32 — 35 — 6st — 2t2) .
1. Compute the moment generating function of X.

2. Compute the expected value of 3X — 2Y.
3. Compute Cov(X,Y).
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5.11 Markov and Chebyshev inequalities

In this section we discuss inequalities which give us quick bounds on certain prob-
abilities related to the mean and variance of a random variable.

Theorem 5.46 (Markov inequality) Let X : Q — [0,00) be a nonnegative r.v.
with finite expected value. Then for all a > 0,

E
P(X >a) < ==,
a

PROOF Let I :Q — {0,a} be defined by

Notice that X > I, so

EX>El=a-P(I=a)+0-P(I=0)
=aP(X > a).

Divide both sides by a to get the result. [

EXAMPLE 18
Suppose the time it takes for a radioactive element to decay is a random variable
whose mean is 23. Use the Markov inequality to find an upper bound on the prob-
ability that it will take at least 230 units of time for the element to decay.
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Theorem 5.47 (Chebyshev inequality) Let X : Q@ — R be a r.v. with finite ex-
pected value i and finite variance o*. Then for all t > 0,

t t 2 VvV X
—— P(X 2 1) < 7 = VXD

PROOF Apply the Markov inequality to the r.v. (X — u)? with a = ¢ to get

E[(X — ) _ Var(X)
12 t2 ’

P(X = p)? 2 ) <
But P(|X — u| >t) = P((X — p)? > t?). This proves the result. [J

EXAMPLE 19
Suppose the number of items produced in a factory is a random variable with
mean 100 and variance 40. Use the Chebyshev inequality to find a lower bound on
the probability that between 90 and 110 items will be produced by the factory.
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5.12 Chapter 5 Homework

Exercises from Section 5.1

1. Compute the expected value of each given r.v. X:

a) X is cts and has density function f(z) defined by f(z) = i(l — 2?) for
xr € (—1,1) and f(z) = 0 otherwise.

b) X has cdf Fx(z) defined by Fx(z) = 1 — 5 ifx > 5and Fx(z) =0
i
otherwise.

c) X is the marginal of the joint distribution obtained when one selects a
point (X,Y’) uniformly from the triangle with vertices (0,0), (4,0) and
(0,4).

1

d) X takes valuesin {0, 1,2,...} and has survival function Sx(z) = -
xT.

NOTE: in all HW exercises from this point forward, you may assume without
proof that all r.v.s under consideration have finite expectation.

2. a) Suppose W ~ binomial(4, 3). Compute E [sin (%)], evaluating all the
trig expressions and simplifying your answer.

b) Suppose X ~ Pois(5). Calculate the mean of (1 + X)~'.

c) LetY be the sine of an angle chosen uniformly from (—7/2,7/3). Com-
pute the expected value of Y.

3. Suppose you play a carnival game that works like this: there are two bags,
each with discs numbered 1 to 5 in them. You draw one disc uniformly
from each bag. Whatever disc is the smaller number you draw, you win
that amount of money (for example, if you draw a 2 and a 4, you would win
2).

a) How much would you expect to win if you played this game 100 times?

b) How much should the person running the game charge you if she ex-
pects to make a profit of .30 per game?

c) Suppose that there were n discs in each bag, numbered 1 to n. How
much would you now expect to win if you played the same game 100
times?
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Hint: The summation formulas

zn: = n+ )and/or Zz =

nn+1)2n+1)
6

may be useful.

4. (AE) A new plasma TV costs $650. The lifetime of the TV is exponentially

1
distributed with parameter A = —. Best Buy sells a warranty where they give

a full refund to a buyer if the TV fails within the first two years, they give
a half refund to a buyer if the TV fails during the third or fourth year, and
they give no refund otherwise. How much should Best Buy expect to pay in
refunds, if they sell 1000 plasma TVs?

5. (AE) Let T} be the time between a car accident and the reporting of a claim to
an insurance company; let 75 be the time between the reporting of this claim
and the payment of this claim. Assume that (77, 75) is uniform on the region
of points (1, t2) satisfying 0 < t; < 16; 0 < t5 < 16; 0 < t; +t2 < 20. Find the
expected amount of time between the accident and the payment of the claim.

6. Suppose that the density function fx of X is:

a+br?: fo<z<l1
fx(f):{ - T

0 else

If FEX = i, determine the values of a and b.

Exercises from Section 5.2

7. Suppose X has expected value 3 and Y has expected value —1.
a) What is the expected value of 3X — 5Y7?
b) What is the expected value of 2X + 4?
c) What is the range of possible values of E|Y|?
d) If P(Z < X) = 1, what is the range of possible values of £2?
e) If X 1 Y,whatis F[3XY]?

Exercises from Section 5.3

8. Suppose X is a cts r.v. with density f given by f(z) = cz® for 0 < 2 < 4 and
f(z) = 0 otherwise. Calculate the variance of X.

9. Let X be a r.v. with finite expectation and finite variance. Prove:
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a) For any constant a, Var(aX) = a* Var(X).
b) For any constant b, Var(X + b) = Var(X).

10. a) Suppose X and Y are two independent r.v.s such that FX* = 2, EY? =
1, EX? =1and EY = 0. Compute the variance of X?Y.

b) Let S and T be two independentr.v.s with S =5, ET = =3, Var(S) =8
and Var(T) = 7. Let W = 25 4 3T — 4; compute the mean and variance
of W.

Exercises from Section 5.4

1
11.  a) Prove that the expected value of an Exp(\) r.v. is 3

b) Prove that the expected value of an I'(r, \) r.v. is g

k
c) Verify that the expected value of a Hyp(n,r, k) r.v. is iy
n

Hint: You will have to do an index change in your summation, and then
apply Vandermonde’s identity.

12. a) Let X ~ Exp(\). Compute E(X?) directly (using the change of vari-
ables formula together with the Gamma integral formula) and use your

answer to verify that the variance of X is PeR

b) Prove that the variance of the uniform distribution on the interval (a, b)

(b—a)?
1S 12 .

c) Prove that the variance of a I'(r, ) r.v. is %

13. A pond contains equal numbers of four different types of fish. You go fishing,

and each time you cast, you catch one of the four types of fish (each type is

equally likely). What is the expected number of casts it will take you to have
caught at least one of all four types of fish?

14. Choose two of (a),(b),(c):

a) (AE) An actuary has discovered that policyholders are six times as likely
to file three claims as they are to file four claims. If the number of claims
filed has a Poisson distribution, what is the variance of the number of
claims filed?

b) (AE) A company has two electric generators. The time until failure for
each generator is exponential with mean 13. The company will begin
using the second generator immediately after the first one fails. What is
the variance of the total time the generators produce electricity?
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15.

16.

¢) (AE) The profit for a new product is given by Z = 5X — 4Y + 8, where
X 1Y, Var(X) =3and Var(Y) = 2. What is the variance of the profit
for the new product?

(AE) Let X represent the number of customers arriving during the morning
hours, and let Y be the number of customers arriving during the evening
hours to a restaurant. Assuming that X and Y are both Poisson, and that the
first moment of X is 8 less than the first moment of Y, and that the second
moment of X is 60% of the second moment of Y, what is the variance of Y?

Suppose that the departure of a tour is delayed by an amount of time that is
modeled by an exponential r.v. with variance 9 hours. If the departure of the
tour is delayed by less than 2 hours, the tour company pays no refund, but if
the tour is delayed 2 to 4 hours, then the tour company pays a refund of 20t,
where t is the number of hours the tour is delayed. If the tour is delayed by
more than 4 hours, the tour company pays a flat refund of 80. Compute the
variance of the refund paid by the tour company.

Exercises from Section 5.5

17.

18.

19.

20.

21.

Compute the covariance of X and Y, if they have joint density

2 ifx>0,y>0,andr+y<1
0 else '

fxy(z,y) = {

Suppose a box contains three balls numbered 1 to 3. Two balls are selected
without replacement from the box. Let U be the number on the first ball
selected, and let V' be the number on the second ball selected. Compute
Cov(U, V) and p(U, V).

Hint: Start by making a chart which describes the joint density of U and V.

(AE) Let X and Y denote the price of two stocks at the end of a five-year
period. Suppose X is uniform on [0, 6] and that given X = z, Y is uniform
on [0, z]. Determine Cov(X,Y).

Let (X, Y) be a point chosen uniformly from the finite set of four points

{(07 1)7 (17 0)’ (O’ _1)a (_L O)}
Prove that X and Y are uncorrelated, but not independent.

(AE) Let X denote the size of a surgical claim, and let Y denote the size of
the associated hospital claim. An actuary is using a model in which EX = 6,
EX?=474,EY =3,EY?=21.4and Var(X +Y) = 13.5. Let C; = X +Y be
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22.

23.

24.

the size of the combined claims before the application of a 20% surcharge on
the hospital portion of the claim, and let C'; denote the size of the combined
claims after the surcharge. Calculate C'ov(C}, Cy).

Prove any two of the following three statements:
a) Cov(X,Y)=Cov(Y, X)
b) Cov(X; + X5,Y) = Cov(X1,Y) + Cov(Xs,Y)
c) Cov(aX,Y)=aCov(X,Y)

Note: These three statements generalize to the following important property
of covariance called bilinearity:

Cov (Z CZiXi, Zb]}/]) = ZzaibjOOU(Xi,Y})
=1 j=1

i=1j=1

Prove that correlation is unchanged under linear transformations, meaning
that p(aX + ¢,bY + d) = p(X,Y) for any constants a, b, ¢,d with a > 0 and
b > 0.

a) Prove that if Y = aX + b for constants a and b (with a # 0), then
p(X,Y) =+1.

b) In this setting, under what conditions is p(X,Y") = 1 (as opposed to —1)?

In the next two exercises, we will prove that a correlation of 1 implies a linear
relationship between the r.vs, i.e. thatif p(X,Y) = +1, then Y = aX + b where a
and b are constants.

25.

26.

Define

X = é(X —EX)andY = é(Y — EY).
Var(X) Var(Y)

a) Compute £ P(\ } and F {f/}

b) Compute E P(\Q] and £ {}72}.

c) Prove that p(X,Y) = E [XY].

d) Prove that Cov (X,Y) = E [XY].

a) Use the results of Exercise 25|to prove that

E

(¥ - o(x, Y)X\)Q] — 11— p(X,Y)2. (%)
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b) Use part (a) to prove that if p(X,Y) = £1, then Y = p(X, Y)X.
Hint: If p(X,Y) = +1, what must the right-hand side of (%] be? What
does that imply about (37 — p(X, Y)Y)Z?

c) Use part (b) to deduce that Y = aX + b for suitable constants a and b.

Hint: Start with what you proved in (b), and back-substitute for X and
Y. Rearrange what you get to show Y =(constant) X +constant, as wanted.

Exercises from Section 5.6

27. Let X and Y be r.v.s having joint density function given by the following

table:

vX =110l 216

1 1 1 1

2| % | g || o

1 1 2

I 15101353

2 1 2

310 151|353

a) Calculate E(Y | X).
b) Calculate E(X?|Y =1).
c) Calculate Var(X |Y = 3).

28. Let (X,Y) be chosen uniformly from the triangle whose vertices are (0,0),
(2,0) and (1,2). Compute the conditional expectation of Y given X.

29. (AE) A fair die is rolled repeatedly. Let X be the number of rolls needed to
obtain a 5 and let Y be the number of rolls needed to obtain a 6. Calculate
E[X|Y =2].

30. Let X and Y be independent, where X is I'(r, A\) and Y is I'(s, A). Compute
EX|X +Y].

Hint: First calculate the joint density of X and X + Y.
31. Suppose E[Y|X] =2z + 1 and E[Z|X]| = 3x.
a) Compute E[3Y — 47 + 7|X].
b) Compute E[2X?Y|X = 2].

32. (AE) Let Ny and N, represent the numbers of claims submitted to a life in-

surance company in January and February, respectively. The joint density
function of N; and Ns is

2 /71\™ no
- { SO 0120,
1,4V2 Y
0 else
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33.

34.

35.

36.

Calculate the expected number of claims that will be submitted to the com-
pany in February, if exactly 2 claims were submitted in January.

(AE) A driver and a passenger are in a car accident. Each of them indepen-
dently has a probability .3 of being hospitalized. If they are hospitalized, the
loss is uniform on [0, 1]. When two hospitalizations occur, the losses are in-
dependent. Calculate the expected number of people who are hospitalized,
given that the total loss due to hospitalizations from the accident is less than
1.

The time it takes an insurance company to process a claim of size S is uniform
- . I . 1
on [S,S + 1]. If S is itself exponentially distributed with parameter Y what
is the expected time to process a claim?
a) Prove that the two formulas given in the notes as definitions of condi-
tional variance are the same.

b) Prove the Law of Total Variance, which says:

EVar(X|Y)| + Var[E(X|Y)] = Var(X).

a) (AE) The number of workplace injuries, N, occuring in a factory on any
given day is Poisson with mean \. The parameter A is itself a r.v. de-
pending on the level of activity in the factory, and is assumed to be uni-
formly distributed on the interval [0, 6]. Compute Var(N).

b) (AE) The stock prices of two companies at the end of any given year are
modeled with r.v.s X and Y whose joint density function is

Flay) = 2r forO0<z<l,z<y<z+1
YT 0 otherwise ’

What is the conditional variance of Y given X = z?

Exercises from Section 5.7

37.

38.

39.

40.

Suppose X ~ Unif({1,2,3,...,n}). Compute the probability generating func-
tion of X.

Let X ~ binomial(n,p). Use the probability generating function of X to com-
pute the expected value and variance of X.

Let X be a discrete r.v. taking values in {0,1,2,3,...} with pgf Gx(t) =
exp(2t — 3t~1 + 5). Compute the variance of X.

Suppose X is geometric with mean 2. Compute E[X (X — 1)(X — 2)(X — 3)].
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41. Let X be a discrete r.v. taking values in {0, 1,2, 3, ...} with pgf Gx(t) = ''.
a) Whatis P(X = 0)?
b) Whatis P(X = 4)?
Hint: Since Gx(t) = § fx(@)t*, fx(4) = P(X = 4) is the coefficient on
=0

t* in the Taylor series_expansion of Gx(t). So start by writing the Taylor
series of Gx(t).

42. Prove that if X, ..., X, are independent geometric r.v.s, each with parameter
p, then their sum S = X; + ... + X, is negative binomial with parameters d
and p.

43. (AE) The number N of babies born in a hospital during any one week is a r.v.
satisfying P(N = n) = 5, for n € {0,1,2, ...}. Suppose that the number of
babies born in any one week is independent of the number of babies born in
any other week. Determine the probability that exactly seventeen babies are
born in a given four-week period.

Exercises from Section 5.8

44. a) Prove that the moment generating function of an Exzp(\) r.v. is s

)\ s
b) Prove that the moment generating function of a I'(r, A) r.v. is (A—t) .

45. a) Compute the first and second moments of X, if its moment generating

1 1
function is Mx(t) = ——==fort < —.
tons Mx(t) = = 1
b) Suppose X and Y are exponential r.v.s with respective means 3 and 7. If
X 1Y, whatis the moment generating function of 4X + Y?

c) (AE) Assume that the number of claims related to traffic accidents on a
certain road is a r.v. X whose moment generating function is Mx(t) =
(1 —2500t)~*. Find the standard deviation of the claim size for this class
of accidents.

46. (AE) Let X,Y and Z be i.i.d. r.v.s, each taking the value 0 with probability p
and the value 1 with probability (1 — p). Compute the moment generating
function of W = XY Z.

47. Let X be a continuous r.v. having the density fx(z) = Le7/*l for all z. Com-
pute the moment generating function of X.

48. Explain why each of the following functions cannot be the moment generat-
ing function of a real-valued r.v. X:
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—t

a) h(t) = ze_tfort <2
1+1¢
b) j(t) = 1i_tfort<1;

2

c) k(t) =exp <_2t> for —oco < t < o0.

49. Prove the independence property of MGFs, which says that if X 1 Y then
Mxiy(t) = Mx(t)My(t).

50. In this problem we will derive the Beta integral formula (which can be useful
to solve certain expected value and conditional expectation problems):

b oas -1 _ [(a) D(B)
/0 u (1 — u)’ du_if(a—l—ﬁ)'

a) Let X be I'(a, A) and let Y be I'(5, \). Suppose that X L Y. Determine
the density function of Z = X + Y using moment generating functions.

b) Given X and Y as above, compute the joint density function of X and
Z = X +Y by the transformation method of Chapter 4.

c) Use your answer to part (b) to compute the marginal density of Z (write
your answer as an integral with respect to z).

d) Derive the Beta integral formula by equating the answers to part (a)
and (c) of this problem, and solving the resulting equation for the Beta
integral above.

Hint: in the integral you obtain from part (c), use the u—substitution
r

U= —.
z

51. A Betarandom variable with parameters r; > 0 and r, > 0 (denoted B(r,72)
is a continuous r.v. whose density is

L(ry +7g)
flx) =3 Tr)l(r2)

g1 —-2)t ifo<a <1
0 else

a) Prove that the function above is in fact a density function.

b) Determine the expected value of a Beta B(ry,rs) r.v.

Exercises from Section 5.9
52. Suppose Y is a discrete r.v. taking the values 0,1,4 and 10 with respective

1
probabilities 2, and 6 Compute My (1).
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53. Suppose X is a r.v. with EX = 1 whose moment generating function is

1 2
Mx(t) = ? + §€t + Ce_t + D€2t,

where C and D are constants.

a) Find C'and D.

b) Find a density function of X.
Hint: Look at the moment generating function you computed in Exer-
cise 52}, and use that to make an educated guess as to the density of X.
(Uniqueness of MGFs can be used to show that your guess is correct.)

c) Find P(X > 0).
d) Find the variance of X.

54. (AE) Let X and Y be i.i.d. r.v.s such that the moment generating function of

X+Yis
My iy (t) = .09¢™% + 24e7" + .34 + 24e' 4 .09

for all t. Calculate P(X < 0).

55. Evaluate each integral:

0 _ 2 "0 42
P

56. Prove that if X;, ..., X, are independent r.v.s with X; ~ I'(r;,\), then S =
X1 + ...+ Xj ~ F(Tl + ...+ Td, )\)

Exercises from Section 5.10

57. (AE) Suppose X and Y are independent r.v.s which have the same moment
generating function: Mx(t) = My(t) = ¢”’. Determine the joint moment
generating functionof W =X +Yand Z =Y — X.

58. Suppose X and Y are real-valued r.v.s whose joint moment generating func-
tion is 64

(s —4)(s+1—-2)*

MX,Y(S7 t) =

a) Compute EY.
b) Compute Cov(X,Y).
¢) Compute the moment generating function of ¥ — X.

d) Based on your answer to part (c), what common r.v. is ¥ — X?
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Exercises from Section 5.11

59.

60.

61.

62.

63.

64.

65.

Suppose X is a gamma r.v. with mean 2 and variance 4. Use the Markov

inequality to find the largest possible value of P(X > 6).
Use the Markov inequality to prove that for every ¢ > 0, e~ < 1.

Hint: Consider an exponential r.v. X with a particular value of ), and use the
Markov inequality with a particular value of a. At least one of the A and/or
a should have a ¢ in it.

Let X be a discrete r.v. whose density is

T 11 2| 3
1

1 16
x| 5|15 18
Var(X)

Show that when 6 =1, P(|X — p| > 9) = 5

is to show that in general, the < sign in Chebyshev’s inequality cannot be
replaced by a <).

(the point of this problem

A bolt manufacturer knows that 5% of his production is defective. He gives
a guarantee on his shipment of 10000 parts by promising that no more than a
bolts are defective. Use Chebyshev’s inequality to find the smallest number a
can be, so that the manufacturer is assured of not paying a refund more than
1% of the time.

Let X be Poisson with mean \.

a) Use Chebyshev’s inequality to verify that P (X < /2\> < i

b) Use Chebyshev’s inequality to verify that P(X > 2)) <

> =

Suppose X is a r.v. with mean and variance both equal to 20. From Cheby-
shev’s inequality, what can be said about P(0 < X < 40)? (In particular, what
is the maximum or minimum value of this expression?)

Suppose X and Y are two real-valued r.v.s with
EX =75, EY =75, Var(X) =10, Var(Y) =12, Cov(X,Y) = —3.

Based on Chebyshev’s inequality, what can be said about P(|X — Y| > 15)?
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Chapter 6

l.i.d. processes and normal
random variables

6.1 l.i.d. processes

We are interested in studying the results of an experiment which is repeated over
and over. Examples include:

e attributes of items that are produced by a manufacturing process;
* measurement errors in experiments;
* claim sizes filed by a series of insurance policyholders;

* heights, weights, lifespans, etc. taken from a sample of organisms;

daily medical readings of a patient (blood pressure, heart rate, blood sugar,
etc.); etc.

Definition 6.1 A discrete-time stochastic process {X; : t € N} is called an i.i.d.
process if the process is “independent and identically distributed”, i.e.

* X; L Xy forall j #k,and
* the X; have the same distribution for all j.

In this setting, we denote the mean of each X; by p and the variance of each X; by o

The prototype example of an i.i.d. process is coin flipping: if you flip the same coin
over and over again and let

i j" flip is heads
771 0 if 5 flip is tails
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6.1. Li.d. processes

What we are most interested in is either the sum or the average behavior of such a
process.

Definition 6.2 Given an i.i.d. process { X,}, define the following processes:
1. {S, }nen, the sequence of sums, is S, = X; + Xy + ... + X,
2. {A,}nen the sequence of averages, is

An:lSnZXl—i—...—i—Xn;

n n

3. {A! }nen, the sequence of normalized averages, is

D [ = N S

A
Var(A,) By ay/n

Notice that if each X, has mean p and variance 02, then

E[An] =

Var(A,) =
ElA]] =

Var(Ay) =

EXAMPLE 1

Suppose { X;}is ani.i.d. process where each X; ~ Unif([0, 1]). Compute the values
of ther.v.s S, A, and A’ for n € {1,2,3}, if the values of the X, are
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6.2. Laws of Large Numbers

EXAMPLE 2
Suppose we have ani.i.d. process { X;} where each X, is uniformon {1, 2,3,4,5,6}.
(This process models repeated rolling of a fair die.) If the sequence of die rolls is

3,5 1,3,2,6,4, 1, 1, ...

compute the first six values of the corresponding sequence of averages.

6.2 Laws of Large Numbers
In this section, we investigate some results which give us information about the

averages coming from an i.i.d. process. Recall that if {X,} is i.i.d., we denote each
EX; by ppand each Var(X;) by o2

Quantitative Weak Law of Large Numbers

Theorem 6.3 (Quantitative Weak Law of Large Numbers (QWLLN)) Let { X;}
1

be an i.i.d. process, and for eachn € N, set A,, = —(X1+...+X,,). Then forall § > 0,
n

P(|An_ﬂ|26>§

52
no?’

2
PROOF From the previous section, E[A,| = p and Var(A,) = %. Apply Cheby-

shev’s inequality to A, to get the QWLLN. [J
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6.2. Laws of Large Numbers

Idea: The QWLLN says that if you fix an “error tolerance” §, if you take enough
measurements (say n measurements), then the probability that the average of your
measurements A,, is within ¢ of the theoretical average p is high.

EXAMPLE 3
Marbles are drawn from a jar containing 3 red and 5 blue marbles, one at a time
with replacement. What is the smallest number n such that you can be 99% assured
that between 37% and 38% of the first n marbles drawn are red?

Weak Law of Large Numbers

Theorem 6.4 (Weak Law of Large Numbers (WLLN)) Let {X,} be an i.i.d. pro-

cess, where each X is a r.v. with finite expected value y and finite variance o*. For

X ..+ X,
eachn € N, set A,, = 1+n+ Then for all § > 0,

lim P(]A, —p| >0)=0.

n—oo

PROOF Take the limit of each side of the inequality in the QWLLN as n — co. [

REMARK
One can derive the WLLN without the assumption that the .X; have finite variance.
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INTERPRETING THE WLLN
Loosely speaking, the WLLN says that if you take a large sample, the probability
that the average of your sample is within ¢ of the “theoretical average” of each
measurement (i.e. the expected value p) is large, and that as the size of the sample
increases, this probability goes to 1. Let’s think about what this means in terms of
flipping a fair coin repeatedly:

Let {X;} be an i.i.d sequence of r.v.s, each uniform on {0, 1} (think of X; =1
as corresponding to the ;% flip being heads and X; = 0 meaning the ;" flip
being tails). In this setting, u = EX; = 3.

Under these assumptions, what is A,,?

1
Leto = 1o Let’s say that a sequence of flips is “n-good” (or “n, j-good”) if
6

4
|A,,—u| < 0, 1i.e. the proportion of heads in the first n flips is between 10 and 10

1 1
Example: HH,HH,T,T,TT,.. is not 4, E-good, but is 8§, E-good.

The WLLN says: if you fix §, and then choose a large enough n, most sequences
are n, 0-good.

HOWEVER: what the WLLN doesn’t tell you (and why it is called the “Weak”
LLN) is any relationship between sequences that are good at different values of n.
For example, the WLLN does not guarantee that most sequences are “eventually
good”, i.e. are n-good for all sufficiently large n.

In particular, it might be the case that typical sequences of heads and tails are n-
bad for infinitely many, very sparsely spaced n).

This weakness is fixed with the following stronger result, which says (among other
things) that with probability 1, a randomly chosen sequence of heads and tails from
a fair coin is eventually good (i.e. the proportion of heads in the sequence becomes
close to 3 and stays close to 5 forever:
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Strong Law of Large Numbers

Theorem 6.5 (Strong Law of Large Numbers (SLLN)) Let {X,} be an i.i.d. pro-
cess, where each X is a r.v. with finite expected value . Then

P(fim Au=p) =1

PROOF (with the extra assumption that FX* < oo) Suppose first that EX; = 0.
That means Var(X;) = EX; — 0° = EX?. Now,
E[S;] = E[(X1+ ... + X,,)"]
=E(Xi+..+ X)X+ + X)X+ .+ X)X + .+ X))

= E[SY] = nEX! 1 (’2‘) (;‘) Var(X,)?

- nEX;l +3n(n — D) [Var(X;))?

<nEX; +3n(n —1)EX].
Therefore

4 EX*Y+3 - 1)EX?
E[SH]STL J-i- n(n ) JSLEX4+3EX4
n3 J n? J

nt nt

SO
4 4
lim E[Ai] = lim F KSH) ] = lim F [SZ] = 0.
n

n—oo n—oo n n—oo
By definiteness, lim A? = 0 with probability 1, so P(lim A4, =0) =1as
n—oo n—oo
wanted.

If EX; =y # 0, then apply the above to X; — 1 to see that lim (A, —p) =0
with probability 1, i.e. P(lim A, = ;) = 1 as wanted. [J
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6.3 Limits of normalized averages

QUESTION
Let {X,} be an i.i.d. process with normalized averages A’. What happens to the

distribution of A’ as n — o0?
X1+ ..+ X A, — -
n n = o\/n

To study this question, we use MGFs. Suppose that each X; has MGF M (t). Then

Reminder: A, =

Vs (1) = M, @) = TT M, (0 = )

and therefore

Thus
i M (1) = Jim expl2] = exp | im 4.
We are going to work out nh_)ngo A\. First, a special situation: if ¢ = 0,

2
lim A = lim n(ln Mx(0) —0) = lim n(ln1 —0) :n-O:O:O2

n—oo n—oo n—oo
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The more general situation is when ¢ # 0:
. . t ut
g, & =l n <1n M (Uﬁ> B aﬁ)

8 ) ) )

n—00 t2 1

o2 n
t t
In My [ —— ) —p|——
£y ) X(UW> M(Uﬁ)
T2 ate F 2
(i)

so that as n — 00, s — 0. This makes

Now, let s =

t
o\v/n

t? InMx(s)—ps Inl—0 0

lim A = — lim —
n—00 02 550 52 0 0
My (s) —u M
£t2 1 Mx(s) _T_'“_O
= — lim = = —
02 50 2s 0 0
M ()Mo (5) — (M (s))?
2 T2
B X
02 s—0 2
EX?.-1—(EX)?
_ 12
o2 2
t2 )
= . = —f2,
o2 2

We have proven that for any ¢,

t2
lim My (t) = exp <2> :

n—oo

THIS IS AMAZING! We have proven, that no matter what the original density
of X was, the MGF of A* must approach this “magic” MGF ¢'*/2.

That means, by uniqueness of MGFs, that A’ must approach some “magic” r.v.
whose MGF is ¢/, But what r.v. X has My (t) = e’/??
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To get from Mx(t) = e?/2 back to the density fx(z), we use the

1

~or
1

~or

fx () [ O:O e M (it) dt

/ it (1)%/2 g
1

_ 7/00 o—itte—t/2 gy
21 J -0
1 oo 1/, .

= ﬁ/_ooexp 3 (t +2mt)] dt

1 foo [ —(t? — 2ixt — 2% + 2
/ ( i J:—l—x)]dt

o) P 2
1 oo [—(t —ix)?
= %/—oo exp ( 5 i) ] e~ /2 gt

1 2 oo —(t —1 2
=5 e l(zﬂ dt

1
= —e_”Q/Q\/ 2

2m
(Gaussian Integral Formula with p = iz, 0 = 1)

= L e /2|,

V2

Big picture: These computations lead us to our last class of common random
variables, called normal r.v.s.

Based on what we have just done, these normal r.v.s will approximate the nor-
malized average of any i.i.d. sequence of 1.v.s.

We will see that this class of normal r.v.s also approximate the averages and sums
of any i.i.d. sequence of 1.v.s.
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6.4 Normal random variables

The standard normal random variable

Definition 6.6 The standard normal r.v., abbreviated n(0,1) or N'(0, 1) or Z, is the
continuous r.v. whose density function is

¢(x) = \/12—7Te><p <_;2> -

The cumulative distribution function of the standard normal r.v. is denoted ®:

&(z) = P(n(0,1) < z) = / " () dt.

—00

There is no better formula for ®; values of ¢ are estimated using a calculator or
tables (one such table can be found in Appendix A.3 of these notes). On exams in
MATH 414 and 416, we often will leave answers to questions in terms of .

The standard normal r.v. approximates the normalized average A of an i.i.d.
sequence {X;} of r.v.s, no matter what distribution the individual X, have.

Theorem 6.7 (Properties of the standard normal density) Let ¢ be the density
of the standard normal r.v.. Then

1 §(—2) = $(a).
2. $(0) = \/127

QL
—
8
=
P
IS
&
I
[

HN

. ¢ is increasing on (—oo, 0) and decreasing on (0, 00).

O

. ¢ is concave down on (—1, 1) and concave up on (—oo, —1) U (1, 00).

o

lim ¢(z) = lim ¢(x) =0.

T—00 T—r—00

PROOF (1) and (2) are obvious; (3) follows from the Gaussian Integral Formula
with u = 0, 0 = 1; (4) comes from differentiating ¢ and analyzing the sign of ¢';
(5) comes from analyzing the sign of ¢”; (6) is a basic Calculus 1 limit. [
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6.4. Normal random variables

Theorem 6.8 (Properties of ®) Let ® be the cdf of the standard normal. Then:

~

. ®is a cdf (so it has properties common to all cdfs);
2. ® is continuous;

3. ® is differentiable and &' = ¢;

5. Forall z, ®(—z) =1 — &(x).

6. Forall x, P(|n(0,1)| < z) = ®(z) — &(—z) = 2®(z) — 1.

These properties imply that the graph of ¢ looks like a "bell curve" (shown below

at left), and that the graph of ® looks like the picture at right:
1
ﬁ
;
; 1

-2 -1 1 2 -2 -1 1 2

Theorem 6.9 (Mean, variance and MGF of std. normal) Let X ~ n(0,1). Then:

EX =0 Var(X) =1 Mx(t) = /2.

PROOF We already know My (t) = e’/2, because that was the MGF we plugged
into the inversion formula to come up with the density of the standard normal
r.v. in the first place. Therefore:

EX = M} (0) = d 2] =

Todt 1=0
EX2 — M// (O) — i |:tet2/2i| _ |:€t2/2 + t2€t2/2 _ 1
X dt = t=0

Var(X)=EX? - (EX)*=1-0>=1.0
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6.4. Normal random variables

Linear transformations of the standard normal

MOTIVATION
Suppose {X;} is an i.i.d. process with mean p and variance o°. So far, we've
learned that the normalized averages A; must be approximately standard normal
when n is large, i.e.

2

Ay ~n(0,1) for n large.

n 1 n
As before, the sequences of sums S, = »_ X; and averages A, = — Y _ X; are
- n =
Jj=1 J=1
related to the normalized averages A’ by

A, —
e Sl N 6.1)
vn
Sp —np
Ar = 2n TR 6.2
e 62)

We see that both A,, and S, are a linear transformation of A’, i.e.
A,, = (constant)A; + constant S, = (constant) A} + constant

That means
A,, ~ (constant) + constant (6.3)
S, ~ (constant) + constant (6.4)

so A,, and S,, are both approximately linear transformations of the standard nor-
mal r.v. This motivates the following definition:

Definition 6.10 Let ;1 € Rand o € (0,00). A random variable X is called normal
with parameters € R and o* > 0 if

X=pu+o2

where Z ~ n(0,1). In this case, we write X ~ n(p,0?) or X ~ N (u, c?).

In this context, yu is called the mean parameter of X and o2 is called the variance
parameter of X.

Normal r.v.s approximate averages and sums of a bunch of i.i.d. rwv.s, no
matter what distribution the individual r.v.s have.

More precisely, the content of equations (6.1)-(6.4) can be rephrased into what is
commonly called the Central Limit Theorem:
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6.4. Normal random variables

Theorem 6.11 (Central Limit Theorem (CLT)) Let {X,,} be an i.i.d. process such
that each of the X; have finite mean y and finite variance o*. Then:

1. if A, is the (non-normalized) average of the first n X;, A, is approximated by a
2

. g
normal r.v. with parameters p and —.
n

2. if S, is the sum of the first n X;, S, is approximated by a normal r.v. with
parameters pun and no?.

The CLT is usually shorthanded as follows:

2
“If {X;} isiid. then| A, =~ n (u, U) and|S,, ~ n (nu, n02) V!
n

We'll return to applications of the CLT later.

Properties of normal r.v.s

Theorem 6.12 (Properties of normal r.v.s) Let X ~ n(u,c?). Then:

Every normal r.v. is linear transformation of std. normal: X = ;i + 0Z where
Z ~n(0,1).

Linear transformations of normal r.v.s are normal: If X ~ n(yu, o?), then aX +
b~ n(ap+b,a*c?).

CDF: Fy(z) = ® <$ - “).

g

Density function: fx(z)

1 —(z —p)?
oV 21 P 202
Mean: EX = p.

Variance: Var(X) = o2

MGEF: Mx(t) = exp (ut + %g2t2>.

2

Sums of | normal r.v.s are normal: If X; ~ n(u;,07) are independent normal

ros for j € {1,...,d}, then Xy + ... + Xq ~ n(X py, > 03).

PROOF Throughout this proof, Z ~ n(0,1).
The first statement is the definition of a normal r.v.
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6.4. Normal random variables

For the second statement, suppose X ~ n(u,0?). Then X = p+ o Z.
Therefore Y =aX +b=a(u+0Z)+b= (ap+0b) + (a0)Z.
So by the definition of a normal r.v., Y ~ n(ap + b, a*0?).

The CDF and PDF are direct calculations using transformation methods:

Fx(r) = P(X <) = P(u+0Z < z) =

= = £ o(*54) -

The mean, variance and MGF are HW problems (as a hint, use the fact
X = p+ 0Z; you already know the mean, variance and MGF of 7).

The last statement is also a HW problem, which is similar to some arguments
we made in Chapter 4 about sums of other common r.v.s. [J

EXAMPLE 20
Suppose X is normal with mean 20 and variance 36. Find, in terms of ®, the prob-
ability that 12 < X < 20.
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6.4. Normal random variables

Here are some plots of density functions for various values of y and o:

uw=00=1 w=20=1 w=10= p=10=2

1
4

2

-5 -4 -3 2 - 12 3 4 5 -5 -4 -3 -2 - 12 3 45 -5 4 -3 -2 - 12 3 4 5 -5 -4 3 2 1 12 3 4 5

In general, the graph of the density function of any normal r.v. is a “bell curve”
which has its peak at ;1 and inflection points at u = o (HW). This means that if o is
small, then the function has a tall, skinny peak (meaning that X takes values close
to 1 with very high probability) and if o is large, the function has a short, wide
peak (meaning that the values of X are more spread out).

Normal random variables arise naturally as averages of i.i.d. processes; examples
of data which can be assumed to be normally distributed include:

—_

. Heights of people;

2. Exam grades;

3. Velocities of gas particles (Maxwell’s Law);
4. Measurement errors in lab experiments;
5

. The change in the price of a stock over a fixed period of time.

A connection between normal and gamma r.v.s

Theorem 6.13 Let X ~ n(0,0%) and let Y = X?. Then Y ~ T (%, ﬁ)

PROOF Y has range [0, 00); let y > 0. Then

Fy(y)=P(Y <y)=P(X*<y)=P(—/y < X < V/y)
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6.4. Normal random variables

Therefore
fry) = ijy(y) = j [2<I> (?) _ 1] — 2 (\f) , 021\@
vt

1 1
At the same time, the density of a I' <2, 257 2) I.v. is
g

1 1/2
(%2> 11 (1/20%)y

y €
2

fr( L)(y) =

202

N

V.

Corollary 6.14 I’ (;)
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6.5. Applications of the Central Limit Theorem

6.5 Applications of the Central Limit Theorem

RECALL

The effective content of the CLT is as follows:

“If {X,} isii.d., then

0_2

My —
n

)

and

Sp=n (/m, n02) )

These ideas can be used to approach many applied problems:

EXAMPLE 4

The weight of an adult male follows a probability distribution with mean 165 Ib
and standard deviation 30 Ib. Compute the probability that 25 adult males collec-

tively weigh at most 4400 Ibs.
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6.5. Applications of the Central Limit Theorem

The continuity correction

If the quantity being studied in the CLT is continuous (like a length of time, or
a physical measurement like temperature, mass, force, velocity, etc.), then most
problems estimating the sum of i.i.d. copies of that quantity work like Example
4 above. However, if the quantity being studied in the CLT is discrete (like coin
flips, poll results, dice rolls, etc.), then we have to tweak our procedure by apply-
ing what is called the continuity correction:

EXAMPLE 5
A basketball player expects to make 80% of his free throws (assume the result of
each free throw is independent of any of the others). Use the Central Limit Theo-
rem to estimate the probability that he makes at least 252 of 300 attempts.
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6.5. Applications of the Central Limit Theorem

EXAMPLE 6
The amount of gasoline purchased each week at a gas station follows a normal dis-
tribution with mean 60000 gal and standard deviation 10000 gal. If the gas station
currently has a supply of 85000 gal and takes a weekly delivery of 57000 gal:

1. Compute the probability that, after 11 weeks, the gas station has a supply of
at least 20000 gal.

2. What would the weekly delivery have to be, to ensure that after 11 weeks the
gas station is 99.5% likely to have a supply of at least 20000 gal?
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6.6. Stirling’s formula

6.6 Stirling's formula

Theorem 6.15 (Stirling’s Formula)

n! I'(n+1)

lim —————— =1 (more generally, lim ———2%— =1).
n—00 nhe="\/271n 8 Y n—=00 nNe=N\/27mn
CONSEQUENCE

For large n, n! = I'(n + 1) is approximately equal to n"e™"+/2mn.

So in many instances (i.e. proofs), n! can be replaced with n"e™"v/2mn without a
problem.

PROOF (OF STIRLING’S FORMULA) Define ¢ : R — R by

1/)@):{ ;(ex—l—x) ifx#0
1 ifr=20

By L'Hopital’s Rule, lir% ¢(z) = 1. Therefore ¢ is everywhere continuous.
T

ine f - Y R
Next, define / : 0,1] = Rby (1) = - /_ ~exp [—at(at)] d.
This improper integral does indeed converge.

Furthermore, f is continuous of ¢ by the FTC, since it is defined as an integral
of a continuous integrand.

We will prove Stirling’s formula by computing f(0) in two different ways.

First, we compute f(0) directly:
Lo 2
FO) = o= [ exp[~a?(0)] dr
1 )
= ﬁ/—oo exp [—x (1)} dx

1 /‘OO { —x? ] ]
= — exp | ————| dx
vri 2 ()
1 1
= ﬁ \/; v2m  (Gaussian Integral Formula with 1 =0, 0 = {/ 2)

= 1.
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6.6. Stirling’s formula

Now, we compute f(0) a different way, with a lot of symbol-crunching:

dx

2
2 xt
—x <x2t2) (e — 1—.7515)
1 oo <—2 It) (2{1;) d
= exp | —e exp
) TP AT )

2 2
Next, perform the u-sub u = —e™; du = —e™t de = ut dz.
When doing this substitution,

& 2 2 20\
et = 7u = exp <:) = exp <:1:t- t2> = [OXI)(ZI:t)]Q/tQ = (;) .

So after the substitution, we get

1 oo 2\ 77 1
)= —u ~d
/) VT /0 ‘ ( 2 ) tu "

1 2\ (2N e iy
= — “u\iz T
e (@) (5) [Tl
1 2\ (2\ 2
= — == r'i—).
N (t2) (2) (t2)
(Gamma Integral Formula with r =

2
t72/)\:1)

2 2
Now letn = e so thatt = \/ = This makes
n

[0 =1 ( 2) - jz?e" (5) T = Lomo D) n’l;e(nnj/;i_n'
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6.7. Bivariate normal densities

6.7 Bivariate normal densities

In the next two sections, we generalize the idea of a normal random variable to
higher dimensions. These distributions arise in statistics, econometrics, signal pro-
cessing and other fields. We will start by studying the situation in dimension 2.

To get started, we need some notation associated to any joint distribution:

Definition 6.16 Let X = (X,Y) be a joint distribution of two real-valued r.v.s X
and Y. The mean vector of X is the 2 x 1 vector

=), = ()
EY 2%1 HY [ oyq

The covariance matrix of X is the 2 x 2 matrix

5 Cov(X,X) Cou(X,Y) (0% oxvy
-\ Cou(Y,X) Cou(Y)Y) | . \oxy oy ), .,°

Keep in mind that we think of vectors in R? as 2 x 1 matrices, so their transposes
are row matrices. For example,

b7 = ( by by ) etc.

= ()

1x2

Theorem 6.17 (Properties of mean vectors and covariance matrices) Let X =
(X,Y) have mean vector y and covariance matrix Y. Then:

1. X is a symmetric matrix (meaning ¥7 = 3).
2. The diagonal entries of ¥ are the variances of X and Y.

by

3. For any vector b = (by,by) = < b
2

> GRQ,b-Xzle—i—ngisa
2x1

real-valued r.v. with

Eb-X]=b-u and Var(b-X)=>b'Yh.

4. X is nonnegative definite (meaning that for any vector b € R?, b"Xb > 0).

5. det X = 6%0% — 0%y > 0.

PROOF Statements (1) and (2) are obvious.
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6.7. Bivariate normal densities

For statement (3), we have
Eb-X|=EhX +0Y|=0EX +bEY = (b,b) - (EX,EY)=b-p
and

Var(b-X) =Var[hX + bY] = Var[by X] + Var[bY] + 2Cov[b; X, by Y]
= B2V ar(X) + 2Var(Y) + 2b1b,Cov(X,Y).

At the same time,

s = () (2, St ) ()

B biVar(X) + byCov(X,Y)
n ( br b ) < b1Cov(X,Y) + boVar(Y) )

=0Var(X) +b3Var(Y) + 2b1b,Cov(X,Y),
the same as what we computed for Var(b - X).

For statement (4), notice b"Yb = Var(b - X) > 0 (since all variances are
nonnegative).

For the last statement, any nonnegative definite matrix has nonnegative
determinant. [

Now for a definition of the class of joint distributions we want to study:

Definition 6.18 Let X = (X,Y) be a joint distribution of two real-valued r.v.s X and
Y. X is called bivariate normal (a.k.a. joint(ly) normal a.k.a. Gaussian if every
finite linear combination of X and Y is normal, meaning that for any b = (b1, by) €
R2,b-X = b X + byY is anormal r.v.

Lemma 6.19 If X = (X, Y) is bivariate normal, then X and Y are normal.

PROOF

NOTE: The converse of this lemma is false: just because the X, are normal
does not mean they have a joint normal distribution (example in HW).
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6.7. Bivariate normal densities

Lemma 6.20 Suppose X = (X,Y') has a joint normal density with mean vector
and covariance matrix 3. Let V = b, X + b)Y = b - X. Then

V~n(b-pu,b'Sb).

PROOF The definition of bivariate normal tells us V' is normal; the mean and vari-
ance of V follow from (3) of Theorem [6.17] OJ

Main concept of this section

Everything you need to know about a bivariate normal distribution X can be
determined from its mean vector y and its covariance matrix X.

The joint MGF of a bivariate normal distribution

Theorem 6.21 Suppose X = (X,Y') is bivariate normal with mean vector j and
covariance matrix ¥. Then the joint MGF of X is

1
Mx(t) = exp (t Sp A+ 2tTEt> :

PROOF LetV =t - X =6, X +t,Y.
By Lemma V ~n(t-u,tT3t) so

Mx(t) = E[X] = E[e¥] = E[e'V] = My(1) = exp <t e+ ;tTEt>

as wanted. (J

What this theorem tells us: If X is bivariate normal, we can compute the MGF
Mx(t) from p and X.

Since we have inversion formulas allowing us to compute the density of X
from its MGEF, the density of X will also depend only on p and X.

What this theorem also will tell us: In the next corollary, we will see that for
bivariate normal densities, uncorrelated marginals must be independent. (Re-
call that this isn’t true in general.)
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6.7. Bivariate normal densities

Corollary 6.22 If X = (X,Y) is bivariate normal and Cov(X,Y) =0, then X LY.

PROOF We have X ~ n(ux,c%)and Y ~ n(uy,0%). If Cov(X,Y) = 0, then
I 1
Mx(t) =exp |t pu+ 2tTZt}

— exp :(tl,tz)'(,uxyliY)"‘;(tl t2)<0(% (;)(i;)]

[ 1 2 42 1 2 42
= exp |lipx + bapty + 501 + SOyt

_ [ 1y 1o,
= exp |puxty + QUth exp |pyts + ZUYtQ

= Mx(t1) My (t2).

Since Mx(t) = Mx(t1)My(t2), X LY by Theorem O

Theorem 6.23 (Decomposition of bivariate normal) Suppose X = (X,Y) is bi-
variate normal. Then there exist two normal r.v.s Y and Y so that

Y =Y 1Y;

e Y isa multiple of X;

Y 1L X.

PROOF LetY = UX—QYX and Y =Y — Y. The first two bullet points of the theorem
OXx

are satisfied, so it remains to verify the third.

Observe next that for any b = (b, bs),

Ox

- [bl - bﬂ;y] X + by
ox

Since (X, Y) is normal, this linear combination is normal.

This verifies that any linear combination of X and Y is normal, meaning (X,Y))
is bivariate normal by definition.
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6.7. Bivariate normal densities

Next,

Cov(X,Y) = Cov (X,Y - U)EYX)
Ox
=Cov(X,Y) — UX—QYCOU(X, X)
Ox
o
=0Oxy — %O’i =0
Ox

so by Corollary X1Y.O

Remarks: This may remind you of something you learn in linear algebra: projec-
tions. To project a vector y onto another nonzero vector x, we think of a picture
like this:

The formula to compute this projection y is y = =Yy (Compare this with the
X-X

formula for Y above; it’s the same except that the dot products are replaced with
covariances.)

OXxXy

Definition 6.24 Let X = (X,Y') be bivariate normal. The normal rv. Y = —X

Ox

is called the projection of Y onto X.

The joint density of a bivariate normal

Lemma 6.25 Suppose X = (X,Y) is bivariate normal with mean vector y and co-
variance matrix ¥. Then there are independent, standard normal r.v.s W and Z so
that

X:UXw+MX

Vet s
y=22w 4+ X227

Ox Ox

X —
PROOF First, set W = 7MX; W is the z—score of X so W ~ n(0,1). We have
ox

X — px
Ox

UXw—i-/LX:U)(W—i—/LX:U)(< )"’,UX:X
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6.7. Bivariate normal densities

That leaves figuring out what Z is. Toward that end, let Y be the projection of
Yonto X andletY =Y —Y.
Note E[Y] = EY — EY = jy — M—QY;@X and

Ox

Var(Y) = Var(yY =)

= Var (Y - U);YX>

Ox

2
=Var(Y) + ?TYVCLT(X) - QO-XTYCO’U(X, Y)

X Ox
2 2
_ 92, Oxvy Oxy
=0y TS TS
Ox Ox
5, 0%y 0%0y —0%y  detX
=0y —~—%5 = 2 =3
Ox Ox Ox
Next, let
f— _— N g
Y -E[Y] Y- hy+Eux
Z p— p— X

Var(Y) ydet®

ox
Z is the z—score of Y, s0 Z ~ n(0, 1).
Also, since X 1 Y, W depends only on X, and Z dependsonlyonY, W L Z.
Last, we have

o vdet X

XY 7+ iy

ox ox

_ oxy Vet |V o ]

- ox ox Vdet ¥ 'LLY
ox

OXy S OXxy
:T(X—#X)+(Y—Y)—MY+OTMX+MY
X

Ox

o o o
:g(X—#X)%'Y—%X-F%#X

Ox Ox Ox

—_ - = +
2 2 2 2
Ox Ox Ox Ox

=Y

_ [UXY UXY] X1V — Uxoxy 115'€D'e%

as wanted. [J
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6.7. Bivariate normal densities

Theorem 6.26 Suppose X = (X,Y) is bivariate normal with mean vector (1 and
covariance matrix X. Then
x(x) = — = " )
X) = —F——¢6Xx —\X — X — .
T ety L2 .

PROOF From the preceding lemma, we can write

X:UXw+MX

vdet X
y =Y 4 7+ uy
ox ox

where (W, Z) are L n(0,1) r.v.s.
We compute the joint density of X and Y with Jacobians. Let

o vdet X2
p(w, z) = <<7Xw + px, ——w + zZ+ MY)
Ox OXx

0
so that (W, Z) = (X,Y). Notice J (i) = det ( S s ) — Vet 3.

This means ~ -
1
fX,Y(Iay) = mfw,z(waz)
= \/diﬁ fw(w) fz(2) (since W L Z)
1 1 2 1 2
_ w2 [ =72 ince W, Z ~ n(0, 1
NGED (m > (m ) (since I 7 ~n(0. 1)
= ¥ex {—1(102 + 72)]
T vty P72 ’
S S IS PRy S P ]
= Sy O g

as wanted (the red parts above are equal because of a horrible algebra
calculation shown below).

Why are the red parts equal?

First, by back-solving for w and z in terms of z and y, we get

Ox vdet X Ox
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6.7. Bivariate normal densities

Then the red parts are

2

+z
_ o) ok (o oxv@— )
o% dety \Y T HY 0%
(r—px)?dety | o% (v i) — 20xy(x — px)(y — py) +0§<y(:v—ux)2
0% det™ det 2 Y o ok
1 detE 2 1 9 g{Y ,
_ 1 detx B Ly - B
detS o2 (@ = px)"+ 905 {Ux(y py)? =20y (x — px)(y — pv) + (z — pix)

T detT |

1

[/detE o2
( L Ixy

)(x—ux)z—%xy(w—ux)(y py) +ox(y — py) )j
]

ok ok
1 [[(detY o3
~ dety ( o ;ﬁgy)(x_“X)Q—?"XY(m—MX)(y py) +ox(y — py)
1 [(okoy —oXky | 0%y 2 9 9
— _ —9 _ _ _
detE_( gg( + Ug{ (r — px) oxy (@ — px)(y — py) +ox(y — py)
1
ot T (0% (x — px)? = 205y (x — px)(y — pv) + 0% (y — pv)?]
1
T dety (& = px) (0% (x = px) = oxy (y = y)) + (y — py) (—oxy (& — px) + 0% (y — py))]

T detn

(z—px y—py)

oy ( Jf—ux —ny(y fy)
—oxy(z—px) + 0%y — py)

—UXY T — px
—UXY Y— Ky

<_.qu,UY<

d
2 _
=(z—px y-—py ()f aXY) (;Z};)

(x = )" (x — p).

This completes the proof. [J

Practical computational stuff

Let X and Y have a bivariate normal distribution. Write

Now

-1 _ a b
== (5 1):

-1 T i
Frow.y) = 2@ xp |5 =) S e = )

_— Q
27r\/ det X exp [V
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6.7. Bivariate normal densities

_ 1 a b L — px

i A ax —apx by — buy
_7(1; Hx Y MY)(bx—b,uX dy — dpy

-1
= [aa:Q —apxx + by — buyx — auxx + api — buxy + bux iy
+bay — buxy + dy’dpyy — by + buxpy — dpxpy + dpt |

—1
Q= - [axQ + 2bzy + dy® + (—2apx — 2bpy )z + (—2bux — 2dpy )y

+apk + 2bpxpy + dpi)|

—1 1
= 7&3:2 — bry — Edy2 + (apx + buy )z + (bpx + dpy)y + (constant).

Punchline: Given fy y for a bivariate normal distribution (X, Y):

1. You can find a, b and d by looking at the coefficients on the z?, zy and y?
terms inside the exponential part of fx y, respectively:

a = —2(coefficient on z? in Q)
b = —(coefficient on xy in ©)
d = —2(coefficient on y* in Q)

. 4 _[a D
This tells you ¥ _<b d)'

2. You can then find ¥ by inverting 3. This will tell you the variances of
X and Y, and the covariance between them.

3. You can recover the expected values of X and Y by solving a system of
equations coming from the coefficients on the x and y terms inside the

exponential part of fxy.
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6.7. Bivariate normal densities

EXAMPLE 15
Suppose X and Y have bivariate normal density

fxy(z,y) = Kexp |— (52% — 62y + 2y* — 40x + 24y + 80)| .
’ 2

1. Write down the covariance matrix X.
Compute K.

Compute the covariance between X and Y.
Compute the variances of X and Y.
Compute the expected values of X and Y.

Determine the density functions of the marginals.

N o ke L N

LetV =7X —3Y.

a) Compute the mean and variance of V.
b) Write down a density function of V.
¢) Compute the probability that V' < 30.
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6.7. Bivariate normal densities

6. Both X and Y are normal, so

X ~n(4,2) = | fx(x) = \/;/ﬁexp l_(z_;)]
Y on(0.5)= | frlo) = = — e [‘%]

7.V=7X-3Y =(7,-3)- (X,Y) =b- X whereb = (7, —-3).
Therefore V ~ n(b - u, bTSb).
Wehave EV =b - = (7,-3) - (4,0) =[28]

2 3 7 )
— bTYh — _ _ _ —
and VarV =bTsb = ( 7 3)<35><_3>_(7 3)<6>_.
- 1 —(v —28)?
W) = 7 /e eXp[ 217 ] ‘
Last, V ~ n(28,17) means V = 28 + /177 where Z ~ n(0, 1).
Finally,

p(vgso):P(28+\/ﬁZ§30)=P<Z§\/21_7> - (D<\/21_7>

= ®(485) =[.686162 ]

Therefore V' ~ n(28,17), so
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6.7. Bivariate normal densities

Conditional density, expectation and variance

Theorem 6.27 Suppose X = (X,Y') is bivariate normal. Then Y| X is normal with
parameters

g
EY|X]=py + S5 (= px);  VarlY]X] = o} (1= p%).
X

(Here p is the correlation between X and Y'.)

PROOF To compute E[Y|X]and Var[Y|X], letY = ZXx X be the projection of Y/
onto X,andletY = Y — Y. Recall from Lemma

L L L det ™ 2 2 2
X LY; EY = py — 5 Var(V) = = = X~ 0%y
Ox Ox Ox
Therefore

E[Y|X] = E]Y +Y|X] = E[Y|X] + E[Y|X]

=F la);YXX + E[Y] (since Y L X)
ox
(o} (o}
= 5B [X|X] 4+ py — 5o px
X X
= UXQY:U—i—,uY_UXTY,uX (since F[X|X = z] = x)
ox Ox

oxXy
= py + —5— (= — px)
9x

and

Var[Y|X] = Var]Y +Y|X]
= Var[Y|X]+ Var[Y|X] + 2Cou[Y, V| X]

=Var lO—XQYX|X + Var[Y|X] + 2(0) (sinceY LY)

Ox

2
= UXTYVC”’ (X|X]+ Var(Y) (since Y L X)
g

X
2 2
_ U)gYO 4 Ix9% - IXY (since Var[X|X = x| = 0)
0' O-
5 X
_ 2 [oxoy —oky
= oy 0202
X%y
2
9 oXy 2 2
Y ( [UXO'Y] > Y( g )
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6.7. Bivariate normal densities

Last, to see why Y| X is normal, observe X is normal, so

- fX,Y(l“,y)
frix(ylz) = (@)

_ ()exp()2® + (H)ay + ()y* + () + (x)y +

() exp [(¥)a? + (¥)z + (+)]
= (x) exp [(x)a? + (*)ay + ()y* + ()7 + (y +

which is the density of a normal r.v. [J

EXAMPLE 16

Suppose (X, Y') have a bivariate normal density where

E[X|Y]=3.7T— .15y; ElY|X]| = .4 — .bx; Var(Y|X) = 3.64.

1. Compute p(X,Y).
Compute Var(X).
Compute Var(Y)
Compute Cov(X,Y).
Compute £'X.

A L T i

Compute £Y.
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6.8. Joint normal densities in higher dimensions

6.8 Joint normal densities in higher dimensions

In this section, we briefly discuss how the machinery of the previous section can
be adapted in dimension greater than 2.

Definition 6.28 Let X be the joint distribution of real-valued r.v.s Xy, ..., Xq4. The
mean vector ;. of X is

EX, M1
EX, 2
[/L = . = s
EXd dx1 Hd dx1

The covariance matrix X of X is

COU(Xl,Xl) COU(Xl,Xg) CO"U(Xl,Xd)
> COU(XQ,X1> COU(XQ,XQ) COU(XQ,Xd>
COU(Xd,Xl) COU(Xd,Xg) COU(Xd,Xd) dxd

Theorem 6.29 (Properties of mean vectors and covariance matrices) Let yand
¥ be the mean vector and covariance matrix of any joint distribution X = (X1, ..., Xy).
Then:

1. Yisdxd.
2. ¥ is symmetric (i.e. X7 = %)
3. The diagonal entries of ¥ are the variances of the X;.

by
4. Foranyvectorb=| : |,
ba

=1

d
Eb-X]=b-u and Var(b-X) = Var (Z ijj) = b’Tb.

5. X is nonnegative definite (for any vector b € R, b’Yb > 0).

6. det > > 0.
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6.8. Joint normal densities in higher dimensions

Definition 6.30 A collection X = (X, ..., Xy) of real-valued r.v.s with joint density
fx : RY — R is called joint(ly) normal or joint(ly) Gaussian if every finite linear
combination of the marginals
d
b-X =) bX;
j=1

(where by, ...,by € R) is normal.

Corollary 6.31 If X is joint normal, then for any b € R,

b-XNn(b-,u,bTZb>.

Theorem 6.32 (Characterization of bivariate normal densities) Let X be a joint
distribution with mean vector p and covariance matrix ¥. Then, the following are
equivalent:

1. X is joint normal.
1 T
2. Mx(t) = exp <t 5t Et).

1 —1 Ty—1
3 x() = o o 5 x-S k- ).

Corollary 6.33 (Uniqueness of joint normal densities) If two jointly normal dis-
tributions have the same means and same covariances between the marginals, then they
are the same distribution.

Corollary 6.34 If X is a joint normal density such that Cov(X;, X;) = 0 for all
i # 3, then X; L X forall i # j.
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6.9 Chapter 6 Homework

Exercises from Section 6.1

1. Suppose {X,} is an i.i.d. sequence of exponential r.v.s, each having mean 3.
If Xy =2, Xy, =4, X5 =1and X, = 5, compute the values of S,,, A4, and A},
forn € {1,2,3,4}.

Exercises from Section 6.2

2. Suppose thati.i.d. blood samples taken from a patient will show a hemoglobin
level that averages 15 g/dl with a standard deviation of 3 g/dl. According to
the QWLLN, what is the smallest number of samples that would need to be
taken from this patient, so that the average hemoglobin level of the samples
taken is 98% likely to lie between 14.9 g/dl and 15.1 g/dI?

3. Suppose X, Xs, ... are i.i.d. r.v.s (taking only positive real values), each hav-
ing finite mean ;. Show that with probability 1, the geometric averages of
the X, converge, where the geometric average of X, ..., X,, is

Determine lim G,,.
n—0o0

Hint: Apply the SLLN to log G,, (here log means natural logarithm).

Exercises from Section 6.3

4. For each A > 0, let X be Poisson with parameter A and let Y, =

2
Show that for all ¢, lim My, (t) = exp <t>
A—r00 2

X, — (¢
5. Fix A > 0 and for each r > 0 let X, be I'(r, ) and define Y, = /\7()‘) Show

t2
that for all ¢, lim My, (t) = exp <2>

Exercises from Section 6.4

6. Suppose Z has the standard normal distribution. Compute decimal approx-
imations to the following probabilities (trust me, there are no typos in these
inequalities):
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10.

11.

a) P(Z < 1.33) e) P(—1.90 > Z > .44)
b) P(Z < —.425) f) P(Z > —-.2)

¢) P(Z > .79) g) P(—.63< Z < .3)

d) P(.55 < Z < 1.22) h) P(Z < —1.30r Z > .58)

a) Prove that the mean of a n(u,0?) r.v. is p.

b) Prove that the variance of a n(u, o?) r.v. is 2.

c) Verify that the MGF of a n(u, 0%) r.v. is exp (ut + %UQtQ).

. Prove that if X, ~ n(u;, 0]2) are independent normal r.v.s, then X; +... + X; ~

"(Zjﬂwzj"?)-

. Let f be the density function of the normal r.v. with parameters x and .

a) Show that f has its maximum when z = p.

b) Show that the z—coordinates of the inflection points of f are x = % 0.
Suppose X is normal with parameters ;1 = 20 and ¢ = 100. Compute deci-
mal approximations to the following probabilities:

a) P(X >17)

b) P(X < 24.5)

c) P(X =18)

d) P(X < 17| X < 23)
e) P(X >21|X < 24)
f) P(X <150r X > 24)

g) P(W < 18), assuming W = 1 X —4
h) P(Y > 54), assuming Y =3X +9

Let X and Y be independent standard normal r.v.s.

a) Compute the joint density of X and Y/ X.
Hint: This is a transformation problem involving Jacobians.

b) Compute the density of Y/ X.
Hint: Integrate the joint density you found in part (a) with respect to x.

¢) Simplify your answer to part (b), and identify Y/ X as a common r.v.

12. Suppose that during periods of transcendental meditation the reduction of a

person’s oxygen consumption is a normal n(37.6 cc/min, 4.6* cc/min).
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a) Calculate (a decimal approximation to) the probability that during a pe-
riod of transcendental meditation a person’s oxygen consumption will
be reduced by at least 42.5 cc/min.

b) Calculate (a decimal approximation to) the probability that during a pe-
riod of transcendental meditation a person’s oxygen consumption will
be reduced by anywhere from 30 to 40 cc/min.

13. A study shows that an experimental drug causes patient’s blood pressure to
lower by an amount that is normally distributed with parameters ;1 = 32
mmHg and ¢ = 60 mmHg. What is the probability that by taking this drug,
a patient’s blood pressure will be lowered by at least 25 mmHg but by no
more than 35 mmHg? (Give both an answer in terms of ®, and a decimal
approximation.)

14. a) Let X, ~ Pois(\) and fix ¢ > 0. Use the result of Exercise 4| to estimate,
for large ), the value of P(X, < c\). Your answer should be in terms of
®, the cumulative distribution function of the standard normal r.v.

Hint: Define Y, as in Exercise@ Since, for large A, My, (t) = exp (%) =
M, 0,1)(t), that means by uniqueness of MGFs that Y, ~ n(0,1). That
means X is approximately some other r.v.

b) Let @) be a Poisson r.v. with mean 5000. Use your answer to the previous
parts of this problem to estimate the following, in terms of ®:
i. P(Q < 5100)
ii. P(Q < 4920)
iii. P(Q > 5050)

15. a) Let X, ~ I'(r, A). Use the result of Exercise 5| to estimate, for large r, the
value of lim P(X, <r/X). (Your answer should be in terms of ¢.)

b) Suppose () is a gamma r.v. with parameters » = 2000 and A = 2. Esti-
mate the following probabilities in terms of ®:
i. P(Q < 1800)
ii. P(Q > 1850)
iii. P(Q < 2150)

Exercises from Section 6.5

16. The amount of liquid a student puts in their drink at the Rock is a r.v. with
mean 350 mL and variance 1500 mL. Use the Central Limit Theorem to es-
timate the probability that a randomly selected group of 12 students put an
average of 320 mL or more in their drinks. Give both the exact answer in
terms of ® and a decimal approximation to the answer.
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17.

18.

19.

20.

21.

22.

23.

1000 fair dice are rolled independently. Use the Central Limit Theorem to
estimate the probability that the sum of these 1000 rolls is at least 3450 and
no greater than 3650. Give both the exact answer in terms of ® and a decimal
approximation to the answer.

You play a game where you lose $1 with probability .7, you lose $2 with
probability .2, and win $10 with probability .1. If you play this game 10000
times, what is the probability that you will be ahead (that is, you have won
more money than you have lost)? (You are to approximate this answer using
the Central Limit Theorem; give both the exact answer in terms of ® and a
decimal approximation to the answer.)

Let X ~ Pois(40). Let p = P(X > 48). Approximate p using the Central
Limit Theorem, by approximating X as the sum of 40 i.i.d. r.v.s. Give both
the exact answer in terms of ® and a decimal approximation to the answer.

A tobacco company claims that the amount of nicotine in one of its cigarettes
is a r.v. with mean 2.2 mg and standard deviation .8 mg. Use the Cen-
tral Limit Theorem to estimate the probability that 100 randomly chosen
cigarettes would have an average nicotine content of at most 2.09 mg. Give
both the exact answer in terms of ® and a decimal approximation to the an-
swer.

(AE) In an analysis of healthcare data, ages are rounded to the nearest mul-
tiple of 5 years. The difference between the true age and the rounded age is
assumed to be uniformly distributed on the interval from —2.5 years to 2.5
years. The healthcare data is based on a random sample of 80 people. What
is the approximate probability (as estimated using the CLT) that the mean of
the rounded ages is within 0.125 years of the mean of the true ages?

(AE) A charity receives 3100 contributions, each of which are assumed to be
independent and identically distributed with mean 150 and standard devia-
tion 40. Use the CLT to approximate the number b so that it is 90% likely that
the total contributions to the charity are less than or equal to b.

(AE) The total claim amount for a property insurance policy follows a distri-
bution that has density function

1
—— /2000 for 2 > 0.

1) = 3500

The premium for the policy is set at 250 over the expected total claim amount.
If the insurance company sells 300 policies, what is the approximate probabil-
ity (as estimated using the CLT) that the insurance company will have claims
exceeding the premiums collected?
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Exercises from Section 6.6

24.

471

Use Stirling’s formula to show that for large n, (2n> R~
n

Remark: We will use this fact in MATH 416.

Exercises from Section 6.7

25.

26.

27.

28.

In this problem we show that just because X and Y are normal does not
mean that they have a joint normal distribution. Let X ~ n(0, 1) and let R be
uniform on the two numbers {—1,1}; suppose R L. X. LetY = RX.

a) Prove (using transformation methods) that Y ~ n(0,1).

b) Prove that (X,Y) are not bivariate normal, by showing that the linear
combination X + Y is not normally distributed.

Suppose X and Y have the following bivariate normal density:

-1
Ixvy(z,y) = Cexp [ (xQ + 4y* + 2xy 4 2 + 8y + 4)}

54
Compute each quantity:
a) EX e) Cou(X,Y)
b) EY f) p(X,Y)
c) Var(X) g) C
d) Var(Y) h) The covariance matrix ¥

Let X and Y have the density given in Exercise

a) Compute the conditional density of ¥ given X = z.

b) Compute the conditional density of X given Y = —1.
Let X and Y have the density given in Exercise

a) Compute the conditional variance of Y given X = x.
b) Compute the density of W = 8X + 5Y.
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Chapter /

Applications to insurance

7.1 Deductibles

A common application of LOTUS occurs in the context of insurance. Most of the
time, when you buy an insurance policy, the policy includes a deductible of some
fixed amount d. That means that when you incur a loss covered by the insurance
policy, you must pay the first d of the loss; the insurance company only covers
anything that is left after that.
Why do insurance companies like deductibles?

1. Companies can pay out less in claims to policyholders

2. Reduces overhead costs (no processing of small claims)

3. Creates some risk for policyholder, which provides an incentive for the poli-
cyholder to be more risk-averse

Suppose a policyholder holding a policy with a deductible d incurs loss X (where
X is some r.v.). If Y is the claim payment, what is Y as a function of X?

Y

d d+r
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7.1. Deductibles

On the previous page we saw that

0 ifx<d
Y_gp(X)—{X—d if X > d

This means the cdf of Y can be computed as follows:

Therefore, Y has no density, because Fy isn’t continuous.
y

Nonetheless, we can use LOTUS to compute EY:

We have proven:

Theorem 7.1 (Expected value for insurance policy with deductible) Suppose
the loss incurred by a policyholder with deductible d is a cts r.v. X with finite expecta-
tion. If Y is the claim payment associated to this loss, then

BY = /doo@ _ d) fx(z) dz.
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7.1. Deductibles

EXAMPLE 1
Suppose that a loss random variable is uniform on [0, 10].

1. Compute the expected amount paid by the insurer, if the policy has a de-
ductible of 3.

2. Compute the variance of the amount paid by the insurer, if the policy has a
deductible of 3.

3. If a deductible is applied before any insurance payment, and the expected
payment of the insurer is 1.5, determine the size of the deductible.
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7.2. Benefit limits

EXAMPLE 2
Suppose that a loss random variable is exponential with mean 10. If a deductible
of size 5 is applied, find the expected payment of the insurer.

Solution: X exp. w/ mean 10 means X ~ Ezp( ), ie. fx(z) =

EY = /doo(x —d)fx(z)dx

00 1
_ Ryt —(1/10)
/5 (x —5) T dx

7.2 Benefit limits

A second way that insurance companies mitigate their risk is by selling policies
that have benefit limits (a.k.a. coverage limits). Suppose a policy has a benefit
limit of / (and no deductible). This means that the maximum amount the insurance
company will pay its policyholder for a loss is . Then if loss X is incurred by the
policyholder, the corresponding claim payment Y is

Y

Z,
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If there is both a benefit limit [ and a deductible d, then if loss X is incurred by the
policyholder, the corresponding claim payment Y is

Y

Z,

d d+l

Using LOTUS, we can derive these formulas:

Theorem 7.2 (Expected value for insurance policy with benefit limit) Suppose
the loss X incurred by a policyholder with a benefit limit | is a continuous r.v. with
finite expectation. Then if Y is the claim payment associated to this loss,

EY:/lefX(x)dxH- P(X > ).

PROOF This will follow from the next theorem by setting d = 0. [

Theorem 7.3 (Exp. value for policy with deductible and benefit limit) Suppose
the loss X incurred by a policyholder with deductible d and benefit limit [ is a contin-
uous r.v. with finite expectation. Then if Y is the claim payment associated to this
loss,

d+l
EY:/d (@ —d)fx(@)dz+1- P(X >d+1).

PROOF From the previous page, we know
0 ifX<d

Y=p(X)={ X—d ifd< X <d+1
I X >d+l
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So by LOTUS, we have
EY = /OOO o(x) fx(x)de
d d+l oo
:/O OfX(x)der/d (x—d)fx(x)dx+/d+l1fx(x)dx
d+1 00
:0+/d (x—d)fX(x)dm—l—l/dHfX(x)dx

:/Cld+l(g;_d)fx(x)dg;+l-P(X2d+l).D

EXAMPLE 3
Suppose that a loss random variable is uniform on [0, 10]. Find the expected amount
paid by the insurer, if the policy has a deductible of 1 and a coverage limit of 6.
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7.2. Benefit limits

EXAMPLE 4
Suppose the loss from an accident is a continuous random variable with density

f(z) = =2 *when 1 < x < 2. Suppose that the insurance policy has a coverage
limit of 1.5. What is the standard deviation of the loss to the insurance company?

1 1 2 1
Last, Var(¥) = BY* — (Bv)? = 10 (17)"_ 12

=12 " \126) = 3060 nds0

122 V122
oy =/Var(Y) = 2060 — | 63 |~ 1753 |
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7.3 Proportional coverage

A third way insurance companies limit their exposure is by offering proportional
coverage. This means that they only cover a fraction of the loss, as opposed to the
entire loss. To compute quantities associated to proportional coverage, think of
the original loss as X and the claim payment as Y. Write Y as a piecewise-defined
function ¢ of X and answer the question asked (if the question asks for an expected
value, variance or standard deviation, you have to do several integrals separately
according to each piece of the function ¢).

EXAMPLE 5
Suppose that the damage (in thousands of dollars) caused when a piece of equip-
ment breaks is given by a continuous random variable with density f(z) = %
when z > 1. Suppose that the piece of equipment breaks 25% of the time. If an
insurance company agrees to cover 100% of the first $3000 in damage and 50% of
the next $3000 in damage, what is the expected value of the amount the insurance

company will have to pay?
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7.3. Proportional coverage

EXAMPLE 6

The cumulative distribution function for health care costs experienced by a policy-
holder is

1—e 2100 fore >0
0 otherwise

The policy has a deductible of 20. An insurer reimburses the policyholder for 100%
of health care costs between 20 and 120 (less the deductible); health care costs from
120 to 420 are reimbursed at 50%; health care costs above 420 are not reimbursed.
Find the cdf of the reimbursements.
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7.4 Chapter 7 Homework

Exercises from Sections 7.1 and 7.2

1. Suppose that a loss random variable is uniform on [0, 1000]. Determine the
expected amount paid by the insurer in each of the following cases:
a) The policy has a deductible of 300.
b) The policy has a coverage limit of 500.
¢) The policy has a deductible of 100 and a coverage limit of 600.

2. Calculate the variance of the amount paid by the insurer in situation (a) of
the previous problem.

3. (AE) Suppose that a loss random variable is uniform on [0,1000]. A de-
ductible of size d is applied before any insurance payment. If the expected
payment of the insurer is 150, find d.

4. (AE) Suppose that a loss random variable is exponential with mean 10. If a
deductible of size 5 is applied, find the expected payment of the insurer.

5. (AE) An insurance policy pays for a random loss X subject to a deductible C,
where 0 < C' < 1. The loss amount is modeled as a continuous r.v. whose
density is f(x) = 42® on [0, 1]. If the probability that the insurance payment
is less than .5 is .2401, what is C?

6. Suppose that the loss from a hurricane is uniform on [0, 8]. A policyholder
holds a hurricane insurance policy with coverage limit that is twice its de-
ductible.

a) If the deductible is 1, compute the expected insurance payment for a loss
due to a hurricane.

1
b) If the expected insurance payment for a loss due to a hurricane is 70,
compute the smallest possible value of the deductible.

c) What deductible corresponds to the greatest expected insurance pay-
ment?

7. An insurance policy reimburses a loss up to a benefit limit of 15. The pol-

2
icyholder’s loss follows a distribution with density function f(z) = o for
x> 1.

a) What is the probability that the benefit paid is less than 10?
b) What is the expected value of the benefit paid under this policy?
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Exercises from Section 7.3

8. Suppose the loss to a business from a fire, measured in thousands of dollars,
is a r.v. X with density

f(d4—2) for0<az<4 |

ﬂ@:{ 0 else

The business is covered by an insurance policy with no deductible that pro-
vides 50% coverage for the first $2000 of damage and 25% coverage for the
remaining damage.

a) Find the standard deviation of the amount the insurance policy will pay
out, in the event of a loss.

b) Suppose that there is a 30% chance of one fire, and a 70% chance of no
tire. Find the expected amount the insurance company will have to pay.

c) Suppose that the number of fires the business will suffer in one year is a

1
Poisson r.v. with variance -. Assuming that the losses from each fire are

independent, find the variance of the amount the insurance company
will pay to the business.

9. A loss r.v. is uniform on [0,2]. The loss is covered by a policy which has
a deductible of 1. For losses exceeding the deductible, the policy provides
proportional coverage covering p% of the loss. If the expected claim payment
is .2, find the value of p.

10. A homeowner takes out a policy on his house. The policy has a deductible
of 4 and reimburses the homeowner for 100% of the damage to the house for
damage between 4 and 10. The policy only reimburses the homeowner for
60% of damage between 10 and 20, and reimburses the policyholder for 20%
of damage above 20. If the damage to the house is a r.v. with density function

i) 1%%&x—mffm0§x§%
€Tr) =
0 else

find the expected reimbursement.

11. (AE) The lifetime of a printer costing 100 is exponential with mean 2 years.
The manufacturer agrees to pay a full refund to a buyer if the printer fails
during the first year following its purchase, and a half refund if it fails during
its second year. If the manufacturer sells 100 printers, how much should it
expect to pay in refunds?
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Chapter 8

Markov chains

8.1 What is a Markov chain?

In MATH 416, our primary goal is to describe probabilistic models which simulate
real-world phenomena. As with all modeling problems, there is a “Goldilocks”
issue:

¢ [If the model is too simple,

e if the model is too complex,

In applied probability, we want to model phenomena which evolve randomly. The
mathematical object which describes such a situation is a stochastic process:

Definition 8.1 A stochastic process {X; : ¢t € Z} is a collection of random vari-
ables indexed by t. The set I of values of t is called the index set of the stochastic
process, and members of T are called times. We assume that each X, has the same
range, and we denote this common range by S. S is called the state space of the
process, and elements of S are called states.

Note: { X} refers to the entire process (i.e. at all times t), whereas X, is a single
random variable (i.e. refers to the state of the process at a fixed time ?).

Concept: Think of X, as recording your “position” or “state” at time ¢. As t
changes, you think of “moving” or “changing states”. This process of “moving”
will be random, and modeled using the language and theory of probability we
learned in MATH 414.
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Almost always, the index setis {0, 1, 2, 3, ...} or Z (in which case we call the stochas-
tic process a discrete-time process), or the index set is [0, c0) or R (in which case
we call the stochastic process a continuous-time process). Chapter 8 of these notes
focuses on discrete-time processes; Chapters 9 and 11 study continuous-time pro-
cesses, and Chapter 10 contains ideas useful in both settings.

In MATH 414, we encountered three standard classes of stochastic processes:

1. The Bernoulli process, a discrete-time process { X;} with state space N where
X is the number of successes in the first ¢ trials of a Bernoulli experiment.
Probabilities associated to a Bernoulli process are completely determined by
a number p € (0, 1) which gives the probability of success on any one trial.

2. The Poisson process, a continuous-time process {X;} with state space N
where X, is the number of births in the first ¢ units of time. Probabilities as-
sociated to a Poisson process are completely determined by a number A > 0
called the rate of the process.

3. ii.d. processes are discrete-time processes {X;} where each X, has the same
density and all the X; are mutually independent. Sums and averages of ran-
dom variables from these processes are approximately normal by the Central
Limit Theorem.

We now define a class of processes which encompasses the three examples above
and much more:

Definition 8.2 Let {X;} be a stochastic process with state space S. {X,} is said
to have the Markov property if for any times t; < t, < ... < t, and any states
X1y Ty €S,

P(th = Tn | th = xl;th = X9, ...,th71 = .Tn_l) = P(th = Tn | th71 = .I'n_l).

A Markov chain is a discrete-time stochastic process with finite or countable state
space that has the Markov property.

To understand this definition, think of time ¢, as the “present” and the times
t1 < ... < t,_; as being times in the “past”. If a process has the Markov property,
then given some values of the process in the past, the probability of the present
value of the process depends only on the most recent given information, i.e. only
onX; ,.

Note: Bernoulli processes, Poisson processes and ii.d. processes all have the
Markov property.

286



8.1. What is a Markov chain?

The three ingredients of a Markov chain

QUESTION
What are the “ingredients” of a Markov chain? In other words, what makes one
Markov chain different from another one?

Answer:

1. The state space S of the Markov chain
(Usually S is labelled {1, ...,d} or {0,1} or {0,1,2,...} or N or Z, etc.)

2. The initial distribution of the r.v. X, denoted 7y:

mo(z) = P(Xo =) forallz € §
mo(x) is the probability the chain starts in state .

3. Transition probabilities, denoted P(x,y) or P, , or P,,:

P(‘T’y):ny:Px,y:P(Xt:y|Xt—l:x)

P(z,y) is the probability, given that you are in state = at a certain time ¢ — 1,
that you are in state y at the next time (which is time ¢).

Technically, transition probabilities depend not only on x and y but on ¢, but
throughout our study of Markov chains we will assume (often without stat-
ing it) that the transition probabilities do not depend on ¢; that is, that they
have the following property:

Definition 8.3 Let {X;} be a Markov chain. We say the transition probabilities of
{X.} are time homogeneous if for all s,t € S,

P(Xt:y|Xt—1:x):P(Xs:y|Xs—1:x)a

i.e. that the transition probabilities depend only on x and y (and not on t).

The reason the transition probabilities are sufficient to describe a Markov chain is
that by the Markov property,

P(Xt = Ty | Xo = g, .0, Xpo1 = ﬂft—l) = P(Xt = Ty | Xy = SEt—l) = P(ﬂft—bi’ft)-

In other words, conditional probabilities of this type depend only on the most
recent transition and ignore any past behavior in the chain.
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Simulating a Markov chain

To get used to how Markov chains work, let’s simulate one using a computer. Let’s
suppose:

e the state spaceis S = {1,2,3};

e the initial distribution 7 satisfies (1) = =, m(2) = = and m(3) = 3 We

shorthand this by writing 7 as

(1 1 1)
To=1\{35 %z 5 -
276 3
. eps 1 1 1
e the transition probabilities are P(1,1) = 3 P(1,2) = Y P(1,3) = &
2 1 1 1 1
3 P(2,2) =0, P(2,3) = 3 P(3,1) = o P(3,2) = 3 P(3,3) = 3 A shorthand

way of writing all these is by treating them as entries of a matrix:

P(2,1) =

1 1 1
3 2 6
P = 2 1
3 0 3
1 1 1
6 3 2

We can capture the state space and the transition probabilities with the following
picture:

To simulate this Markov chain, we first have to select the fcate Xy in which we start.
This is done using m: we pick state 1 with probability BT state 2 with probability
1 1

& and state 3 with probability 3"

One way to perform this random choice on a computer is to have the computer
generate a “uniformly random” real number in [0, 1] (in Mathematica, you use the

1
RandomReal[ | command to do this). If the number is less than Y let X, = 1; if the

1 1 1
number is between 3 and 3 + o let Xy = 2; otherwise X, = 3:
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Suppose we picked X, = 3. Now, since X, = 3, we pick the next state X; using
1 1
Row 3 of P. By this, I mean X; = 1 with probability & X, = 2 with probability 3

and X; = 3 with probability ; (if you did this on a computer by selecting a random

real number in [0, 1], then X; would be determined as follows:

Let’s suppose our random choice led to X; = 1. The next thing to do is to pick the

1
state X,, which is done by using Row 1 of P (so X, = 1 with probability 3 etc.).

The idea expressed in the Markov property is that so long as we know X, the fact
Xy was 3 is no longer relevant to the computation of X5, i.e. that X, = 3 is “old
news”.

Similarly, once you've figured X, the fact that X; = 1 doesn’t influence how X3 is
generated, etc.

To get the rest of the chain {.X;}, you pick each state X; from the previous one X;_;:
it X;_1 = j, X, is chosen using Row j of P as described above.

8.2 Basic examples of Markov chains

EXAMPLE 1: I.I.D PROCESS { X;} (OF DISCRETE R.V.S)

State space: S =

Initial distribution:

Transition probabilities: P(z,y) = P(X; =y | X;-1 =2) =
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EXAMPLE 2: BERNOULLI PROCESS { X} }

State space: S =N ={0,1,2,3,...}

Initial distribution:

Transition probabilities:

P(Jfay) :P(Xt:y’Xt—lzx) =

We represent these transition probabilities with the following picture:

The above picture generalizes: Every Markov chain can be thought of as a random
walk on a graph as follows:

Definition 8.4 A directed graph is a finite or countable set of points called nodes,
usually labelled by integers, together with “arrows” from one point to another, such
that given two nodes x and y, there is either zero or one arrow going directly from x to

Y.

EXAMPLES OF DIRECTED GRAPHS

1

NOT A DIRECTED GRAPH:
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If one labels the arrow from z to y with a number P(z,y) such that for each node
z, ¥, P(z,y) = 1, then the directed graph represents the transition probabilities of
Y

a Markov chain, where the nodes are the states and the arrows represent the tran-
sitions. If you are in state x at time ¢ — 1 (i.e. if X;_; = z), then to determine your
state X, at time ¢, you follow one of the arrows starting at = (with probabilities as
indicated on the arrows which start at x).

EXAMPLE 3: BASIC URN MODEL

An urn initially holds 2 red and 2 green marbles. Every minute, you choose
a marble uniformly from the urn. If you draw a red marble, you put the red
marble back in the urn, and add two green marbles from the urn. If you draw
a green marble, you leave it out of the urn. Let X; be the number of green
marbles in the jar after ¢ draws.

EXAMPLE 4: SIMPLE UNBIASED RANDOM WALK
S=7;P(x,x+1)=P(z,v —1)=Lforallz € S.

— 2

=
=
=
=
=
=

N|=
N |=

2 2 2 2 2 2
- P N P N
- I L M A M-
~N_ ~__ N~ > X > T
1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

EXAMPLE 5: GAMBLER’S RUIN

Make a series of $1 bets in a casino, where you are 60% likely to win and 40%
likely to lose each game. Let X, be your bankroll after the ¢ bet.
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8.3. Matrix theory applied to Markov chains

8.3 Matrix theory applied to Markov chains

Suppose {X;} is a Markov chain with finite state space S = {1, ...,d}. Let 7y : S —
0,1] give the initial distribution (i.e. mo(z) = P(X, = z)) and let the transition
probabilities be P, , (P, , is the same thing as P(z, y)).

So long as the state space is finite, the most convenient representation of the chain’s
transition probabilities is in a matrix:

Definition 8.5 Let { X;} be a Markov chain with state space S = {1, ...,d}. The dx d
matrix of transition probabilities

Py Pip P14
p_ Py P?,2 P g
Pi1 Pyo Pyq

’ dxd

is called the transition matrix of the Markov chain.

WHY USE MATRICES?
We will see that we can answer almost any question about a finite state space
Markov chain by performing some simple matrix algebra associated to the tran-
sition matrix P.

Stochastic matrices

A natural question to ask is exactly which matrices can be transition matrices of
some Markov chain. Notice that all the entries of P must be nonnegative, and that
the rows of P must sum to 1, since they represent the probabilities associated to all
the places = can go in 1 unit of time.

Definition 8.6 A d x d matrix of real numbers P is called a stochastic matrix if

1. P has only nonnegative entries, i.e. P,, > 0 forall z,y € {1, ...,d}; and

d
2. each row of P sums to 1, i.e. forevery v € {1,...,d}, Y P, = 1.

y=1

Theorem 8.7 (Transition matrices are stochastic) A d x d matrix of real numbers
P is the transition matrix of a Markov chain if and only if it is a stochastic matrix.
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n-step transition probabilities

Definition 8.8 Let {X,;} be a Markov chain and let x,y € S. Define the n-step
transition probability from x to y by

P”(x,y) = P<Xt+n = ?J|Xt = x)

(Since we are assuming the transition probabilities are time homogeneous, these num-
bers will not depend on t.)

So P™(x,y) measures the probability, given that you are in state z, that you are in
state y exactly n units of time from now.

Theorem 8.9 Let { X;} be a Markov chain with finite state space S = {1, ...,d}. If P
is the transition matrix of {X,}, then for every x,y € S and every n € {0,1,2,3, ...},
we have

Pn($’y> = (Pn)mﬁlﬂ
the (z,y)—entry of the matrix P".

PROOF I'm going to prove this only when n = 2 (the proof for general n uses a
proof technique called “induction”, for which n = 2 constitutes the base case). By
time homogeneity,

P (x,y) = P(Xo =y | Xo = 2)

Now, recall how matrix multiplication works:
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Time n distributions

Definition 8.10 Let {X,} be a Markov chain with state space S. A distribution
on 8 is a probability measure w on (S,2%), i.e. a function 7 : S — [0,1] such that

> w(z)=1

z€eS

The coordinates of any distribution must be nonnegative and sum to 1.
We denote distributions as row vectors, i.e. if S = {1, 2, ..., d} then
7= (1), 7(2), e m(d) = (7)) 7(2) - w(d) ), .

This is unusual, as normally one would represent a vector in R as a column matrix,
but this convention makes upcoming formulas easier.

Definition 8.11 Let { X} be a Markov chain. The time n distribution of the Markov
chain, denoted m,, is the distribution =, defined by

So 7, (z) gives the probability that at time n, you are in state .

Theorem 8.12 Let {X:} be a Markov chain with finite state space S = {1, ..., d}. If

Ty = (71—0(1)7 7T0(2)) aoag 7T-O(d))lxd

is the initial distribution of {X;} (written as a 1 x d row vector), and if P is the
transition matrix of {X,}, then for every x,y € S and every n € I, we have

Ta(y) = (o P")y,

the y'"—entry of the (1 x d) row vector moP™.

PROOF This is a direct calculation:

m(y) = P(X, =y) =Y P(X, =y|Xo=2)P(Xy=12) (LTP)

€S

= > (P"),,mo(x) (Theorem[8.9)

€S

=2 m(x)(P"),,

z€S
= [moP"], (def'n of matrix multiplication) [
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8.3. Matrix theory applied to Markov chains

EXAMPLE 6
Consider the Markov chain with state space {0, 1} whose transition matrix is

and whose initial distribution is uniform.
1. Sketch the directed graph representing this Markov chain.
2. Find the distribution of X5.
3. Find P(X5 = 0).
4. Find P(Xg =1| X7 =0).
5. Find P(X; =0| X, =0).
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Markov chains with infinite state space

Although the formulas for n—step transitions and time n distributions are moti-
vated by those obtained earlier in this section, the big difference if S is infinite
is that the transitions P(z,y) cannot be expressed in a matrix (since the matrix
would have to have infinitely many rows and columns). The proper notation is to
use functions:

Definition 8.13 Let { X, } be a Markov chain with state space S.
1. The transition function of the Markov chain is the function
P:S8 xS —|0,1] defined by P(z,y) = P(X: =y | X4y = z).
2. The initial distribution of the Markov chain is the function
7o : S — [0, 1] defined by mo(x) = P(Xo = x).

3. The n—step transition function of the Markov chain is the function P" :
S x S — [0, 1] defined by

P'(z,y) = P(Xpn =y | X¢ = 2).
4. The time n distribution of the Markov chain is the function

7, : S — [0, 1] defined by =, () = P(X,, = z).

As with finite state spaces, the transition functions must be “stochastic”:

Lemma 8.14 P : S x S — R is the transition function of a Markov chain with state
space S if and only if

1. forevery z,y € S, P(x,y) > 0, and
2. foreveryz €S, P(z,y) =1

yeS

Lemma 8.15 If 7, is the time n distribution of a Markov chain with state space S,
then > m,(z) = 1.

€S
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8.4. The Fundamental Theorem of Markov chains

Theorem 8.16 Let {X,} be a Markov chain with transition function P and initial
distribution my. Then:

1. Forall xy,x1,...,2, € S,

P(Xg = Io,Xl = a1, ,Xn = ZL’n) = 7'('0(1’0) H P(Ij_l,Ij)

7j=1
2. Forall x,y € S,

Pn(x7y) = Z P(xvzl)P(ZhZQ) T P(Zn—Qa Zn—l)P(Zn—lyy)

Z4) gooog Zn—1 €S
3. The time n distribution m, satisfies, forall y € S,

Ta(y) = > mo(z) P"(x,y).

€S

8.4 The Fundamental Theorem of Markov chains

Many areas of mathematics have a central result which is key to understanding the
ideas of the subject. These central results are called “Fundamental Theorems”:

Fundamental Theorem of Arithmetic: every integer greater than 1 can be factored
uniquely into a product of prime numbers.

Fundamental Theorem of Algebra: every polynomial whose coefficients are in C
has a root in C.

Fundamental Theorem of Calculus: if f : R — R is cts and F(z) = / ’ f(t)dt,
then F'(x) = f(z). (Also, if f : R — R is cts with antiderivative F, then
b
| f@)de = F®) - Fla))

Fundamental Theorem of Line Integrals: If f = V f is a conservative vector field
on R, then for any piecewise C' curve v with initial point a and terminal

point b,Af'ds — f(b) - f(a).

Fundamental Theorem of Linear Algebra: If A € M,,,(R), thendim C(A) = dim R(A),
[R(A)]F = N(A) and [C(A)]* = N(AT).
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This section is about the Fundamental Theorem of Markov Chains (FTMC). To get
an idea of what this theorem is about, we’ll do some experimentation.

What we (almost assuredly) saw in our experiment is that the Markov chain we
invented had a special distribution 7, so that as n — oo, the time n distributions
7, approached this distribution 7, no matter what the initial distribution was. The
FTMC says that for most (not all) Markov chains, this phenomenon holds:

Theorem 8.17 (Fundamental Theorem of Markov Chains (FTMC)) Let { X} be
an irreducible, aperiodic, positive recurrent Markov chain. Then {X,} has a unique
stationary distribution 7, such that w is steady-state, meaning

lim mn(z) = 7(2)

forall x € S, no matter the initial distribution .

To understand this theorem, we need to learn the meaning of its vocabulary: irre-
ducible, aperiodic, positive recurrent, stationary, steady-state. Learning this vocabulary
is the goal of the next four sections.

8.5 Stationary and steady-state distributions

RECALL
A Markov chain is determined by three things:

From this, you get time n distributions m,, which give the probability of each state
at time n:
71—n(y) = P(Xn = y) = Z 7Tn—l(x)P(ajay) = Z Wo(l')Pn(%y)
z€S €S
(i.e. m, = mpP" if S is finite and P is the transition matrix)

We are investigating the FTMC, which says that if {X;} is “irreducible”, “aperi-
odic” and “positive recurrent”, then there is a “stationary, steady-state” distribu-
tion 7 such that 7,(z) approaches 7(x) for all z € S. This upshot of the FTMC is
that for large n, m,(x) can be approximated by 7(x).
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QUESTION
What do “stationary” and “steady-state” mean?

Stationary distributions

Let { X;} be a Markov chain with state space S. Suppose 7 is a distribution on S so
that, if the initial distribution m is 7, the time 1 distribution ; is also 7. Then 7 is
called “stationary” (because it didn’t change as time passed). More precisely:

Definition 8.18 Let {X;} be a Markov chain. A distribution m on S is called sta-
tionary (with respect to { X, }) if forall y € S,

> m(@)P(z,y) =n(y).
€S
If S is finite (say S = {1, 2,3, ..., d}, to say 7 is stationary means (in matrix multipli-
cation terminology)
TP=m

ifwewriter = ( (1) 7(2) --- (d) )

1xd

Lemma 8.19 Let {X,} be a Markov chain with state space S. If 7 is a stationary
distribution, then for all n > 0 and all y € S, we have

m(y) = Y w(x)P"(x,y).

€S

(So if S is finite, this means m = m P" for all n.)

PROOF Definition of “stationary” + induction on n.

Lemma 8.20 Let {X;} be a Markov chain with state space S. An initial distribution
o is stationary if and only if the time n distributions are the same for every n.

PROOF (=) Assume 7y is stationary.
Then, applying the previous lemma to any y € S, we see

Tu(y) = D mo(x)P"(2,y) = mo(y)

z€eS

so T, = m as wanted.

(<) Assume the time n distributions are the same for every n.
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In particular, this means 7, = 7y, meaning

mo(y) = m(y) = > mo(x)P(x,y).

€S

By definition,  is stationary. [

Put another way, this lemma says that stationary distributions are those which do
not change as time passes.

Steady-state distributions

A steady-state distribution for a Markov chain is like the special one in our ex-
periment: if 7 is steady-state for {X;}, then no matter the initial distribution m,
mn(x) — m(x) as n — oo, so for large n, 7,(x) ~ w(x). More precisely:

Definition 8.21 Let { X,} be a Markov chain with state space S. A distribution 7 on
S is called steady-state (with respect to {X,}) if

lim P"(xz,y) =n(y) forall z,y € S.

n—oo

Theorem 8.22 Let { X;} be a Markov chain with state space S. Suppose 7 is a steady-
state distribution for {X,}. Then for any initial distribution m,

lim m,(y) = lim P(X,=vy) =7(y)Vy € S.

n—00 n—oo

PROOF By Theorem (3), we get the top equation below. Then take the limit of
both sides as n — oo:

T (y) =P(X,=y) =§;9 mo(2) P" (2, y)
Jim. Tn(y) > molz)7(y)
€S

So steady-state distributions are those which “attract” the time n distribution as
n increases, no matter the initial distribution.
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EXAMPLE 7
Let p, ¢ € (0,1) (there is no relationship between p and ¢). Consider a Markov chain
with § = {0, 1} whose transition matrix is

~(17712)
qg 1—gq

Find all stationary distributions of this Markov chain (there might not be any).

IN GENERAL
You find stationary distributions for finite state-space Markov chains by solving a
system of linear equations corresponding to m P = 7 as in Example 6.
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EXAMPLE 8
Find all stationary distributions of { X,}, if { X;} has transition matrix

14 2
7T 7

5 2
0 7 7
3 1 3
777

EXAMPLE 9
Let {X,} be simple, unbiased random walk on Z (this means S = Z, and for every
€S8, P(x,x+1)=P(x,x — 1) = ). Find all stationary distributions of {X,}.

N|=
=
=
=
1=
=
=

D=

2 2 2 2 2 2
- P N P N
- e Y M A M R
~N_ ~__ N > X > >
1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2
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Number of stationary and steady-state distributions

BIG PICTURE QUESTIONS
Let { X} be a Markov chain.

1. Does {X,} have a stationary distribution?

2. If so, how many stationary distributions does { X;} have?

3. Does { X;} have a steady-state distribution?

4. If so, how many steady-state distributions does { X;} have?

In the rest of this section, we are going to run through some theorems addressing
these questions. We'll start with ideas related to Question 2 above.

Definition 8.23 Suppose 7, 72, s, ... are all distributions on a set S (there could be
finitely or countably many distributions). A convex combination of these distribu-
tions is another distribution of the form

Zaﬂj
J

where the o; are nonnegative numbers satisfying - a; = 1.
J

EXAMPLE
Letm = (.1,.5,.4), 1 = (0,1,0) and 73 = (.7, .2, .1). The distribution
by + .3my + 2m5 = .5(.1,.5,.4) +.3(0,1,0) + .2(.7,.2.1)
= (.05,.25,.2) + (0,.3,0) + (.14, .04, .02)
= (.19, .59, .22)

is a convex combination of 7, Ty and w3 with a; = .5, = .3 and a3 = .2.
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Lemma 8.24 Any convex combination of distributions is a distribution.

PrOOF If

m= Z a5,
J
then

ZW(JZ) = Zz%ﬂj(x) :ZajZWj(x) :Zaj-lz 1.

€S €S j €S

Since all the «; are nonnegative, we see 7(z) > 0 for all = as well.
Therefore 7 is a distribution. U

SPECIAL CASE
A convex combination of two distributions 7, and 7, is any distribution

amy + (1 — a)m

where a € [0, 1].

Theorem 8.25 (Any convex comb. of stat. distributions is stationary) Suppose
Ty, T2, T3, ... are all stationary distributions for a Markov chain {X,}. Then any con-
vex combination of the 7; is also a stationary distribution for {X,}.

PROOF HW (you have to check that the stationarity equation 7(y) =  w(z)P(z,y)
zeS
holds for the convex combination)

Corollary 8.26 (Number of stationary distributions) A Markov chain must have
either zero, one, or infinitely many stationary distributions.

PROOF Suppose the Markov chain has two different stationary distributions, say
7 and my. Then for any a € [0, 1],

am + (1 — a)my

is also a stationary distribution. Since there are infinitely many choices for a €
0, 1], the Markov chain will have infinitely many stationary distributions. [
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Now we turn to Big Picture Question 4 from earlier (how many steady-state distri-
butions can a Markov chain have?)

Theorem 8.27 (Uniqueness of steady-state distributions) Let { X;} bea Markov
chain with state space S. If the Markov chain has a steady-state distribution =, then

1.  is stationary for {X,}, and

2. m is the only stationary distribution for { X,}.

PROOF OF STATEMENT (2) We prove this by contradiction.
Suppose 74 is a stationary distribution, different from .
That means there is y € S such that 74 ¢(y) # 7(y).

Now, use 7 as the initial distribution of the chain; by stationarity the time n
distribution of state y is [74;¢]n(y) = 7aif(y). Thus

lim [74;7]n(y) = nh_{l(f)lo Taif(y) = Taif(y) # 7(y).

n—00

This contradicts m being steady-state, completing the proof of (2). [

PROOF OF STATEMENT (1) WHEN S IS FINITE
Suppose 7 is steady-state and let y € S. Then

(y) = 1im P"(xz,y) (by definition of steady-state)
= lim P""(z,y)

n—o0

= lim 3 P"(z,2)P(z,y) (LTP)

z€S

= Z lim P”(ZL’, Z)P(Zuy)
oS n— 00

= > w(z)P(z,y) (by definition of steady-state).

zZES

Since m(y) =Y m(z)P(z,y), 7 is stationary by definition.
zES
QUESTION
Why isn’t this proof valid if S is infinite?
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The perils of interchanging limits and infinite sums

In the argument on the previous page, we had the expression
lim > Pz, 2)P(z,y)
- z€S8

which is a specific case of a more general expression of the form
lim

We’d like to interchange the limit and sum operations here (i.e. move the limit
after the sum), and we can always do this if the sum is a finite sum, but if the sum
is infinite, this may not be legal:

AN EXAMPLE WHERE INTERCHANGE OF LIMIT AND INFINITE SERIES FAILS
2

Suppose z € {1,2,3,...}, b,(z) = “ and a(z) = E Then

n? 22
00 >~ 1 2
2 a()0n(2) = lim 3 5 <n> - ,}31;@; 2 = fim oo =[50

but if we interchange the limit and the sum, we get

1 o0
Z hm bn(z ):;%r}g&i 21372 :;0:@'
In proofs like this, there are two ways to get around this problem. The first is to use
what is called an arqument by exhaustion, where we consider a finite subset of the
zs being added and write down an inequality like this (assuming all the b,,(z) > 0):

00 N N

Jim 3 a(e)n(2) 2 Jim 3= a(=Jha(z) = o) Jim bo(2).

Since this inequality holds for all IV, we can then take a limit of both sides of this
as N — oo to get

o0 o0

,}glolc Z 2)b, (2 Z hm bn(2).

z=1

In other words, |if b,,(2) > 0, the limit of an infinite sum > the infinite sum of the limits |.

To complete an argument by exhaustion, you argue separately (somehow) that

oo oo
lim » a <> a(z) lim b,(2);
n— o0 1 7l*>00
=

z=1

this argument depends on the particular a(z) and b, (2) under consideration.
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PROOF OF STATEMENT (1) WHEN S IS INFINITE
Suppose 7 is steady-state. We’ll prove 7 is stationary by establishing two claims:

Claim 1: For every y € S, w(y) > Y _ w(2)P(z,y).

z€S8
To prove this, observe
m(y) = lim P"(z,y) (since 7 is steady-state)
= Jim 35 P 2) Pl )
>N lim P"(z,2)P(z,y) (limit of inf. series > inf. series of limit)
z€S
=> w(z)P(z,y) (since 7 is steady-state).
z€S
Claim 2: For every y € S, w(y) < Y _ m(2)P(z,y).
z€S
To prove this, suppose not, i.e. 3y € S where 7(y) > > w(z)P(z,y).

z€S
This would mean that

1= 1) > Y Y w()P(ey) =X Y #(2)P(zy)

yeS y€eS z€S zeS yeS
=Y 7(2) > P(zy)
z€S yeS
=> m(z)-1
zES
=1

This is a contradiction (1 > 1 is false), so Claim 2 is true.

Claims 1 and 2 tell us that for every y € S, 7(y) = > _ 7(2)P(z,y), i.e. that

z€S

7 is stationary, as wanted. This completes the proof of Theorem O
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EXAMPLE 7, REVISITED
For the Markov chain whose state space is S = {0, 1} and whose transition matrix

. 1— . I
is P = ( . p . g . ), we saw that the stationary distribution was
_ < ¢ )
T=(——].
P+q ptq
Is this distribution steady-state?
Solution: m is steady-state if lim P"(xz,y) = w(y) forallz,y € S, i.e.
¢ p
i = (77 7 ),
pta  pta
Q: How might we compute powers P" of the matrix P?

A:

If you did all that for this matrix P, you'd find
A=1«(1,1) A=1-p—q< (-pq)

(1 0 (1 —p
(i) (1Y)

and therefore (after some calculation)

Pn:SAns—lz TJ(Irt]—i_;r)Pfq(l_p_Q)n %q—i(l_p_q)n
9 P (1 _m_\n D a1
pq p+q(1 P—q) P + p+q(1 p—q)

SO

4 P
Since =1 < 1—p—g<1, lim P"= ( ha pha >,soT}grr;o P(z,y) = 7(y) and
p+q ptq

— (- 2 )isi -
T = (p il +q) is indeed steady-state.

REMARK
There will be a better (less computationally intense) way of concluding 7 is steady-
state, based on theory we will develop in this chapter.
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8.6 Class structure and periodicity

What this section is about: The FTMC says that if {X,} is irreducible, aperi-
odic and positive recurrent, then it has a steady-state distribution.

In this section, we discuss what is meant by “irreducible” and “aperiodic”.

To get started, we need to establish some notation that we’ll use frequently.

Definition 8.28 Let {X,} be a Markov chain with state space S.

1. Given an event E, define P,(F) = P(E| Xy = x). This is the probability of
event E, given that you start at x.

2. Givenarv. Z,define E,(Z) = E(Z | Xy = x). This is the expected value of Z,
given that you start at x.

Definition 8.29 Let {X,} be a Markov chain with state space S.
1. Givenaset A C S, let T be the r.v. defined by
Ty=min{t >1: X, € A}.

(We set Ty = oo if X; ¢ A forall t.) Ta is called the hitting time or first
passage time fo A.

2. Given a state a € S, denote by T, the r.v. T(,;.

Note: Ty : © — {1,2,3,..}U{oc}, 80 > P(Ty=n)=1— P(T4 = c0) < 1.
n=1

Class structure
Definition 8.30 Let {X;} be a Markov chain with state space S.

1. For each x,y € S, define f,, = P,(T, < oo). This is the probability you get
from x to y in some finite (positive) time.

2. We say z leads to y (and write x — y) if f,, > 0. This means that if you start
at x, there is some positive probability that you will eventually hit y.

3. We say x and y communicate (and write v <+ y) if x — yand y — .

309
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Definition 8.31 Let {X,} be a Markov chain with state space S, and let C' C S.
1. C'is called closed if for every x € C, if x — y, then y must also be in C.

2. C'is called a communicating class if C' is closed and all members of C com-
municate.

3. {X.} is called irreducible if S is a communicating class.

What these definitions mean:
* closed sets are those which are like the Hotel California: “you can never
leave”.
* A set of states is a communicating class if you never leave, and you can get
from anywhere to anywhere within the class.
¢ A Markov chain is irreducible if you can get from any state to any other state.

Remark: whether or not a Markov chain is irreducible depends only on its transi-
tion probabilities, and not on its initial distribution.

EXAMPLE 10
Let { X, } be a Markov chain with state space {1, 2, 3, 4, 5, 6} whose transition matrix
is

1 00000
L1 120000
|0 r o
0004 11
0004201
0003 0 3

Find all closed sets and all communicating classes of {X;}.

OBSERVATION
To solve Example 10, the only thing relevant is whether the entries of P are zero or
nonzero. So long as an entry is nonzero, whether it is 1 or ; or whatever doesn’t
affect the closed sets and communicating classes of {X;}.
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EXAMPLE 11
Each matrix below is the transition matrix of a Markov chain with state space
{1,2,3,4}. The “+” in the matrices represent arbitrary positive numbers. For each
Markov chain, find all its communicating classes and determine if the chain is ir-
reducible.

+

+ oo+
o+ + o
o+ + +
+ + oo
+ o+ o
o+ + +
+ oo o

0
+
+

Lemma 8.32 Let { X} be a Markov chain with state space S. Then

r—y <= P"(z,y) > 0forsomen > 1.

PROOF (=) Assume x — y, i.e. f,, = P,(T, < c0) > 0.
Notice

o

PT<oo Z

so if this sum is > 0, at least one of its terms must be > 0, meaning there must
be at least one N such that P, (7, = N) > 0.

Since PN (z,y) > P.(T, = N), we can conclude PV (z,y) > 0 as wanted.

(<) Suppose P"(z,y) > 0 for one or more n. Take the smallest such n; for this
n, we have
P,(T, =n) = P"(z,y) > 0.

Therefore
foy = Pu(T, < 00) > P,(T, =n) >0,

so r — y as wanted. [
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Lemma 8.33 Let {X;} be a Markov chain with state space S. Then

(r = yandy — 2) = x — 2.

PROOF Apply Lemma twice:
r — y = there exists n; such that P"'(z,y) > 0.

y — z = there exists ny such that P"*(y, z) > 0.

Thus
Pt (g 2) > P (2, y)P™ (y,2) > 0,

so by Lemma again, z — z. 0O

RECALL
One of the necessary ingredients in the FTMC is that the chain is irreducible. In
the next example, we see why irreducibility is important to ensuring the existence
of a steady-state distribution.

EXAMPLE 12
Suppose {X;} is a Markov chain with state space {0, 1} whose transition matrix is
the 2 x 2 identity matrix (P = I).

1. Sketch the directed graph of this Markov chain, and find its communicating
classes. Is { X;} irreducible?

2. Find all stationary distributions of this Markov chain.

3. Does { X} have a steady-state distribution? Explain.
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Periodicity

To explain the concept of periodicity, let’s start with this simple example, which
illustrates why “aperiodicity” is important in the FTMC:

EXAMPLE 13
Suppose { X} is a Markov chain with state space {0, 1} whose transition matrix is

o (00)

1. Sketch the directed graph of this Markov chain, and find its communicating
classes. Is { X;} irreducible?

2. Find all stationary distributions of this Markov chain.
3. Suppose 1 = (1,0). Compute 7, for every n. Does nh_)ngo T, exist?

4. Does {X;} have a steady-state distribution? Explain.

The problem with the Markov chain in Example 13 (i.e. what causes its stationary
distribution to not be steady-state) is that it is “periodic”... if you start in a certain
state, you can only return to that state at times that are a multiple of 2. This means
the chain has period 2. More generally:

Definition 8.34 Let a and b be integers. We say a divides b (and write a|b) if bis a
multiple of a. The greatest common divisor of a set E of integers, denoted gcd E, is
the largest integer dividing every number in that set.

EXAMPLES

642 5 42 31180
ged{12,36} = 12 ged{18,27,15} = 3 ged{8,17} =1
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Definition 8.35 Let { X} be a Markov chain with state space S. Let x € S be such
that f,, > 0 (equivalently, P"(x,x) > 0 for some n > 1; equivalently, v — x).
The period of z, denoted by d,, is the largest integer which divides every n for which
P"(z,z) > 0. More formally,

d, = ged{n : P"(z,z) > 0}.

Note: If P(z,x) > 0, then d,|1, so d, = 1.

EXAMPLE 14
Let { X;} be simple, unbiased random walk on Z:

1 1 1 1 1 1 1
- -3 —2 ~1 0 1 2 3 4.

N — X Y >~ X > > >
1
2

1
2

1
2

NI
NI
[N
NI
NI
M

Determine the period of each state.

Theorem 8.36 (Communicating states have the same period) Suppose {X;} is
a Markov chain with state space S. Let x,y € S be such that x <+ y. Then d, = d,,.

PROOF Suppose states = and y lead to one another. Then:

r—y = Inyst. P (z,y) >0
y —x = dngs.t P"(y,x) > 0.

(PS. Jis short for “there exists”.)
Therefore

PP (0,) > PP (o, )P (g2) > 0 = | (m -+ ma).
Now, take any n such that P"(y,y) > 0. Then
prutndns (x,2) > P™"(x,y)P"(y,y) P (y,x) > 0= d, | (n1 +n+ nsy).

Notice that if d, divides both n; + ny and n; + n + ns, then d,, divides the
difference, so d, | n.

We have shown d,, divides any n such that P"(y,y) > 0, meaning d, is a
common divisor of these n.
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A symmetric argument (reversing the roles of x and y) shows d,, < d,.
Sod, = d,, as wanted. [

Theorem shows that period is a class property, meaning that it is a property
shared by all members of a communicating class. This implies:

Corollary 8.37 If {X,} is an irreducible Markov chain, all states have the same pe-
riod.

Definition 8.38 An irreducible Markov chain with state space S is called aperiodic
ifd, = 1forall x € S and is called periodic with period d if d, = d > 1 for all
re€S.

EXAMPLE 15
Find the period of each Markov chain whose directed graph is given below.
7N N

1<—2 3 1<—2<—3

N2

One important consequence of aperiodicity is that in an irreducible, aperiodic
Markov chain, for every pair of states you can get from one to the other in any
sufficiently large amount of time. This is made precise in Theorem [8.39

Theorem 8.39 Suppose {X,} is an irreducible, aperiodic Markov chain. Then, for
every x,y € S, there is a number N such that P™(x,y) > 0 foralln > N.

PROOF For each z € S, let I, C N be defined by I, = {n: P"(z,z) > 0}.
This means that /. is the set of times that you can get from state z back to itself.
Notice that I, is closed under addition: if t,u € I,, thent +u € I,.
Thereforeift € I, thenforany k > 1, kt =t +t+t+---+t € I, as well.
We know 1 = d = ged [.,.

Claim 1: There is a number n; such thatn; € Tand n; +1 € I..

To prove this, suppose not. That means there is an integer g > 2 which is
the smallest gap between two consecutive numbers in I,.

Since g is a gap between numbers in I, we can select ¢ so that ¢ € I, and
t+gel,.

But, since {X,} is aperiodic and ¢g > 2, ¢ is not the period of {X,}, so there
must be a time u € I, which g does not divide.
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Divide this u by g to get u = gq + r where the remainder r € {1,2,...,g — 1}.
At this point, we know that since I, is closed under addition and multi-
plication by scalars,
(q+1)(t+g)el,andu+ (¢ + 1)t € L.
But the gap between these two numbers is
(g+1)(t+g) —lut+(g+1)t] =(@+1)g—u=qg+g—gq—r
=g—r<y,
contradicting g being the smallest gap between numbers in I..

Claim 2: There is a number ny = ny(2) so thatif n > ny, n € I..
To prove this, let ny = ni, where n; isasin Claim 1 (ny € I, ny + 1 € 1).
Now suppose n > na.
Divide n — ny by n, to get
n—ng=nq+r (%)
where the remainder r € {0,1,2,...,n; — 1}.
Rewriting (), we get
n—mng =niq+r

n =niq+71r-+ne

n =mq+r+ni

n =niqg+r—+rn—1rn;+ n%

n =r(n+1)—(ny—r+q)mn
and thereforen € I, sincen; € I, andn; +1 € I,.

Now, fix z,y € S. By irreducibility, z — y, so 3n; so that P"3(z,y) > 0.
Finally, let N = n3 4+ ny(y). Forany n > N,

P"(z,y) > P™(x,y)P" ™ (y,y) >0,

using Claim 2 since n — n3 > N — ng = ns(y). This proves the theorem. [J

8.7 Recurrence and transience

What this section is about: We are going to divide the states of a Markov chain
into different “types”. There will be general laws which govern the behavior
of each “type” of state, and the types of states of the chain gives you informa-
tion about whether the chain has stationary distributions and/or a steady-state
distribution.
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Definition 8.40 Let {X,} be a Markov chain with state space S.
1. Foreachx € S, set f, = fr. = Pe(T, < 00).

2. Astate x € S is called recurrent if f, = 1.
The set of recurrent states of the Markov chain is denoted Sg.
The Markov chain {X,} is called recurrent if Sp = S, i.e. all of its states are
recurrent.
3. Astate x € S is called transient if f, < 1.
The set of transient states of the Markov chain is denoted Sy.

The Markov chain {X,} is called transient if all its states are transient.

Recurrent and transient states are two of the “types” of states referred to earlier:

¢ a recurrent state (by definition) is “a state to which you must return” (with
probability 1)

* atransient state is (by definition) “a state to which you might not return”.

Expected number of visits to a state

The rest of this section is devoted to developing properties of recurrent and tran-
sient states. The key to deriving these properties is to connect recurrence/transience
with n-step transition probabilities P™(x, y):

behavior of the recurrence/
n-step transitions TymB42 mBE transience of
P(z,y) xand/or y

To connect these concepts, we will need a new idea that involves the expected
value of a new random variable that counts the number of times a Markov chain
“visits” each state.
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Definition 8.41 Let {X,} be a Markov chain with state space S.
® Foreachy € S, define the r.v. V,, the number of visits to y, by

V, = # of times t > 1 such that X, = y.

® Foreachy € Sand N € {1,2,3, ...}, define the r.v. V,, n, the number of visits
to y up to time NV, by

Vyn = #of timest € {1,2,..., N} such that X; = y.

Observe: V, : 2 — {0,1,2,3, ...} U{oo}, but V,, y : @ — {0,1,2,3, ..., N}.

Now, for the first major theorem of this section. This result connects n-step transi-
tion probabilities to a state with the expected number of visits to that state:

Theorem 8.42 (Formula for expected number of visits) Let {X;} be a Markov
chain with state space S. Then, for any z,y € S, we have

E,(V,) = f: Piay) and Ei(Vyn) = X P(a0)

The proof of this theorem is the first of several places where it will be convenient
to use something called an indicator function or characteristic function. Suppose
E is a set and X is a r.v. Denote by 1 the r.v. defined by

1 fXekE
1E(X>_{0 fX¢E "

Observe that if { X} is a sequence of r.v.s, we can count the number of the X, that
are in set E by adding the 15(X,). In particular,
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PROOF The first equation follows as a direct calculation:

I
hE

E(V,) = B, [i ﬂ{y}mﬂ)] E,(1y (X))

I
hE

The second equation has the same proof, with NV instead of oo as the upper limit of
the sum. [J

Now for a theorem that connects expected number of visits with recurrence and
transience:

Theorem 8.43 (Properties of recurrent/transient states) Let {X;} be a Markov
chain with state space S. Then:

1. Ify € Sy, then forall x € S,
P.(V, <o0)=1 and E,(V,) = foy < 0.

2. Ify € Sg, then
Po(Vy = 00) = Po(Ty < 00) = foy

(in particular P,(V, = oo) = 1) and
(a) if fu, =0, then E (V)
(D) if fuy > 0, then E,(V,)

0;

Q.

What this theorem says in English:

1. If y is transient, then no matter where you start, you only visit y a finite

fx,y
1— fy)'

number of times (and the expected number of times you visit is
2. If y is recurrent, then

e it may be possible that you never hit y, but
e if you hit y, then you must visit y infinitely many times.
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PROOF First, observe that V, > 1 <= T, < oo, because both statements corre-
spond to hitting y in a finite amount of time.

Therefore P,(V, > 1) = P,(T,, < 00) = fu 4.

Now P,(V, > 2) =
Similarly P,(V, > n) =

That means that for all » > 1 we have P,(V, =n) =

Case 1: y is transient (i.e. f, = f,, < 1).
Then P,(V, = o0) = lim Py(V, > n) = lim fogfih =0
so P,(V, < o0) =1 as wanted.

Also,
E.(Vy) => n-Py(V,=n)
n=0
= Z n- PV, =n)
n=1

= i nfoyfy (1= 1) (from above)

(e 9]

= Joy(1 = fy) Z nf;_l
n=1
1 :
= fou(1— fy)m (pink sheet)
_ fCE,y
=7

Case 2: y is recurrent (i.e. f, = f,, = 1).
Then Po(V, = 00) = Jim PV, 2 ) = lim oo 5 = Jim fool" = fuo
Soif f,, > 0, then E,(V,) = oo, since P,(V, = o00) = f,, > 0.
If f,, =0, then P*(x,y) = 0foralln > 1, so by Lemmam
E.(V,) = iP"(x,y) = 20 =0.0
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Recurrence criteria

Putting the previous two results together yields these criteria, which can be useful
to determine if a state is recurrent or transient:

Corollary 8.44 (Recurrence criteria) Let {X;} be a Markov chain with state space
S. Lety € S.

1. ye Sg < E (V) =00 < > P"(y,y) diverges.

n=1

2. If there exists x € S so that lim P"(x,y) #0, then y € Sg.
(Restated, if y € Sy, then nlggo P (z,y)=0forallz € S.)

PROOF Statement (1) follows from 2(b) of Theorem [8.43|and Theorem [8.42
For statement (2), y being transient implies E,(V,) < oo by (1) of Theorem [8.43]

and that implies %Oj P"(x,y) < oo by Theorem [8.42]
n=1

By the n'"-term Test for infinite series (Calculus 2), Jim P*(z,y)=0. O

EXAMPLE 16
Consider a Markov chain with state space {1, 2, 3} and transition matrix

0 1 0
P=11 0 0
0O 1-pp

where p € (0,1).

1. Which states are recurrent? Which states are transient?
2. Find f,, forallz,y € S.

3. Find the expected number of visits to each state, given that you start in any
of the states.
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Recurrence/transience and class structure

Theorem 8.45 (Recurrent states lead only to recurrent states) Suppose {X,} is
a Markov chain. If v € Sk and v — vy, then:

1. fyo= foy=1and

2. y € Sg.

PROOF If y = z, this follows from the definition of “recurrent”, so assume y # .
We are given z — y, so P"(z,y) > 0 for some n > 1. Let NV be the smallest n > 1
such that P"(z,y) > 0. Then we have a picture like this:

Proof that f,, = 1:
Suppose not, i.e. that f, , < 1. Then

L= fo > P(x,91) P(y1,92) P(y2,y3) - - P(yn—1,yn) [1 = fye] >0
sol— f; > 0,s0 f, < 1. This contradicts x € Si. Therefore f, , = 1.

Proof that y € Sg:
Since f,. = 1,y — x,s0 AN’ such that PV (y, z) > 0.

This means for every n > 0, PN N (y y) > PN'(y, 2)P"(z, 2) PN (z,v).
= oc:

We'll prove y is recurrent by showing £, (V)
E,(V)) =X P"(v.v)
n=1

> Y Py

n=N'+N+1
%

>N PN/(y, z)P"(z, ) PN (z,y)

n=1
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E,(V,) > PN/(y,q:)PN(x,y) > P(z,x)...
n=1
— P (g, 2) PN (2,9 Eu(V2)
(Formula for expected number of visits)
=00
(Recurrence criterion 1 of Corollary [8.44).
By a recurrence criteria, since E£,(V,) = 00, y € Si.

Proof that f, , = 1:
| Since y € Sgand y — w, f, = 1 by the first statement we proved. [

Corollary 8.46 (Finite state space Markov chains are not transient) Let {X,} be
a Markov chain with finite state space S. Then the Markov chain is not transient (i.e.
there is at least one recurrent state).

PROOF Suppose not, i.e. all states are transient. Then by a recurrence criterion,
0= nh_)rgo PY(z,y) Vz,yeS
= 0= Znh_g)loP (x,y)

yeS

= 0= lim > P*(x,y)
yeSsS

= 0= lim 1.

n—oo

This is a contradiction! Therefore there must be at least one recurrent state. O

Theorem 8.47 (Decomposition Theorem) Let {X;} be a Markov chain with state
space S. If Sg # 0, then we can write

Sr=UC;
J

where the C; are disjoint communicating classes (the union is either finite or count-
able).

PROOF Since Sy # ), we can choose some z € Si.
Define C(z) = {y € S : © — y}, meaning that C(x) is the set of states you can
get to (eventually) from .

Since z is recurrent, z € C(z). Thus C(z) # 0, and Sp = U C(z).

z€SR
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Claim 1: C'(z) is closed.

Claim 2: C'(z) is a communicating class.

Claim 3: For =,y € Sg, the sets C'(x) and C(y) are either disjoint or equal.
To verify this, suppose =z € C(z) N C(y).

324



8.7. Recurrence and transience

Summary of the theory developed so far

Theorem 8.48 (Main Recurrence/Transience Theorem) Let {X;} be a Markov
chain with state space S.

1. If C C S is a communicating class, then either every state in C'is recurrent (i.e.
C' C Sg), or every state in C'is transient (i.e. C C Sp).

2. If C C S is a communicating class of recurrent states, then f,, = 1 for all
xz,y € C.

3. If C C S is a finite communicating class, then C C Sp.
4. If {X,} is irreducible, then {X,} is either recurrent or transient.

5. If {X.} is irreducible and S is finite, then { X} is recurrent.

Theorem 8.49 (State space decomposition) Let { X;} be a Markov chain with state
space S. We can write S as a disjoint union

o . (L]J cy) USs

where the C; are recurrent communicating classes (there might be communicating
classes in Sy, but we don't care so much about those). Then:

1. If you start in one of the C},

* you will|stay in that C; forever, and

* you will visit every state in that C; infinitely often.
2. If you start in Sy, you either

a) stay in Sy forever (but hit each state in Sy only finitely many times), or

b) you will eventually enter a C}, in which case you subsequently stay in that
C; forever and visit every state in that C; infinitely often.

Situation 2 (a) above is only possible if Sy is infinite.

“Technicality: in this theorem, the phrase “you will” actually means “the probability that
you will is 1”.
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Absorption probabilities

QUESTION
Suppose you have a Markov chain with state space decomposition as described
above. Suppose you start at € Sy. What is the probability that you eventually
enter recurrent communicating class C;?

Definition 8.50 Let {X,} be a Markov chain with state space S. Let x € Sy and let
C; be a communicating class of recurrent states. The probability x is absorbed by
C;, denoted f, c,, is

f:v,Cj - Px(TCj < OO)

Lemma 8.51 Let {X;} be a Markov chain with state space S. Let © € Sr and let C
be a communicating class of recurrent states. Then for any y € C, fi.c; = foy-

When Sy is finite, we can solve for these probabilities by solving a system of linear
equations. Here is the method:

Suppose Sy = {1, ...,z }.

Since Sy is finite, each x; must eventually be absorbed by a C;, so we have

> fo;c = 1forall j.

Fix one of the C;; then
ij7cz. = sz(TCi = 1) + ij(l < TCZ' < OO)

If you write this equation for each z; € Sy, you get a system of n equations in
the n unknowns f,, ¢, fus.0s fas.Cis -y fun.c;- This can be solved for the
absorption probabilities for C;; repeating this procedure for each i yields all the
absorption probabilities of the Markov chain.
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EXAMPLE 17
Consider a Markov chain with transition matrix

10000

1 1 1

3 33 00
P=lo il

003 35 3

0000 1

Determine which states of the chain are recurrent and which states are transient.
For every x € Sy, compute f, ;.
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EXAMPLE 18
Let { X, } be a Markov chain with state space {1, 2, 3,4, 5, 6} whose transition matrix
and associated directed graph are

100000
1 1 1
3 26 000 T
05§ 803 XRFYOE:
pP= 36?3? 1(1=—228—"+4"25
00035 5 5 3(1)% éﬁy
b 1 5
0007350 32 3w
000202 O
3
7

Determine which states of the chain are recurrent and which states are transient.
For each 7,y € S, compute f, .
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(repeated for convenience)
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8.8 Positive and null recurrence

What this section is about: We want to address big picture question (1) from
earlier: when does a Markov chain have a stationary distribution?

We start with a couple of results telling us when there is no stationary distribution:

Theorem 8.52 (Stat. dists. give 0 probability to transient states) Let 7 be a sta-
tionary distribution of Markov chain {X,}. If y € Sy, then w(y) = 0.

PROOF By stationarity, for all n > 1,

> w(z) Pz, y) = 7(y).

reS

Take limits on both sides as n — co. By the third recurrence criterion, since
y € Sy, lim P"(z,y) = 0, so the equation above becomes 0 = 7(y). O

Corollary 8.53 If an irreducible Markov chain has a stationary (or steady-state) dis-
tribution, then the chain is recurrent.

We’d like the converse of this corollary to be true (it would be great if every irre-
ducible, recurrent Markov chain had a stationary distribution). Unfortunately, it
isn’t. To see, why, consider this example, which we’ve seen before:

EXAMPLE OF RECURRENT CHAIN WITH NO STATIONARY DISTRIBUTION
Simple, unbiased random walk on Z:

=
=
=
=
=
=

N|=
N

2 2 2 2 2 2
- P N P N
- N L (e A M S
~_ ~__ L A WA N N A g
1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

Earlier, we saw that { X;} has no stationary distribution (because by symmetry,
such a distribution would have to be uniform on Z, and no such distribution
exists).

Now, let’s show that simple unbiased random walk is recurrent. Since { X, } is
irreducible, it is sufficient to show that state 0 is recurrent. To do this, we'll use

[e.e]
a recurrence criterion, and show that > P"(0,0) diverges.

n=1
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8.8. Positive and null recurrence

To show Y P"(0,0) diverges, notice first that

n=1
if n is odd
P"(0,0) =
if n = 2k is even
. e, 2k 4*
By a HW problem from MATH 414 (using Stirling’s Formula), N —
k vk
for large k. So
> P™0,0) =Y P*(0
n=1 k=1
(O 2k:—k
-5 )
k=1
e ( )
1 =1
T 1e§::1 N
This series diverges by the so by a

recurrence criterion 0 € Sg, and by irreducibility the entire chain is recurrent.

Punchline: Simple unbiased random walk is an example of a Markov chain
which is recurrent, but has no stationary distribution.

What’s “wrong” in this example? Simple, unbiased random walk is recurrent,
meaning that every state eventually returns to itself with probability 1. But it’s
only “barely” recurrent, because the expected amount of time it takes to return to your
initial value is infinite. The technical term for this kind of recurrence is null recur-
rence.

To have a stationary distribution, not only does an irreducible Markov chain need
to be recurrent (meaning every state returns to itself with probability 1), but the
expected amount of time it takes to return to each state must be finite. The term for this
is positive recurrence, and this is the last ingredient in the FTMC.
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8.8. Positive and null recurrence

Cesaro convergence

A sequence {a,} is said to converge to limit L if lim @, = L, in which case we
write a,, — L.

EXAMPLES (AND A NON-EXAMPLE)

1
e — 0.
n

n—+1
[ ]
n—1

— 1.

* The sequence {z,,} = {0,1,2,0,1,2,0,1,2,0, 1,2, ...} does not converge:

Xy

2 4 6 8 10 12 14

However, this sequence does have some regular behavior:

Definition 8.54 Let {x,} be a sequence of objects that can be added (like numbers,
functions, vectors, random variables, etc.) The sequence of Cesaro averages of
{z,} is the sequence {av(x),} defined by setting

1 n
av(x), = - >y,
k=1

for all n. We say {z,,} converges in the Cesaro sense to L if the Cesaro averages
converge to L, i.e. if

n
o el =fim, 5 5 e =1

We write x, <3 L to represent this.
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8.8. Positive and null recurrence

EXAMPLE 19
Consider the sequence {z,,} ={0,1,2,0,1,2,...}.

1. Compute the first six terms of the sequence of Cesaro averages of {x,,}.
2. Determine what av(x),, is, in terms of n.

3. Show that z,, <% 1.

av(x),

3/4 o °
12 .

333



8.8. Positive and null recurrence

Facts about Cesaro convergence:

. c
a, — L in the usual sense = a,, — L

c
a, — L and {a,} converges = a, — L

“Cesaro convergence is weaker than usual convergence”

Why do we care about Cesaro convergence?

APPLICATION 1: SLLN
The Strong Law of Large Numbers (Chapter 6 / MATH 414) says

APPLICATION 2: MARKOV CHAINS
For any Markov chain, we will see that although lim P"(z,y) may not exist, the
n—oo

sequence P"(z,y) converges in the Cesaro sense for any z,y € S (and the value
to which the Cesaro averages converge has a lot to do with stationary and steady-
state distributions, and with positive and null recurrence).

In particular, recall that Y P*(z,y) =
k=1

Therefore, the Cesaro averages of the sequence { P"(x,y)} are actually

1 n
noy
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Positive and null recurrence

Definition 8.55 Let { X} be a Markov chain with state space S and transition func-
tion P.

1. Given y € Sg, define m, = E,(T,). m, is a number (possibly oo) called the
mean return time to y.

2. Arecurrent state y is called null recurrent if m,, = co. The set of null recurrent
states of { X, } is denoted Sy. If all the states of { X, } are null recurrent, {X,} is
called null recurrent.

3. A recurrent state y is called positive recurrent if m, < oco. The set of positive
recurrent states of {X,} is denoted Sp. If all the states of {X;} are positive
recurrent, { X, } is called positive recurrent.

Note: The mean return time of any transient state is trivially oo:

y€Sr = Py(T,=00) >0 = E,(T,) = oo automatically.

Theorem 8.56 Let {X,} be a Markov chain with state space S. Let y € S.

.. y Viyn 1
1. If T, < o (i.e. if the chain hits y), lim —£* = —.
n—oo n my
) ) . R/
2. If T, = oo (i.e. the chain never hits y), then lim —— = 0.
n—oo n

(Technically, these limits hold with probability 1.)

PROOF Let’s start with statement (2). If the chain never hits y, then V,,,, = 0 for all
n, so (2) follows.

To prove statement (1), assume WLO(ﬂ that you start in state y (since by
hypothesis you must hit y at some point). Define these r.v.s:

e T =min{n >1:V,, =r} = time of " return to y
1_ 1

¢ Wy *Ty

e W) =Tj)—Ti 'forall j >2

Y

M“WLOG” means “without loss of generality”
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8.8. Positive and null recurrence

The first key observation is that the W are i.i.d., each with mean m,,.

So by the SLLN, P (Wyj Cey my> = 1. Restating this, we get

1 n
P(Jg&n;%:my) =1
]:
TTL
P(hm y:my> =1
n—oo n

Since V,,,, — oo as n — oo, we can substitute V, ,, for n to get

TVoin
: - my) =1L (#)

y7n

P (hm

n—oo

The second key observation is that

which is explained by this picture:

y oy y y Yo y
® L] L] ® T I T
n
S A
Therefore
TVyn n T 1+Vyn
Y < Y
Vin = Vym Vyn
. . Vy n 1
Take reciprocals to get the result lim —— = —. [
n—oo n, my
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Theorem 8.57 Let {X,} be a Markov chain with state space S. Let z,y € S.

1. lim .
n—oo n my
2. P*"(x,y) Ceg, @

My

(Technically, these limits hold with probability 1.)

PROOF From the previous discussion, (1) implies (2), so it is sufficient to prove (1).
To do this, note

E
lim M = lim FE,

n—00 n n—00

B

n

Corollary 8.58 Let {X,} be a Markov chain with state space S.

1. Let C' C S be a communicating class of recurrent states. Then for all x,y € C,

lim = —
n— o0 n my

E:(Vyn) 1 [ =0 ifmy=00 < yeSyUSr
>0 ifmy,<oo < yeSp '

. Vin 1
Furthermore, if P(Xy € C') = 1, then lim 2= = — Vy e C.

n—o0 n my

2. Ify e St USy, then forall x € S, P™(x,y) Les .

es 1
3. Ify € Sp, then P"(y,y) Ceg, p
y
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8.8. Positive and null recurrence

PROOF Statement (1) follows immediately from Theorem

For statement (2), notice that if y € Sy U Sy, m,, = oo so

P*(z,y) Ceg oy _ Joy =0.

my, (0. 9]

For statement (3), since y is recurrent, f, = f,, = 1 so

Note: Corollary provides a new distinction between positive recurrent
and null recurrent states:

yESyUSr <— P"(y,y)%o

es 1
y € Sp < P"(y,y) Les — >0

my

Theorem 8.59 (Pos. recurrent states lead only to pos. recurrent states) Let { X;}
be a Markov chain with state space S. If v € Sp and © — y, then y € Sp.

PROOF z is recurrent, so by a previous theorem y — z. Thus 3n,,ny such that
P (z,y) > 0and P"*(y,z) > 0. Therefore, for all m > 0,

Pt (y y) > P, y) P (, 2) P™ (y, x)

1 & 1
_ Z Pn1+m+n2(yyy) Pnl(l. y Pnz y’ Z Pm
n

m=1 m=1
1 n m-+no 1 TL2 " m
i S PR g) 2l P )P le
1 & =
li _ Pm+m+n2 > pn Pnz 1 _
nggongl (y:y) = P (2, y) P™ (y, ) limy — Z::
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Corollary 8.60 (Null rec. states lead only to null rec. states) Let {X;} bea Marko
chain. If x € Sy and x — y, then y € Sk.

<

PROOF HW (this is a short argument putting together facts facts from Theorems

and|[8.59) O

Corollary 8.61 Let {X;} be a Markov chain with state space S. If C' C S is a com-
municating class, then (every x € C'is transient) or (every x € C'is null recurrent)
or (every x € C'is positive recurrent).

Theorem 8.62 Let {X;} be a Markov chain with state space S. If C C S is a finite
communicating class, then every x € C'is positive recurrent.

PROOF For every z € C'and k € {1,2,3, ...}, we have 3. P*(z,y) =1.So

yeC
SIS Y Py

m=1 m=1yeC

3\>—‘

1
l=—-n= (1+1+1+ 1

S|

Therefore there must be some y € C' such that m, < oo, i.e. y € Sp. Since
positive recurrence is a class property, every x € C is positive recurrent. []

Corollary 8.63 Any irreducible Markov chain with a finite state space is positive
recurrent.
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8.9 Existence and uniqueness of stationary distributions

What this section is about: We are going to prove that for an irreducible, pos-
itive recurrent Markov chain, then the chain has exactly one stationary distri-
bution.

We begin by showing that for an irreducible Markov chain, values of any of its
stationary distributions are determined by mean return times. To do this, we need
to return to a previously encountered dilemma:

More about interchanging infinite series and limits

Recall that in general, the limit of an infinite series > the series of the limits (but
these aren’t always equal):

e e}

nlgloloz (z) > g ) lim b,(2). (8.1)

n—00
z=1

If you need to argue that the two sides of are equal, you need to work hard.
One way to do this is an argument by exhaustion (discussed earlier); another way
is to appeal to the following theorem that comes from a branch of mathematics
called real analysis:

Theorem 8.64 (Bounded Convergence Theorem (BCT)) Let a(z) be nonnegative
numbers such that Y a(z) < co. Fix B > 0 and let b,(z) be numbers such that

|b,(2)| < B |for all z and n and

lim b,(2) = b(z) for all z.

n—oo

Then

> a(2)ba(2) =53 a(2)b(z)

z

in other words

Jim > a(z Z,}E& a(2)bn(2) = 3 a(z) lim b, (2).

n—o0
z z

The condition
its name.

b,(z)| < B | means that the b, (z) are bounded, giving this theorem

340



8.9. Existence and uniqueness of stationary distributions

Theorem 8.65 Let { X} be an irreducible Markov chain with state space S. If 7 is a
stationary distribution for {X,}, then for every x € S,
1

m(x) = p—

PROOF Suppose 7 is stationary. Then, for all k € {1,2,3,...} and all z € S, the
stationarity equation gives

S ow(z)PH(z2) = w(a).

zZES
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8.9. Existence and uniqueness of stationary distributions

Corollary 8.66 (Nonexistence of stationary distributions) .
1. A transient Markov chain has no stationary distributions.

2. A null recurrent Markov chain has no stationary distributions.

PROOF In either (1) or (2), m, = oo for all z € S. By the preceding theorem, any

stationary distribution 7 would have to satisfy 7(z) = — = O forallz € S. But
m

then Y m(z) =0 # 1, so 7 can’t be a distribution. [J
€S

Theorem 8.67 (Existence/uniqueness of stationary distributions) Let {X,} be
an irreducible Markov chain.

{X.} has a stationary distribution if and only if {X,} is positive recurrent, in which
case the Markov chain has a unique stationary distribution 7 defined theoretically by

m(z) = w}z forallz € S.

PROOF What's left to prove is that for an irreducible, positive recurrent Markov

1
chain {X}}, the formula 7(x) = — actually defines a stationary distribution.
m

x

Case 1: S is finite:
In this situation, first notice that forallm > 0and all z € S,

Y P(zx) =
€S "
= — ZZszx :l21:1
mla:ES nm:l
lim — Pm"(z,x) =1
n_)oonnzzlags
JL%O;S”ZP z,r) =1
1 n

> lim — > P(zz) =1 (since S is finite)
n [e.e] n

m=1

Z Je =1 (since P"(z, ) Ceg &)

= mU My
Z — =1 (f. = 1 since {X,;} pos. rec.).
xGS

1
Therefore 7(z) = — defines a distribution.
my
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8.9. Existence and uniqueness of stationary distributions

Continuing with Case 1 (where S is finite), what’s left is to show that the
distribution defined by 7(z) = Wllz is in fact stationary (we have to
verify the stationarity equation). To do this, observe

P (zy) = > P™(z,z)P(z,y) (#)

€S
Now, take Ceséro limits of both sides of (#). Start with the left-hand side:

lim — Z P (2, y)

n—oo n
n+1
= Jim [Z Pr(ean) = PG
. n+1 1 ntl " ’ 1
A — [nHleP (2,1 )1 — Jim ~P(z,y)
Now for the right-hand side of (#):
lim — P™(z,x2)P(z,vy)
n—oo n 7;1162
T}ggoxze;gnz}?mzx (z,y)
1 n
= l — Pm P . S . f. .t
%ng&n% (z,7)P(x,y)  (since S is finite)
1 1 - m( .
=3 Pla,y) | lim — 3 P"(2,7)
zes m=1

By equating the Ceséaro limits of the two sides of (#), we get the stationarity
equation
m(y :7—2713:6?/ > 7(@)P(x,y),

Y zes M z€S
proving the theorem in the situation where S is finite.

Notice that the argument above doesn’t work when S is infinite because you
can’t interchange the infinite sums with the limits. To prove the theorem when
§ is infinite, we need an argument by exhaustion, given on the next page:
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8.9. Existence and uniqueness of stationary distributions

Case 2: S is infinite.
In this situation, let Sgnite € S be an arbitrary finite subset of S.

Now, instead of (#) above, we know the inequality

Pz, y) = > P™(z,z)P(x,y) > Y. P™(z,2)P(z,y) )
TES C17E‘Sﬁnite
Since Siinite 15 finite, we can repeat everything we did on the previous
page to get

m(y) > Y. w(x)P(z,y).
TESkinite
Because Shnite is arbitrary, by taking limits as Sginite ,/* S We get

m(y) > Y w(x)P(x,y)|

€S

Now suppose 7(y) >>_ w(z)P(z,y).
z€S
Then, by summing over all y € S, we get

dYonly) >3 Y w@)P(zy) =Y 7(x)P(z,y)

yeS yeS €S z€S yesS

=2 m(x) Y P(z.y)
€S yeS

= m(x)-1
€S

= > m(x)
€S

which is a contradiction. Therefore Y 7 (z)P(z,y) = m(y)
€S

This doesn’t mean 7 is stationary (because we don’t know the values of =
sum to 1, but it does mean that a multiple of 7, say M, is stationary.
However, by Theoremm the only value of M that is possible is M = 1.

Therefore 7(z) = — defines a stationary distribution. [J
m

T

Corollary 8.68 Any irreducible Markov chain on a finite state space has a unique
stationary distribution.
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The ergodic theorem

Theorem 8.69 (Ergodic Theorem for Markov chains) Let {X;} bean irreducible,
positive recurrent Markov chain with state space S and let 7 be its unique stationary
distribution. Then forally € S,

P ( lim Vyn

n—oo  n,

—(y)) = 1

1
PROOF We've seen that 7(y) = —; the result follows from Theorem[8.57, [
My

A picture to explain the ergodic theorem:

y y y y y y
[ o @ @ o @ ] @

1 n

EXAMPLE 20
Suppose { X;} is a Markov chain with S = {1, 2, 3,4} whose stationary distribution

is (%, 2 %) Suppose X, = 1.

1. Estimate the number of times ¢ in the interval [1, 900] such that X; = 2.

2. What is the mean return time to state 2?
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Stationary distributions for non-irreducible Markov chains

Definition 8.70 A distribution w on S is supported or concentrated on a subset
CCSifr(x)=0forallx ¢ C.

EXAMPLE 21
If S ={1,2,3,4} and m = (3,0, 5,0), we say  is supported on {1, 3}.

Given a non-irreducible Markov chain {X,}, we can identify the various positive
recurrent communicating classes of {X;} and treat each of those classes as their
own Markov chain. That leads to this theorem, which sums up the content of this
section:

Theorem 8.71 (Existence/uniqueness of stationary distributions) Let {X,} be
a Markov chain with state space S.

1. We can write S as the disjoint unioni
S=8rUSr=5rlJ(SxvUsSr).

2. If Sp =, then {X,} has no stationary distribution.

3. If Sp # 0 consists of one communicating class, then {X,} has a unique station-
ary distribution m defined by

1 .
nw)={ m, JTES
0 else

4. If Sp # 0 consists of more than one communicating class, then for each com-
municating class C' C Sp there is a unique stationary distribution supported on
that class (call it w¢) defined by

1 .
7'('0(23‘) _ mim lfl' - C
0 else

Convex combinations of these m¢ are also stationary, so { X, } has infinitely many
stationary distributions. (The stationary distributions are exactly the convex
combinations of these m¢.)
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EXAMPLE 22
Find all stationary distributions of the Markov chain with transition matrix

000 320
11 1 1 1
s 2 5 8 8 0
002001
205300
100040
0000?32
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EXAMPLE 23
Let {X;} be the Markov chain with state space S = {0,1,2,3,...} and transition
function P defined by

1

— ify=0

g WY

1 .

1 ify=xz+1
P(x,y) = h

1 ify=o+2

0 else

Show that { X} is positive recurrent, and compute 7(0), 7(1), 7(2) and = (3) for the
stationary distribution 7 of {X;}.
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8.10 Proving the Fundamental Theorem

Theorem 8.72 (FTMC) Let {X;} be an irreducible, aperiodic, and positive recur-
rent Markov chain. Then the unique stationary distribution of this chain, defined by

1. .
7(x) = — is steady-state, meaning
m

xT

lim m(z) = 7(z)

forall x € S, no matter the initial distribution .

PROOF Let {Y;} be a Markov chain, independent of { X}, with the same state space
and transition function as { X;}, but where the initial distribution of {Y;} is the
stationary distribution 7.

Pick b € S arbitrarily and set 7' = min{t > 1 : X; = Y; = b}. (If there is no such
t,setT" = 00.) We call T'a “coupling time” because it is the first time at which
X, and Y; are in the same place b (so X; and Y, are “coupled” at state b).

1234 T
Claim: P(T < o0) = 1.
The proof of this claim is HW. (This is where we use the aperiodicity of
{X.}, because it applies Theorem which says that for any two states,
it is possible to get from one to the other in all times greater than or
equal to some N.)

Now, define a new process {Z;} which starts out acting like { X;}, but switches
to acting like {Y;} after the coupling time:

g X, ift<T
Tl Y, ift>T
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8.10. Proving the Fundamental Theorem

{Z;} is a Markov chain with the same initial distribution as { X;} and the same
transition function as {X;}, therefore | {Z;} ~ {X;} | Thus

|P(X: =y) —m(y)|

|P(Z; =y) = P(Y: = )|
=|P(X;=yandt<T)+P(Y,=yandt>T)— P(Y; =vy)|
|IP(X;=yandt <T)—P(Y;=yandt <T)|

< P(t<T)— 0ast— oo by the Claim above.

Therefore |P(X; = y) — n(y)| = 0ast — oo, so

t—o00

lim m(y) = Jlim ZSWO(QJ)Pt(?U»y) = 7(y)

for all z and y.

1 ife=z

h
0 else , wWe see that

By choosing 7 to be my(x) = {

. t -
tli)ronop (Z7y) - ﬂ-(y)

for all z € S; thus 7 is steady-state by definition. [J

What if the Markov chain is periodic?

We have seen by example that if { X, } is irreducible and positive recurrent but pe-
riodic, then the FTMC doesn’t hold (the stationary distribution isn’t steady state).
The reason the argument in the FTMC fails is the claim that P(T" < co) = 1 doesn't
hold for periodic Markov chains.

To help understand what happens for a periodic Markov chain, let’s consider an
example:
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EXAMPLE 24
Consider a Markov chain {X;} with state space {1,2,3,4,5,6, 7,8} whose directed
graph looks like the one below (with unspecified nonzero probabilities on the ar-
rows):

4

Consider a table of values for P"(1,1):

Similarly, a table of values for P"(3,2) looks like

n |0|1]2|3|4]5]6[7[8[9]10|11|12]13][14[15]---

pra2)ofofo[ fojofof Jofofo] [ofofof [
and a table of values for P"(8,4) looks like

n |0|1]2|3|4|5[6]7[8[9[10]11|12]13]14][15]|

praylofo] fofojof fojofo] Jofofo[ [O]

Observation 1: For every pair x, y of states, there is a number r = r(z, y) such
that P"(z,y) = 0 unless n has remainder » when divided by the period d (i.e.
unless n = r mod d).

Question: What is the long-term behavior of the non-zero terms in these tables (the
ones marked with *s)?
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8.10. Proving the Fundamental Theorem

To determine the long-term behavior of the non-zero P"(z,y) as n — oo, we
consider a new Markov chain {X,}, where one unit of time in {X;} corresponds
to 4 units of time in {X,}, i.e. X, = Xy, i.e. the transition function for X, is
P(z,y) = P*(z,y). This new chain will be aperiodic but will not be irreducible; it
has the directed graph shown below at right:

_ )
{X¢} 4 {Xi} = { X} <4>
3 3
@)
SR D =t P

%;% i
)

Let m, and m, denote the mean return times to each state x in {X;} and {)A(/t},
respectively. Since one unit of time in {X;} corresponds to four units of time in
{X.}, we know that for every z € S,

dm, = my,
Now, by the FTMC, we get
lim P"(1,1) = —
A (1L 1) = —
1
lim P*(1,1) =
n—00 m1/4
4
lim P*"0(1,1) = —
n—00 mq
ie. lim P (z,y) = 4 d-7(y).
n—oo ’ my

Observation 2: In the charts on the previous page, the non-zero entries of
P"(x,y) approach d - (y) as n — oo.
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Our observations in the preceding example hold in general:

Theorem 8.73 Let { X;} be an irreducible, positive recurrent Markov chain with state
space S, whose period is d > 2. Let 7 denote its unique stationary distribution. Then,
for every pair of states x,y, there is a number r = r(z,y) so that :

1. P*(x,y) = 0 unless n = md + r for some m € N (i.e. unlessn = r mod d).

2. lim P™tr(z y) =d - 7(y).

m—r0o0

PROOF Let m, be the mean return time of each state x with respect to the Markov
chain {X;}. Now consider the Markov chain {X;} with the same initial
distribution as {X;} whose transition function is P%. Note that the mean return

time for each state with respect to {X,} is %
{X,} is not irreducible; it has d disjoint communicating classes. Restricting { X, }
to each of these classes gives an aperiodic, pos.recurrent, irreducible chain to
which we can apply the FTMC; this gives

lim (P%)™(x, ) ! d ie. lim P™(z,2)=d-7(z).

m—00 o mx/d o mw’ Mm—00

More generally, if z € S is such that P4(z,z) > 0, then z and z belong to the
same communicating class of {X,}, so

lim P™(z,2) = d - n(z).

m—r0o0

Now let z,y € S. If r is such that P"(x,y) > 0, then

. md—+r I r md
lim P (l’,y) —%I_I)HOOZP (QI,Z)P (Z,y)

m—00
z€S

=> P'(z,z)d-7(y)
z€S

=1-d-7(y)
=d-7(y)

as desired. O
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8.11 Example computations

DIRECTIONS
For each given Markov chain in Examples 25-28:

1. Classify the states as transient, positive recurrent or null recurrent.
2. Find all communicating classes of the Markov chain.

3. Find the period of each state.
4

. Find all stationary distribution(s) of the Markov chain (if any exist) and de-
termine which (if any) of these distributions are steady-state. (If you can’t
compute the entire stationary distribution, find as many values of the sta-
tionary distribution as you can.)

5. Find the mean return time to state 2.

EXAMPLE 25
The Ehrenfest chain with d = 4.

354



8.11. Example computations

EXAMPLE 26
The Markov chain whose transition matrix is

1 1 1

r 2 20000
0100000
1000000
0010300
00035 3 20
00000O0O01
0000O0T1OQ0
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EXAMPLE 27

1
Let { X, } be a Markov chain with § = {0,1,2,3,4,5,6} such that P(0,y) = 8 for all

1 1 1
y#O;P(x,O)ziifx%O;P(a:,m+1) :§ifx€{1,2,3,4,5};andP(6,1) =3
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EXAMPLE 28

Let {X;} be a Markov chain with state space S = {0, 1,2, 3, ...} whose transition
function is

500 0 ifyisoddory =0
(0.) = (%)yﬂ if y > 2is even

P 0 if y=1oryiseven
) = -1)/2 . .
(L.y) (%)(y / if y > 3is odd
% ify=0
r>2= Pz,y)=1¢ 5 ify=1
0 else
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Alternate solution:

Define a factor of {X,} by grouping states:
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8.12 Chapter 8 Homework

Exercise from Section 8.2

1. Suppose we have two boxes and 2d marbles, of which d are black and d are
red. Initially, d of the balls are placed in Box 1, and the remainder are placed
in Box 2. At each trial, a ball is chosen uniformly from each of the boxes;
these two balls are put back in the opposite boxes. Let X, denote the number
of black balls initially in Box 1, and let X; denote the number of black balls
in Box 1 after the ¢ trial. Find the transition function of the Markov chain

{Xi}-

Exercises from Section 8.3
2. Consider a Markov chain with state space S = {0, 1}, where p = P(0,1) and

q = P(1,0); compute the following quantities in terms of p and ¢:
a) P(X2:O|X1 = 1)
C) P(X2:1|X0:0)

3. Continuing with the Markov chain described in Problem 2, suppose the ini-
tial distribution is 7y = (m(0), mo(1)). Compute the following quantities in
terms of the entries of 7, p and g¢:

a) P(Xo=0|X; =0)

4. The weather in a city is always one of two types: rainy or dry. If it rains on a

given day, then it is 25% likely to rain again on the next day. If it is dry on a

given day, then it is 10% likely to rain the next day. If it rains today, what is
the probability it rains the day after tomorrow?

5. A Markov chain has state space S = {1, 2, 3,4, 5} and transition matrix

(@) O =

S O k= O
O NI

S O elw O
o O

O R lw
O I NI
[ N

DO [
N[ =

Assume that the initial distribution is uniform.
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a) Sketch the directed graph associated to this Markov chain.

b) Compute the distribution of X, (this means compute ).

c¢) Compute P(X3 =5|X, =4).

d) Compute P(X, =2| X, = 3).

e) Compute P(X, =5,X5=2,X; =1).

f) Compute P(X1; =1 X10=4,X9g=2,Xsg=5Xg=1, Xy, =1).
g) Compute P(Xg = 3| X7 =1and Xy =5)

6. Consider a Markov chain with state space {1, 2,3, 4,5} and transition matrix

01000
20200
P={o02320 10
003 0 2
00010

a) Compute P? and P>.

b) If the initial distribution is uniform, find the distributions at times 1,2
and 3.

7. Consider the Markov chain with § = {1, 2, 3} whose transition matrix is

0 10
P=11-p 0 p |,
0 10

where p € (0, 1) is a constant.

a) Compute P2
b) Show P* = P2
¢) Compute P" foralln > 1.
21

2
d) If the initial distribution is (5, = 5), find the time 200 distribution.

221

555

8. A dysfunctional family has six members (named Al, Bal, Cal, Dal, Eal, and
Fal) who have trouble passing the salt at the dinner table. The family sits
around a circular table in clockwise alphabetical order. This family has the
following quirks:

e) If the initial distribution is ( >, find the time 111111 distribution.
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* Alis twice as likely to pass the salt to his left than his right.
¢ (Cal and Dal alway pass the salt to their left.

¢ All other family members pass the salt to their left half the time and to
their right half the time.

a) Sketch the directed graph associated to the Markov chain that records
the location of the salt after ¢ passes.

b) If Al has the salt now, what is the probability Bal has the salt 3 passes
from now?

c) If Al has the salt now, what is the probability that the first time he gets
it back is on the 4th pass?

d) If Bal has the salt now, what is the probability that Eal can get it in at
most 4 passes?

9. For the Markov chain given in Problem 6} find a distribution = on S with the
property that if the initial distribution is 7, then the time 1 distribution is also
.

10. Consider Markov chain with § = {0, 1,2, ...}, where for all z € S, P(z,z +

1 1
1) :2—IandP(x,O):1—2—x.

a) Compute P(Xg = 9| X7 = 8).
b) Compute P(X, = 7| X, =4).
c) Compute P(X, = 7| X, =5).
d) Compute P(Xs = 4| X, =2)

e) If the initial distribution m, is uniform on {0, 1}, compute .

Exercises from Section 8.5

11. Consider a Markov chain with state space {1, 2, 3} whose transition matrix is

1)

Find all stationary distributions of this Markov chain.

CRRJURNN
NN
B o b

12. (20 % pts) Let {X,} be a Markov chain that has a stationary distribution 7.
Prove that if 7(z) > 0 and z — y, then 7(y) > 0.
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13.

14.

15.

16.

17.

18.

19.

Find all stationary distributions of the Markov chain with transition matrix

5 005 50
00001
P23 3 50
00§ 350
00Z% 20

9

Hint: The answer is 7 = (ﬁ,

something, something, something, %) :

Compute all stationary distributions of the Markov chain described in Exer-
cisel(l}, in the situation where d = 3.

a) Show that the Markov chain introduced in Exercise [/ has a unique sta-
tionary distribution (and compute this stationary distribution, in terms
of p).

b) Is this stationary distribution steady-state? Why or why not?
Hint: The work you did in Problem [7]should be useful in answering this.

A transition matrix of a Markov chain is called doubly stochastic if its columns
add to 1 (recall that for any transition matrix, the rows must add to 1). Find
a stationary distribution of a finite state-space Markov chain with a doubly
stochastic transition matrix (the way you do this is by “guessing” the answer,
and then showing your guess is stationary).

NOTE: It is useful to remember the fact you prove in this question.

(20 % pts) Prove Theorem from the notes, which goes like this: let
1, T2, ..., be a finite or countable list of stationary distributions for a Markov
chain {X;}. Let oy, as, ... be nonnegative numbers whose sum is 1, and let
T =Y _aym;. Prove that the distribution 7 is stationary for {X,}.

J

(20 % pts) Show that for any d x d stochastic matrix P, 1 is an eigenvalue of
P corresponding to eigenvector (1,1,1,...,1) € R%

Hint: the crux of this question is to get you to remember what eigenvalues
and eigenvectors are (you learned about these creatures in MATH 322).

Let

L1 1
2 4 4
P=] 1 3
11V
11 1
4 4 2
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a) Find the eigenvalues of P by solving det(P — \I) = 0.

b) For each eigenvalue you found in part (a), find a corresponding eigen-
vector (by finding v # 0 such that Pv = \v).

c) Diagonalize P (i.e. write P = SAS~! where A is a diagonal matrix whose
entries are eigenvalues of P, and S is a matrix whose columns are corre-
sponding eigenvectors of P).

d) Compute P" (by multiplying out the formula P" = SA"S™1).
e) Compute lim P".
20. Let {X,} be a Markov chain with state space {1, 2, 3} whose transition matrix

is the matrix P given in Exercise[19] Based on your work in Exercise[I9 what
do you know about stationary and/or steady-state distributions of {X;}?

21. Let {X:} be a Markov chain with state space {1, 2, 3,4} whose transition ma-

trix is
I
b S 200
0 0 & 3
0 0 %2

a) Find all stationary distributions of {X;}.
b) Does {X,} have a steady-state distribution? Explain.

Exercises from Section 8.6

22. Consider a Markov chain with state space S = {0, 1}, where p = P(0,1) and
q = P(1,0). (Assume that neither p nor ¢ are either 0 or 1.) Compute, for each
n, the following in terms of p and ¢:

a) Py(Ty =n)
Hint: There are two cases: one for n = 1, and one for n > 1.
b) P (To =n)
c) Py(Th =n)
d) P (171 =n)

23. For the same Markov chain described in Exercise 22|, compute these quanti-
ties (in terms of p and ¢):
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a) fo1
Hint: Recall that fo; = Py(11 < 00). There are two ways to do this: first,
you can add up the values of P,(77 = n) from n = 1 to oo; second, you
can compute Fy(7; = co) and use the complement rule.

b) fio
) foo
d) fia
24. Let {X,} be the Markov chain described in Exercise [f]

a) For each z € S, compute P, (T} = 1).
b) For each z € S, compute P, (T} = 2).
c) Foreach z € S, compute P, (T} = 3).

25. Consider a Markov chain whose state space is S = {1,2,3,4,5,6,7} and
whose transition matrix is

3 051500
0010000
0001000
0100000
0000+ 0 3
00003 %0
00000131

a) List all the closed subsets of this chain.
b) List all the communicating classes of this chain.

c) Write the period of each state that belongs to a communicating class.

26. Let p € (0,1) be a constant. Consider a Markov chain with state space S =
{0,1,2,3, ...} where P(z,x+ 1) = pforallz € § and P(z,0) = 1 — p for all
x € S. Explain why this chain is irreducible by showing, for arbitrary states
x and y, a sequence of steps which could be followed to get from z to y.

Exercises from Section 8.7
27. For the Markov chain introduced in Exercise 2, compute Ey(V; 3).
28. For the Markov chain given in Exercise
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29.

30.

31.

32.

a) Determine which states are recurrent and which states are transient.

b) Compute f,, forallz,y € S.

c) Compute E;(V4).
Determine whether the Markov chain described in Exercise 26/is recurrent or
transient.
Hint: Compute f; directly by adding up the values of F,(Ty = n).

Consider a Markov chain with state space S = {0,1,2,3,...} and transition
function defined by

ifr=y

N = N[

ifr>0andy=2—-1
P(z,y) = :

~~
N[
—
<
+
—

ifr=0andy >0

otherwise

jen}

a) Explain why this Markov chain is irreducible.
b) Is this chain recurrent or transient?

Consider a Markov chain with state space S = {0, 1,2,3,...} and transition
function defined by

ify=0
ifye{x+2,x+4,2+6} .
otherwise

P(z,y) =

(e BENTTCIEN T

Classify the states of this Markov chain as recurrent or transient, and find all
communicating classes (if any).

Consider a Markov chain with state space S = {1,2, 3,4, 5,6} whose transi-
tion matrix is

120000
520000
003 0Z%0
1100 74
0030110
05035 35 3

a) Determine which states are recurrent and which states are transient.
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33.

34.

35.

36.
37.

38.

39.

b) Compute f,; forall z € S.

c¢) Compute E,(V,) forall z,y € Sr.
Compute the stationary distribution of the Ehrenfest chain (introduced in one
of the group presentations), in the situation where d = 4.

a) What is the period of the Ehrenfest chain?

b) What is the period of the Markov chain introduced in Problem [If?

Let {X;} be the Wright-Fisher chain (introduced in one of the group presen-
tations) with d = 3. Compute f,, forallz € S.

Let { X;} be the Wright-Fisher chain with d = 4. Compute E; (1%).

Let {X;} be a Galton-Watson branching chain where each individual has ei-
ther 0 or 3 offspring, each with probability 5. Compute the extinction proba-
bility 7.

Let { X;} be a Galton-Watson branching chain where the number of offspring
of each individual is Geom(p). Compute the extinction probability 7.

Hint: There are two cases, depending on p.

Let X; denote the number of people waiting for service at a fast-food restau-
rant at time ¢. Assume {X,} is modeled by a discrete queuing chain where

with probability 3 two customers enter the queue in each time period, and

. S . . .
with probability 3/ 1o customers enter the queue in each time period.

a) If there is initially 1 person being served, what is the probability that at
some point in the future, there will be no one in line?

b) If there are initially 4 people in the queue, what is the probability that
the queue never empties?

Exercises from Section 8.8

40.

41.

42.

Compute the Cesaro limit of the sequence of numbers {0,1,0,1,0,1, ...} (jus-
tify your answer).

Compute (directly, without appealing to any stationary distribution), in terms
of p and ¢, the mean return time to each state for the Markov chain given in
Problem

For the Markov chain introduced in Exercise
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Van
a) Compute lim 1(Van)
n—00 n
Es(Vs
b) Compute lim M.
n—00 n
Es(Vi,
¢) Compute lim M.
n—00 n
Es(Vi,
d) Compute lim Bs(Vin) )
n—r00 n

43. Determine whether the chain introduced in Exercise [26|is positive recurrent
or null recurrent.

Hint: Compute the mean return time to state 0 by determining, for each n,

Py(Ty = n) and then using LOTUS to compute my = Ey(1p) = Z nPy(Ty =
n=1

Exercises from Section 8.9

44. Compute all the stationary distributions of the Markov chain introduced in
Exercise 32

o0
45. Fix nonnegative constants pg,p1,... such that > p, = 1 and let X; be a
y=0

Markov chain on § = {0, 1,2, - - - } with transition function P defined by

py, ifz=0
Plz,y)=4 1 ifz>0y=a—1
0 else

a) Show this chain is recurrent.
b) Calculate, in terms of the p,, the mean return time to 0.
¢) Under what conditions on the p, is the chain positive recurrent?

d) Suppose this chain is positive recurrent. Find 7(0), the value that sta-
tionary distribution assigns to state 0.

e) Suppose this chain is positive recurrent. Find the value the stationary
distribution 7 assigns to an arbitrary state .

Exercises from Section 8.10
46. (40 % pts) Complete the proof of Theorem by explaining why P(T" <

o0) = 1.
Hints: To do this,
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a) Define a new Markov chain (X}, Y;) where the two coordinates act inde-
pendently. In particular, what is the state space of this chain, and what
is its transition function?

b) Prove that the chain (X},Y}) is irreducible, meaning that you can get
from any state (a,b) to any other state (z,y) in a finite amount of time.
To do this, you will need to apply Theorem [8.39]

¢) The event T' < oo corresponds to the chain (X, Y;) hitting a certain state
(which one?) in a finite amount of time. By irreducibility of (X, Y;), this
probability is 1, which allows you to finish the proof of the claim.

Exercises from Section 8.11

47. Consider the irreducible Markov chain with state space S = {1,2,3,4,5}
whose transition matrix is

05 200
000 %3
000 %1
10000
10000

a) Compute the period of this Markov chain.
b) Compute the stationary distribution. Is this distribution steady-state?

c) Describe P" for n large (there is more than one answer depending on
the relationship n and the period d).

d) Suppose the initial distribution is uniform on S. Estimate the time n
distribution for large n (there are cases depending on the value of n).

1 n
e) Compute lim — Y P*.
n—oo n el
f) Compute m; and mo.

48. Let {X;} be the Ehrenfest chain with d = 4 and X, = 0 (i.e. there are no
particles in the left-hand chamber).

a) Estimate the distribution of X; when ¢ is large and even.
b) Estimate the distribution of X; when ¢ is large and odd.

c) Compute the expected amount of time until there are again no particles
in the left-hand chamber.
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49. Consider a Markov chain on § = {0, 1, 2, 3} with transition matrix

o
(]

O Wi
O wiv

O o
O oyl

(S
S wi
(SIS
O wiv

a) Compute the Cesaro limit of P".

b) Compute mg and mo.

50. Consider a Markov chain {X;} on S = {0, 1,2, ...} with transition function

271 ifxr <3
P(z,y) = 1/4 ifx>3andy <3
0 ifr>3andy >3

a) Show the chain is positive recurrent.
Hint: Consider a factor {Y;} defined by V; = X; if X; < 3and Y; = 4
if X; > 4. Show {Y;} is positive recurrent; why does this imply {X;} is
positive recurrent?

b) Find all stationary distributions of {X;}.

Hint: The stationary distribution of Y; (from part (a)) tells you something
about the stationary distribution of X;.

c) Suppose you start in state 2. How long would you expect it to take for
you to return to state 2 for the fifth time?

51. (20 % pts) Suppose a fair die is thrown repeatedly. Let S, represent the sum
of the first n throws. Compute

lim P(S, is a multiple of 13),

n—oo
justifying your reasoning.

52. (30 % pts) Your professor owns 3 umbrellas, which at any time may be in his
office or at his home. If it is raining when he travels between his home and
office, he carries an umbrella (if possible) to keep him from getting wet.

a) If on every one of his trips, the probability that it is raining is p, what is
the long-term proportion of journeys on which he gets wet?

b) What p as in part (a) causes the professor to get wet most often?
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¢) In the worst-case scenario described in part (b), on what fraction of his
trips will he get wet?

53. (30 % pts) A knight is placed in one corner of a chess board. At each step,
the knight chooses a square uniformly from the squares that the knight can
legally move to (i.e. two squares in one direction, and one to the side). Com-
pute the expected number of moves the knight will make before returning to
its starting position.
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Chapter 9

Continuous-time Markov chains

9.1 Introducing CTMCs

Goal: study analogues of Markov chains where time is measured continuously
rather than discretely. (The state space S will remain finite or countable.)

FIRST QUESTION

What “should” a continuous-time Markov chain look like?

(DISCRETE-TIME)
MARKOV CHAIN

CTMC
(CONTINUOUS-TIME
MARKOV CHAIN)

finite or countable;

finite or countable;

usually
11 CZ
P S§=1{0,1,2,..} or
S_7 (same)
index X, = state at time ¢ X, = state at time ¢
setZ te{0,1,2,...}orteZ te[0,00)ort e R
T :S — [0,1];
o : S —[0,1]; > molz) =1
initial Z mol(z) = z€8
0 ZL‘) =1
distribution z€S mo(z) = P(Xo = z)

mo(z) = P(Xo = x)

(same)

(continued on next page)
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MARKOV CHAIN

CTMC

transition probabilities

we specify time 1 transitions:
P:8x8—10,1]
> P(z,y)=1Vz €S
yeS
P(z,y) = P(Xi1 = y| Xy = )
(we assume these are | of t)

If S is finite, write P as a matrix:
P(z,y) <> Py = Py

From the time 1 transitions, we
calculate transition probabilities
for any time n:

P*(z,y) = P(Xi1n = y| Xy = 2)
=Y P(z,2)P" (2,y)

zZES

If S finite, P™(x,y) = (P")4y.

Markov property

P(Xt = .Z't|X0 = Ty -y thl = l’t,1)
= P(Xt = l’t’thl = xtfl)
= P($t—17It)
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Definition 9.1 A jump process {X, : t € T} is a stochastic process with index set
Z = [0, 00) or R and finite or countable state space S such that with probability 1, the
functions t — X, (these functions are called sample functions of the process) are

right-continuous and piecewise constant.

That is, there exist times J; < J, < J3 < ... (these are r.v.s, not constants) and states

Lo, L1, Lo, ... € S such that

Xo 1f0§t<J1
X1 ifJ1§t<J2
Xt: T ifJ2§t<J3
X
Xor
X0l
X4T
X1=X3T
: : : : t
Ji L J3 s

The assumption that the sample functions are right-continuous is necessary for
technical reasons (we’ll see one of these reasons later).

Definition 9.2 A continuous-time Markov chain (CTMC) {X,} is a jump pro-

cess satisfying the Markov property .
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9.2 General theory of CTMCs

QUESTIONS

1. What properties must the transition functions P,,(¢) of a CTMC have?

(Must they be continuous? Differentiable? Increasing? Decreasing? Do they
have a limit as ¢ — 00? Do they have to go through certain points? Must their
formulas be a certain type? Etc.)

2. What information is really necessary to describe a CTMC?

(To describe a Markov chain, we only need to write down time 1 transitions—
they generate all the time n transitions. For a CTMC, is there something we
can write down that sufficiently “generates” all the time ¢ transitions P, (¢)?)

Waiting times and holding rates

Definition 9.3 Let { X, } be a CTMC with state space S. For every x € S, define:

W, = the waiting time af state x
= the time until the first jump, if the chain starts at x
= min{t > 0: X; # x, given that X, = x}

= XJ1|X[) =5
X
X O
*r—>»
t
Wy

OBSERVATIONS ABOUT WAITING TIMES

1. Waiting times are well-defined because of the assumption that the sample
functions are right-continuous.

2. By time homogeneity, the waiting times WW,, depend only on state = (and not
on exactly what interval of time they are taking place).

3. By the Markov property, the waiting times W, are ,

and since W, is continuous, this means each W, ~

This allows us to define:
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Definition 9.4 Let {X,} be a CTMC with state space S. For every x € S, define:

¢, = the holding rate of state x

= the parameter of the exponential r.v. W,
1

Er(Wa)

Note: If the holding rate of a state is large, you expect to stay in the state for a

amount of time before jumping.

EXAMPLE 1
Let {X;} be a CTMC. Suppose that the holding rate of state 3 is 4. What is the

probability that X; = 3 forall t < 2?

Jump probabilities

Definition 9.5 Let {X;} bea CTMC. Let x,y € S. Define

T.y = the jump probability from x to y
= the probability that when the chain first jumps from state x, it jumps to state y

Properties of jump probabilities immediate from the definition:

Ty = 0 Tz = 0 Z Ty = L.
yeS
X;
4t
3t 7T2,3+ o
e WarExp(q) 4 . .
T
1 i + 2,1 ¢ o
i i i t
Jq Jo J3
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Properties of transition functions

Definition 9.6 Given two quantities x and y, let 0,, = ¢, be the Kronecker delta,

ie.
_ s _J1 ifz=y
Ony = Oay = { 0 else :

Theorem 9.7 (Properties of transition functions) Let {X;} be a CTMC, and let
xr,y €8S.

1. Pyy(0) = b,

2. For all t, the transition functions P, ,(t) satisfy the integral equation

il
Py (t) = 6, e7%" —i—/o gze 98 [Z T, Py (t — s)] ds.

z€S

3. P, is a continuous function of t.

4. P,, is a differentiable function of t, and

Pa/c,y (t) =~ Puy(t) + ¢ Z Tz, 52y (t)-

z€S

PROOF Statement (1) is obvious. Next, statement (2):

Pry(t) = Po(Xe = y)
=P(Xe=y N W, >t)+ P(Xy =y N W, <t)
=P (Xy =y | W > t)P(W, > ) + Po(X, =y N W, <1)
"t
= buye 4 [ P(X, = | We = 5) fi ) ds
JO

(Law of Total Probability, continuous version)

Now take the conditional probability inside the integral and divvy it up
based on the location of the first jump:

t
Rw@%:%wﬂﬁ+K}MJQE:PM;:zﬂXf:MWQ:QdS ()

zeS

t
=0, 0 %" +/0 qpe %8 lz T Poy(t — 5)] ds.

z€S

This finishes the proof of the integral equation.
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Next, statement (3). In the integral equation, use the u-sub v =t — s, du = —ds:
sz()_5$y€ qxt—f_/Qze e [Zﬂmz zy( )‘| ds
z€S
= Gpye @t + — / gpe = [ZW” oy u)} du
z€S
= 0pye 4t + qme_q’“t/ el lz T2 Pz y( ] du Q)
0 z€S

Last, we prove statement (4). By (3), the integrand of the integral in (©) is cts.
Therefore

P,,(t) = xye*q””t + q,;e*qzt/0 ezt [Z T, Py ( ] du (W)

zES

Thus P, , is differentiable. Finally, we compute the derivative of P, ,:

Pa’:7y(t) = Z [51@,6_‘1“ + q e 0t / e [Z T2 Py y( 1 du}

z€S

— ZE le‘q”t <5ry + qx/ ed=t lz T2 Psy( ] du)} )

z€S

Now use the Product Rule:
P, (1)
= (first)" - (second) + (second)’ - (first)

= (—qwe*qzt) ((Smy —i—qx/ ezt lz;sﬂmz o ] du)
zE
+ <qxeq1t Z T s Py (t)> (e*qzt)

z€S

= —q, [f —qut <(5xy + %/ el [Z Ty, P zu u 1 du)] + q. Zﬂ'm’Zsz(t)

z€S zES

- _QCCPJJ7y(t) + 4z Z Wx,zpz,y(t)' (by (Q))

z€S

This finishes the proof. [
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9.2. General theory of CTMCs

Infinitesimal parameters

It will be convenient to give the values of P, ,(0) their own names:

Definition 9.8 Let {X,} be a CTMC. For any x,y € S, define the infinitesimal
parameters a.k.a. generating parameters ¢,, = ¢., to be ¢,, = P, ,(0).

Corollary 9.9 Let {X,} bea CTMC. Then for any z,y € S,

_ - —(z ifx:y
Q:ch_Pm,y(O)_{ fo#y

Qe Ty

PROOF Set t = 0 in the last statement of Theorem 9.7

Pglc,y (t) = = Puy(t) + Z T, Py (1)

zZES

Py y(0) = =2 Pey(0) + ¢a ) 7a 2Pz (0)

z€S
= Oy + @ [0+0+ .. +0+ 7, - 14+0+ ... +0]
= _Qx(sazy _'_QIT(:):,y
_ —Gx 1f:v:y
N Q:rﬂz,y lfiL‘ 7é y .

Note: ¢, <0 for all z, and if x # y then ¢,,, > 0.

Theorem 9.10 Let {X;} bea CTMC and let x € S. Then

> Guy =0.

yeS
PROOF
Z Qzy = Qzx + Z ey = —qx + Z QzTzy = —qz + Gz Z Ty = —qzx + qgc(l) =0.0
yES y#T y#£x y#T

Why are the ¢,, called infinitesimal parameters? If ¢ is very small (i.e. infinitesi-

mally small), then by linear approximation (Calculus 1) we have
Pfﬁvy(t) ~ Pz,y(()) + Pzg,y(())t = 593,y + QIyt

So these parameters are measuring the infinitesimal rate of change in P, ,(¢) when
t is small.
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9.2. General theory of CTMCs

EXAMPLE 2
Suppose {X;} is a CTMC with state space {1, 2, 3,4} such that ¢;» = 3, ¢13 = 2 and
qa =T.

1. Compute ¢;;.

2. Use linear approximation to estimate P;(.08).
3. Use linear approximation to estimate P;;(.03).
4. Compute the jump probabilities 73 and 4.

Backward and forward equations

We are ready to derive two sets of differential equations (actually initial value prob-
lems) which the transition functions of a CTMC must satisfy:

Theorem 9.11 (Backward equation) Let {X,} bea CTMC. Then forall z.y € S,

P;,y(t) = Z Qo P.y(t) and P, (0) = dyy.

zZES

PROOF From Theorem[.7]

Ppy(t) = =quPry(t) + 6o D a2 Pey(t)

z€S

= Qxarpx,y (t) + Z Qxﬂx,zpz,y (t)
z#TES

- q:cmPa:,y(t) + Z Q$7ZPZ7y<t)
z#reS

= Z Qo P.y(t). O

zZES

379



9.2. General theory of CTMCs

The second set of ODE’s the transition functions satisfy is the “forward equation”
given in Theorem Deriving this equation follows the same line of argument
as what we just went through over the last few pages, but instead of conditioning
on the first jump in the process (back in line (<)) of the proof of Theorem [9.7), you
condition on the last jump before time ¢. To make this argument go through, we
first need this lemma:

Lemma 9.12 (State reversal identity) Let {X;} be a CTMC. Then

qan(Jn S t < Jn+1 | Xo = l’o,XJl = l‘l,XJQ = T2, ...,XJn = xn)
— q:cOP (Jn S t < Jn+1 |X0 — x’rHXJl - '/L‘n—17XJ2 = Tp—2, "'7XJn - .ZUO) .

What this lemma says: Here’s a picture when n = 3:

X X
| |
X —T> r¢————0 |
| |
X &— 0 [ X - ° |
| |
X1 *——O X1 0
| |
Xo$——>° ‘ X0 °_‘>
| I
! t ! t
A J 't Js VA Js i Js

PROOF The event J, <t < J,41 corresponds exactly to
Iy =Woo + W, + e + W + W, >t

i.e.
Wy, >t =W,y =Wy, —... =W,

Tp—1-°

Since W,,, ~ Exp(q,,), given values s, ..., s,—1 of Wy, ..., W, _,, the probability
of this is

n—1
efqzn(tfsofslf...fsnfl) = exp [_qmn (t _ Z Sk>
k=0

So by the continuous LTP, the conditional probability of J, <t < J,4; given
Xy, = x; for j € {1,...,n} is therefore

n—1
/.../Aexp [—qmn (t — Z Skﬂ meo,Wml ,,,,, Wmn(307 S1yeeey Sp_1) dV
k=0
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9.2. General theory of CTMCs

and since W, ..., W, are independent, this is

/---/Aexp [_qxn (t — :z;és;cﬂ Jwey (S0) fw, (1) -+ fw,, (Sn-1) AV

and since W,, ~ Exp(q,, ), this is

n—1 n—1
// exp [_an (t — Z skﬂ H Q€ T dV 9.1)
A k=0 k=0

where A is the set of (s1, ..., s,) € R” with s; > 0.

In this last integral, perform a change of variables (with Jacobians) from the
variables (s, ..., sp—1) to (ug, ..., u,—1) by setting ug =t — sp — 51 — ... — S,_1,
Ul = Sp_1, Uz = Sp_2, U3 = Sp_3, -.., Up_1 = S1 in (9.1) above to rewrite it as

n—1
/ - / =109 [ gy, e "nr" dV; 9.2)
A k=0

this gives the conditional probability in the second expression in the lemma.

Notice that in (9.1), the integral has gy, .., ¢,_, but in (9.2), the integral has
Qans s Gz, - SO multiplying by ¢, is equal to what you get when you
multiply by ¢,,, proving the lemma. OJ

Theorem 9.13 (Forward equation) Let {X;} bea CTMC. Then forall x,y € S,

Pl ,(t) =Y Py.(t)gsy and P, (0) = &y,.

zZES

PROOF HW (starred problem)
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9.2. General theory of CTMCs

Summary so far
If {X;} is a CTMC, then:

* The transition functions P, ,(t) must be differentiable, and must satisfy two
(systems of) differential equations:

Ppy(t) = ) qu:Psy(t)
Backward equation: { Y zze;s ’
Py y(0) = 0ay
. Pglc,y (t) = Py 2 (t)qzy
Forward equation: 2€8
Py y(0) = 0z

* The numbers ¢,, = P, ,(0) are called the infinitesimal parameters of the
CTMC.

— For small ¢, we can estimate P, ,(t) by P, ,,(t) = 0y + ¢uy(%).

— The infinitesimal parameters satisfy:

yeS

— The holding rate ¢, of state = is ¢, = —¢y.-
The waiting time in state = (until the next jump) is an Exp(q,) r.v.

¢ The jump probabilities 7, satisfy

Ty = 0; my:@:—qﬂifx#y.
q{E q£$

The infinitesimal parameters generate all the other information about the CTMC:

* You can compute the jump probabilities and the holding rates directly from
the q,,;

You can write down a system of differential equations that (hypothetically /
theoretically) can be solved to produce formulas for the transition functions

P, ,(1).

In practice, these differential equations can be hard to solve unless the CTMC
is “nice” (it has a finite state space or is otherwise not too complicated). We'll
talk about how to analyze these nice situations later; if the situation isn’t
nice, in a worst-case scenario you can estimate the values of P,,(t) using a
numerical procedure like Euler’s method (MATH 330).
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9.3. CTMCs with finite state space

9.3 CTMCGCs with finite state space

In this section we discuss additional machinery to help us analyze CTMCs when
the state space S is finite. As with discrete-time Markov chains, we will use matri-
ces and linear algebra to help us keep track of the relevant information:

Definition 9.14 Let {X,} be a CTMC with finite state space. For each t, set P, (t) =
P(Xsit = y| Xs = x) (we assume that {X,} is time homogeneous so that these
probabilities do not depend on s). Then let

Pu(t) -+ Pu(t)
P(t) = AT ;
Pn(t) -+ Pu(t)

P(t) is called the time ¢ transition function or time ¢ transition matrix of the
CTMC.

WHAT THE THEORY FROM SECTION 9.2 TELLS US

Definition 9.15 Let {X,} be a CTMC with finite state space S. Then the matrix ) =
P'(0) is called the infinitesimal matrix or the generating matrix of the CTMC.

qu o Qu P (0) - Piy(0)

Q= : .  |= : - :
qda1 - qdd Pu(0) - Pu(0)

WHAT THE THEORY FROM SECTION 9.2 TELLS US
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9.3. CTMCs with finite state space

EXAMPLE 3
Suppose the transition matrix of some CTMC {X,} with state space {0, 1} is

—5t

—5t

_|_

2, 3,5 3_3
5 T 3e 5 =€
2 3 2

5 5 T 5€

1. Compute the infinitesimal matrix of {X,}.

2. Describe the waiting time to state 1 as a common r.v., giving its parameter(s).

Definition 9.16 Let {X;} be a CTMC with finite state space S. The jump matrix of
the CTMC is the matrix 11 whose entries are the jump probabilities, i.e.

T11 - Tid
11 =

Td1 - Tdd

The jump chain of {X,} is the discrete-time Markov chain {X]""™"} with initial dis-
tribution my and transition matrix I1.

WHAT THE THEORY FROM SECTION 9.2 TELLS US
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9.3. CTMCs with finite state space

EXAMPLE 4
Suppose the infinitesimal matrix of some CTMC {X,} with state space {1,2,3} is

-3 2 1
O=| 4 -6 2 |.
0o 7 -7

1. Describe the waiting times for each state. In which state, on the average,
would you expect to stay for the longest times before jumping?

2. Compute the jump matrix of the CTMC.

EXAMPLE 5
Consider a CTMC with state space {1, 2, 3} and infinitesimal matrix

1. Sketch the directed graph of this CTMC.
2. Compute the jump matrix of this CTMC.

3. Suppose you start in state 1. What is the probability you stay in state 1 for at
most three units of time before jumping?

4. What is the probability that the first three jumps are from state 1 to state 3,
then state 3 to state 2, then state 2 to state 3 (given that you start in state 1)?
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9.3. CTMCs with finite state space

Interpreting the forward and backward equations

To compute @ from P(t), we have seen that we use the formula

To go the other way (i.e. compute P(t) from (), what we know so far is that we
can set up some differential equations:

Suppose the state space of { X;} is finite and equal to {1, 2, ..., d}. In this setting, the
forward equation becomes

The backward equation works similarly. So, we have:

Theorem 9.17 Let {X;} be a CTMC with finite state space. Then, the time t transi-
tion function P(t) satisfies both of these differential equations:

Forward equation: { i /(((f)) : ;D (1) Q .
Backward equation: { P/((Ot; i IQ P(t)
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9.3. CTMCs with finite state space

Exponentiation of matrices

Consider the backward equation P'(t) = @ P(t); P(0) = I. Suppose that instead of
a matrix P(t¢), you had a function y(¢) in the backward equation, and that instead
of constant matrix (), you had a constant number ¢. This yields the ODE

{ y'(t) =qy(t)
1

In MATH 330, you learn that this equation models ,
and its solution is

So in the matrix version that we have, the solution ought to be

Recall: the Taylor series of e':

t_ootn_l . t2 t3
e —ngom— + +5+§+...

Definition 9.18 Given a square matrix A, define the matrix exponential of A to be
the matrix e (also denoted exp(A)) defined by

3!

> 1 1 1
e = exp(A) = ZEA”:I+A+§A2+—A3+...
n=0 """

There’s an issue here with what it means for an infinite series of matrices to con-
verge. Take my word for it: this series converges for all square matrices A, to a
matrix e = exp(A) which is the same size as A.

. (12 4 et e?
WARNING.IfA_<3 4>,e #(eg €4>.

More generally, if A is a square matrix, then for any ¢t € R, we have

=1 A? A3
e =M= S(AN =T+ At ot T
=kl 2 3!
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9.3. CTMCs with finite state space

Theorem 9.19 (Properties of matrix exponentials) Let A, B and S be square ma-
trices of the same size, where S is invertible. Let n € {0,1,2,3, ...}. Then:

A 0 eM 0
1. If Ais diagonal (i.e. A = ( )), then e = ( )

0 Ad 0 eM
If AB = BA, then exp(A + B) = exp(A) exp(B).
If B = exp(A), then B"™ = exp(An).
For any matrix A, (ed)" = eA" = enA,

exp(zero matrix) = I.

S R A

exp(SAS™1) = SeAS—L.

PROOF MATH 322 or MATH 330. [

Importance: Property (6) above suggests a method to compute the exponential of
a matrix A. Diagonalize A (this means write A = SAS~! where the columns of S
are eigenvectors of A and the entries of the diagonal matrix A are the correspond-
ing eigenvalues); then e = Se®S~1.

Theorem 9.20 Let P(t) be a family of square matrices, indexed by t. Then, the fol-
lowing are equivalent:

1. P(t) = €9 = exp(Qt) for some square matrix Q.
2. P(t) solves the forward equation P'(t) = P(t) Q and P(0) = I;

3. P(t) solves the backward equation P'(t) = Q P(t) and P(0) = I.

PROOF We start by proving (1) = (2 and 3): suppose P(t) = 9! Z

Clearly P(0) = 90 = exp(zero matrix) = I, so the initial condltlon is satlsfied.
Also,

, _ d Qt d & n oo Qn

P(t>_dt th:On‘ nl(n
(i’f _ QeP = Q P(1).
i‘é ,; Q=e""Q=P1)Q.

n_
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9.3. CTMCs with finite state space

The reverse implications (2 or 3) = (1) come from the Existence-Uniqueness
Theorem of differential equations (MATH 330), which says that a system of
(ordinary) differential equations with given initial condition has a unique
solution (under natural hypotheses that hold here). Since ¢! is a solution of
P'(t) = QP(t); P(0) = I, it must be the only solution. [J

Corollary 9.21

1. If {X;} isa CTMC with finite state space S, then: the time t transition matrices
must satisfy P(t) = exp(Qt) for some matrix () where

Goz <0 Quy > 0 whenever x # y > Gy =0forallz € S.
yeS

In particular, this Q) is the generating matrix of the CTMC': Q = P'(0).
2. Any d x d matrix () which has the properties

Guz < 0 qzy > 0 whenever x # y > Gy =0
yeS

generates a CTMC by setting P(t) = exp(Qt) for all t.

EXAMPLE 6
Consider a CTMC with state space {1, 2, 3} and infinitesimal matrix

1. Compute P(t).
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2. Recall from the previous page that

11 1 -6t , 5.—4 1 __ 1,6t 3 , 1 ,—6t 5 —at
21 — 126 T5§€ 6  6f s t 1€ g€
P)=| 11, 5 -6t _ 7,4 1, 5,6t 3 _ 5,6t T, 4
(t) 21 T 12€ g€ 6T 6¢ s —1¢ T3¢
1 1 -6t 3,4 1 __ 16t 3, 16t 3 —dt
24 — 12€ g€ 6 6° s T1¢ 7 T i€

Compute P(X3/4 = 0] Xy = 1).

3. If the initial distribution is my = (3, 1, 1), find the distribution at time ¢ = In 2.
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9.4 Class structure, recurrence and transience of CTMCs

Definition 9.22 Let {X;} be a CTMC and let y € S. Define the hitting time to y
to be

T, =min{t > J; : X; = y}.

(Recall that J, is the time of the first jump.)

X
o—-o0
X ¢———o0 —
¢——0
: : t
J 1 Tx

Definition 9.23 Let {X;} bea CTMC and let x,y € S.
* Define f,, = P,(T, < 00). We say x — y if f,, > 0.

x is called recurrent if f, , = 1 and transient otherwise.

x is called positive recurrent if = is recurrent m, = E,(1,) < oo.

x is called null recurrent if x is recurrent and m, = E,(T,) = oo.

{X.} is irreducible if v — y forall x,y € S.

Definition 9.24 Let {X;} be a CTMC with state space S. The embedded chain

or jump chain of the CTMC is the (discrete-time) Markov chain {X}"""*<012-1}
whose transition probabilities are given by the jump probabilities T, ,,.

Notice: (f,, fora CTMC{X,}) = (f., for its jump chain {X]""?}). Therefore:

¢ a CTMC is recurrent, transient, etc. if and only if its jump chain is recur-
rent, transient, etc., respectively;

¢ irreducible CTMCs are either positive recurrent, null recurrent, or tran-
sient (and must be positive recurrent if their state space is finite); and

¢ all the same theorems regarding class structure for discrete-time Markov
chains hold for CTMCs.
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Stationary distributions

Definition 9.25 Let {X;} be a CTMC with state space S. A distribution = on S is
called stationary if forall y € Sand all t > 0,

> (@) Poy(t) = 7(y).

zeS

If S is finite, this means 7 P(t) = 7 in matrix multiplication language.

Theorem 9.26 (Stationarity equation for CTMCs) Let { X;} be a CTMC with state
space S. A distribution on S is stationary if and only if

> m(x)guy =0forally €S.

z€eS

Note: If S is finite, this means 7() = 0 in matrix multiplication language. This
gives you a good way to find stationary distributions of CTMCs.

PROOF HW

EXAMPLE 7
Compute the stationary distribution of the CTMC with state space S = {1,2,3}
whose infinitesimal matrix is

-3 2 1
o= 0 —4 4 |.
1 1 -2

Solution: Write m = (a, b, ¢); then

—3a+c =0
_ 20 —4b+c = (4 5 12
Q=0 = a+4b—2c = :>7T_<21’21’21>
a+b+c =1

O Wl

). If you

the jump

Remark: For the CTMC in Example 7, the jump matrix is II = (

o= O O

2
3
0
1
2

Lo Y

solve the equation 7/“™PII = 77“" to find the stationary distribution o
chain, you will get
i (3 o 6)
- \14714714/)°

Question: Is there a connection between 7 and 7/%™P?
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Theorem 9.27 Let {X,} be a CTMC with state space S.

1. Suppose 7 is a stationary distribution for {X,}. For each x € S, set ©'(z) =
7(x)q,. Then
Z 71J(:L‘)Tr:c,y = W/(y)'
€S

2. Suppose ' : S — [0, 00) is a function such that

Z 71J("E)Tro&,y = 7T/(?/)'

€S

Then if we set, for each y € S, 7 (y) = =7'(y), then forally € S,

B

PROOF HW

WARNING: The 7’ defined in Theorem may not be a distribution on S
(because its values may not sum to 1). But Theorem says 7' satisfies the
stationarity equation for the jump chain, which in matrix language would be

o=

This means that if > 7'(y) = C, then by normalizing ©', which means setting
yeS
. 1 .
TP () = aw’ (y) for all y € S, we get a stat. dist. 77*? for the jump chain.

Similarly, the 7* obtained in statement (2) of Theorem once normalized,
would give the stat. dist. of {X,}.

Consequence: if the jump chain of an irred. CTMC has a stat. dist., so does
the CTMC, so if the jump chain is pos. recurrent, so is the original CTMC.

The content of Theorem can be summarized with this diagram:

multiply by holding rates,
then normalize

T

stat. dist. 7 stat. dist ﬂj“m?
of CTMC { X} of jump chain { X7}

\/
divide by holding rates,

then normalize
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EXAMPLE 8
Suppose {X;} is a CTMC with state space {1, 2, 3,4}. If the stationary distribution
of the jump chain of {X,} is uniform, and the holding rates are ¢ = 2, ¢; = 3,
¢3 = 6, ¢ = 4, compute the stationary distribution of {X,}.

Theorem 9.28 (Steady-state distribution of CTMCs) Let { X, } be an irreducible,
positive recurrent CTMC with a stationary distribution w. Then the stationary distri-
bution is steady-state, i.e.

* lim P, ,(t) =7(y) forall x,y € S; and

e lim P(X, =y) =n(y) forall y € S, regardless of the initial distribution.

t—o00

Why is the stationary distribution always steady-state? The short answer is

PROOF Fix h > 0 and consider the discrete-time Markov chain {Z,,} = {X},,} for
ne€{0,1,2,..}.
{Z,,} has transition functions P(x,y) = P, ,(h), and since these functions are
always positive for h > 0, {Z,,} is irreducible and aperiodic.
So the FTMC applied to {Z,, } gives a stat. dist. 7 for {Z,,} (which must be the
stat. dist. for {X;}) which is steady-state for {Z,,}, i.e.

nh_{gop (z,y) = nh_{glo Py y(hn) = (y)

forall z,y € S.

So for ¢ that are multiples of h, P, ,(t) — 7(y).

Since h can be chosen arbitarily small and since ¢t — P, ,(t) is (uniformly) cts, it
follows (from a MATH 430 argument) that tli)rgo P,,t)=n(y). O
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Corollary 9.29 An irreducible, positive recurrent CTMC cannot have more than one
stationary distribution.

PROOF If m and 7’ are both stationary, then they would both be steady-state for
{Z,} as described in the previous theorem. This is impossible. [J

Theorem 9.30 (Stationary distributions of CTMCs) Let {X;} be an irreducible
CTMC with state space S.

1. If {X.} is transient or null recurrent, then it has no stationary distributions.

2. If {X.} is positive recurrent, then it has one stationary distribution m given by
forallz € S.

m(x) =

Madx

PROOF The only thing left to prove is the formula for the stat. dist. in the positive
recurrent case.
Suppose {X;} is irreducible and positive recurrent, and fix z € S.
For each y € S, define

T,
T2(y) = B, l ; Lix,=) dS} ;

this is the expected amount of time the chain spends in state y before it first
returns to .

A preview: This 7, (y) will turn out not to depend on x at all.

1
Notice Z T.(y) = E.(T,) = my, so by setting 7, (y) = —7,(y), we get a
yeS My
distribution 7, on S. This 7, (y) measures the fraction of the time in the CTMC
spent in state y before the first return to .

A preview: This 7, (y) will turn out not to depend on « at all.

Now let {Y,,} denote the jump chain associated to { X;} and let 77“ be the first
return time to z in {Y,,} (this is the number of jumps it takes x to return to
itself in the CTMC). We have

Tx(y) == E{L’ [Z Wyﬂ{Yn:y’n<T£ump}]

n=0
1 [ oo
et quEx ZO H{Yn:y7n<Tiump}
L [z ]

= —E, | Y L=y
qy L n=0
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iy .
Z IL{Yn=y} , SO that Tx(y) = 7’7x(y)'
n=0 Qy

A preview: This v, (y) will turn out not to depend on z either.

Define v, (y) = E.

Claim: “7, 11 = 7,”, ie. Y 7(y) 7(y, 2) = 72 (2).
yeS
To prove this claim, first note that since the jump chain is positive recurrent,

TIumP < 0o) with probability 1, SO
TP
W) =Ee | 2 H{Y”:Z}]
=F, nio:l ﬂ{Yn:z and n<T£’”"”}]
= ;31 E, {ﬂ{yn:z and n<T£“m”}}
_ i P(Y,, = zand n < T7""P)
n=1

= Z ZP(Yn = Z,Yn_l = yandn < Tgump)

yeS n=1
=Y 7(y,2) Y P(Y,-1 =yand n < T/*™)
yeS n=1

- Z W(y7 Z)EI [Z l{Ym:y and n<T£"mp1}‘|
yeS m=0
TIvmP 1
=> 7y, 2)Es | Y] Il{ym=y}]
yeS m=0

= 7wy, 2)7(y).

yeS

Having proven the claim, by (2) of Theorem 7, is a multiple of a stationary
distribution of { X;}. But the only multiple of 7, which is a distribution is the
7, we defined earlier, i.e.

So for each = € S, this 7, must be stationary, and since there is at most one
stationary distribution, we know 7, = 7 for all x € S (this verifies that
none of 7,(y), 7,(y) and ~,(y) actually depend on x). In particular,

1 1 1 g
(o) =mle) = oonale) = o) = B | Y ﬂ{yn:x}]
x x4z zqx n=0
1 1
. 1)=——.0O
My Mty
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Corollary 9.31 Let {X;} be an irreducible, positive recurrent CTMC and let z,y €
S. If we define 7,(y) to be the expected amount of time spent in state y before the first
return to x, given that X, = x, then

To(y) = mam(y).

1
PROOF From above, =my(y) = m,:(y) = v:(y), it must be that
MyQy Mgy
My 1 My
YY) =— = Ty =—n%ly)= =m,7(y). O
my dy ) Qymy

Ergodic theorem

We finish this section with a theorem that says time averages (the proportion of
time spent in state  in a CTMC) converges to the space average (the value that the
stationary distribution assigns x).

Theorem 9.32 (Ergodic theorem for CTMCs) Let { X;} be an irreducible, positive
recurrent CTMC, and let 7 be the stationary distribution of { X;}. Then forall y € S,

1 t
0

t—00

X, Lix,=)

t ' t

SKETCH OF PROOF Let = X. The expected length of each block of time in [0, ]
between successive returns to x is m,, so by the Strong Law of Large
Numbers, the average length of the blocks approaches m, with probability 1.

In each block, the expected amount of time spent in state y is 7,,(y) = m,7(y),
so by the SLLN the average time spent in y in each block approaches m,m(y)
with probability 1.

Therefore the proportion of time spent in state y in each block approaches
m,m(y)

x

= 7(y) with probability 1. The result follows. [J
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9.5 Specific examples of CTMCs

Two-state CTMC

EXAMPLE 9
Let {X;} bea CTMC on S = {0,1} = {OFF, ON}. Let go; = A and ¢;0 = p.

1. Sketch the directed graph of {X;}.
2. Compute the infinitesimal matrix of {X;}.
3. Compute the stationary distribution of {X,}.

4. Compute the transition matrices P, ,(%).
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Poisson processes

EXAMPLE 10

A Poisson process is a CTMC {X;}on § = {0,1,2,...} that starts at 0 (X, = 0),
has constant holding rates (¢, = A for all ) and no deaths or simultaneous births
(T2 241 = 1 forall z).

1.

N

2
3
4.
5
6

Sketch the directed graph of a Poisson process.

. Compute all the infinitesimal parameters of a Poisson process.

. Use your answer to # 2 to simplify the forward equation for a Poisson process.

Compute P, ,(t) wheny < z.

. Compute P, ,(t).

. Use your answer to # 3 to derive a recursive formula for P, ,(¢) in terms of

P, ,(t).

Compute P, ,11(t).

. Compute P, . 2(t).

. Based on your answers to # 7 and # 8, give a formula for P, ., (t). (This

should match a formula associated to a Poisson process we derived in MATH
414.)
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The infinite server queue

EXAMPLE 11
Let X; denote the number of people in line for some service (including those being
served).

Assume that the people arrive at rate A (i.e. that the number of arrivals in line
follows a Poisson process with rate \) and that the time it takes each customer to
be served is exponential with parameter .

Assume that there are an infinite number of servers (so no one has to wait in line
before being served).

The resulting CTMC { X, } is called the infinite server queue or the ///M /oo queue.

Question 1: Compute the time ¢ transition function for the M /M /oo queue.

Solution: We want P, ,(t) = P(X;, = y| Xo = 2).

To compute this, note that of the y customers that are supposed to be in the
chain at time ¢, some of them (say k of the y) would have been in the chain at
time 0. Call these folks original customers and denote their number by X;"%.
The remaining y — k of them would have to have joined the queue after time 0,
but not be served by time ¢. Call these new arrivals still in the queue and
denote their number by X ".

We have
min(z,y) there are £ original there are y — k new
P, ,(t) = Z P, | customers still inthe | - P | arrivals in the queue
k=0 queue at time ¢ at time ¢
min(z,y) )
= > P(X=k)P(X!™=y—k). ($)
k=0

Next, let’s compute P, ( Xfrig — kr). Each customer has a service time which is

Ezxp(p), so the probability the customer is still in the queue at time ¢ is

P(service time >t) = P(Exp(u) >1t) = e .
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9.5. Specific examples of CTMCs

Since the customers act independently, we count the number still in the

queue by a r.v., i.e.

P (X;)rig = k) = b(e_ut,ﬂi, k) = <Z/> e Hkt (1 B e,m)r—k '

Now, we need to compute P (X" = y — k). More generally, let’s compute
P (X" = w) and substitute in w = y — k later.

Let C; be the number of customers arriving in (0, t]. By the LTP, we have

P(XP™ =w) =) P(X}™ =w|C, = ¢) P(C; = ).
c=0
Since there have to be at least w arrivals for X}V to be w, this reduces to

o)

P(X]™ =w) =Y | P(X}™ =w|Cy =) P(C; = c)

P(Pois(At) = ¢)

of the c arrivals,
w are still in the queue

any one arriving customer e M(t)e
b(e, R , W) —_—
is still in the queue c!
t customer is still customer arrives
/ ) ) ) fs(s) ds
0 In queue at time ¢ at time s

P(Eap(p) > t - )

e H(t=3)

All together, this ends up being

w c—w ,—A\ c
[1 — /t e_“(t_s)1 ds] e .
0 t

cl

PXM™ =w) =3 <C> [ /0 M) ds

cC=w w

If you work this out (starred HW problem), you will get
e n(=e™ [2(1 — e_“t)]w

w!

P X = w) =
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9.5. Specific examples of CTMCs

In other words, X[V ~ Pois (% (1-— e*“t)). Therefore

P(XM —y—k)=P (Pais (A (1- e“t>> —y— k)

W
R A
—| £ exp (— 1—e ) .
(y — k)! ! )
Finally, substituting back into ($), from two pages ago, we get
min(z,y) )
Poy(t)= D Pu(X]™8 = k) P(X]™ =y — k) %)
k=0

CE) o] B e G|

Question 2: Show the M/M /oo queue is positive recurrent, and compute its
stationary distribution.

Solution: Since the stationary distribution would be steady-state, let’s use our for-
mula for P, ,(t) and see what happens when ¢ — oo:

lim P,.,(t) = lim (k = 0 term of the above sum)
= lim ( 0 ) e (1—e)" [B (1 —y!e—“t)}y exp (_MA (1- e_“t>>]
— 10y [D(”}y exp (”(1))}

o

y!

o= OV

We have proven:

Theorem 9.33 (Stat. dist. of the M /M /oo queue) The M /M /oo queue with ar-
rival rate \ and service rate yi is positive recurrent, and its stationary distribution is

A
Pois ()
L
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9.6 Chapter 9 Homework

Exercises from Section 9.2

1. Consider a continuous-time Markov chain { X, } with state space S = {1, 2, 3,4}

with holding rates ¢ = ¢2 = 1, ¢3 = 3, ¢4+ = 2 and jump probabilities 71, = Y
1 1 1 2 1
m3 = 9’ o1 = 0, T3 = 1 31 = 6' T32 = 5, T4 = Ty2 = 6
a) Compute 734 and 7y4.
b) Compute the infinitesimal parameters ¢, forall z,y € S.
c) What is the probability that X; = 2 for all ¢ < 4, given that X, = 2?

d) What is the probability that your first two jumps are first to state 3 and
then to state 2, given that you start in state 1?

e) Whatis P/;(0)?
f) Use linear approximation to estimate P5;(.001) and Psy(.06).

2. Let {X;} be a CTMC with state space {1,2,3,4,5} where the following in-
tinitesimal probabilities are known: ¢12 = ¢13 =6, q1a = 4, q15 = 9, @21 = 4,
923 =0,q20 =G5 = 1,¢32 =0, qu2 = ¢52 = 10, qu3 = qu1 = 2.

a) Suppose X, = 1. What is probability that the first jump takes place
before time 10?

b) Suppose X, = 2. What is the probability that the first two jumps are to
state 1, then to state 3?

c) Write the forward equation for Pj,(¢)
d) Write the backward equation for Pj,(?).
e) If g4 = —30, whatis ¢45?

3. Consider the CTMC {X;} with state space {0, 1} where ¢y = 3and ¢; = 4.

a) Write out the system of differential equations which constitute the back-
ward equation of { X;}.

b) Write out the system of differential equations which constitute the for-
ward equation of {X,}.

4. (60 % pts) In this problem, we prove Theorem which asserts that a
CTMC {X,} satisfies the forward equation.

a) Take a look at this equation (I hope you can convince yourself that this
equation is true):

Px’y<t) = Px(Xt = y) = Z ZP:E<J7L <t < Jn-}-l,XJn,l - Z7XJn - y)

n=0 z#£y
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i. In this equation, describe in English what the n is referring to.
ii. In this equation, describe in English what the z is referring to.

b) Using the time reversal identity proven in Lemma prove
Pm(Jn <t< Jn—l—l ‘ XJn,l = ZuXJn = y)

t
_ qx/o e‘QySZZPx(Jnl <t—s<J,| X, , =2)ds.

¢) Use the multiplication principle and substitute in the formula you found
in part (b) to the equation from part (a) to derive the following “forward
integral equation”:

Py, (1) —5xye_q“3t+/ ZPM $)qzye” " ds
ZF#T

d) Perform the u-sub u =t — s in the forward integral equation of part (c)
and simplify what you get to obtain

P y(t) =0, %" +e —ayt P, .(u)g.e™" du.
Y y
z;éa:

e) Explain why you know from the formula of part (d) that P, , is a differ-
entiable function of ¢.

f) Differentiate both sides of the equation in (d), and rewrite the equation
you obtain to get the forward equation

t) - Z Px,z(t)QZy'

z€S

Hint: This should resemble the computation done in the proof of Theo-

rems 9.7 and

Exercises from Section 9.3

5. Let {X;} be a CTMC with time ¢ transition matrix

12 — 11e7 1342 421 1/2 4 4 11e7134/2 — 15 11/2 b(t)
P(t) - 12 — 336—13t/2 4 216—1115/2 44 336—13t/2 _ 156_11t/2 6 — 66—11t/2
12 + 4de™ 1812 — KemHH2 4 — 44671812 4 40e~ 112 6 4 16e 11/

where 0(t) is a function and K is a constant.

a) Compute b(?).
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b) Compute K.
¢) Compute the infinitesimal matrix ().

d) Compute the jump matrix II.

6. Consider a continuous-time Markov chain { X;} with with state space {1, 2, 3}

and infinitesimal matrix
-5 3 b
Q=| 4 -6 2 |.
2 1 -3
a) Whatis b?

b) Compute the jump matrix II.

where b is a constant.

c) Compute the holding rate of state 2.

d) Suppose X, = 2. What is the probability that when the chain jumps, the
next state is 3?

e) Suppose X, = 3. What is the probability that X; = 3 forall ¢ € [0, 4]?
f) Suppose X, = 3. What is the expected amount of time before the first
jump?

7. Let {X;} be the CTMC of Problem [6]

a) Compute the time ¢ transition matrix P(t).
b) Compute the probability that X5 = 2 given that X, = 2.

131
¢) If the initial distribution is (5, o 5), find the distribution at time ¢ =
In 6. Simplify this answer to remove any exponentials and logarithms.
d) Show that Jim P(X; = 2| X, = x) does not depend on z, and find its

value.

Exercises from Section 9.4

8. (20 % pts) (In this problem, we prove Theorem from the lecture notes.)
Suppose {X;} is a continuous-time Markov chain with finite state space S
and infinitesimal matrix Q.

a) Prove that if 7 is stationary (i.e. 7P(t) = « for all ¢ > 0), then 7() = 0.
b) Prove that if 7Q) = 0, then 7 is stationary.

9. (40 % pts) Prove Theorem from the lecture notes.
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10. Consider the CTMC {X,} from Problem 6]

a) Compute the stationary distribution of {X;}.
b) Compute the mean return time to each state.

c) Compute 7,(3), where 75(3) is as defined in the proof of Theorem [9.30]
(it is the expected amount of time the chain spends in state 3 before it
returns to state 2).

11. Compute the stationary distribution of the CTMC described in Problem I}

12. Suppose {X;} is a continuous-time Markov chain with state space {1,2, 3}
and time ¢ transition matrix

14+ 6te™@ +8e 3  6—6e 3 2—6te 3t — 23

1
P(t) = 9 1—3te3t —e3 6433 24 3te3t — 273
1+ 6te 3t — 3t 6 — 6e 3t 2 — 6te 3t 4 Te 3t

a) Compute the infinitesimal matrix of this process.

b) What is the probability that X, = 1, given that X, = 1?

c) What is the probability that X; = 1 for all £ < 2, given that X, = 1?
d) Compute the steady-state distribution 7.

e) Compute the mean return time to each state.

f) Suppose you let time pass from ¢t = 0 to ¢t = 1200000. What is the
expected amount of time in this interval for which X; = 3?

g) Suppose X, = 2. What is the expected amount of time spent in state 3
before the first time the chain returns to state 2?

h) Suppose X, = 2. What is the expected amount of time spent in state 3
before the eleventh time the chain returns to state 2?

13. Consider a continuous-time Markov chain {X;} with with state space {1, 2, 3}
and infinitesimal matrix

—4 1 3
Q=] 0 -1 1
0 2 -2

a) Classify the states as recurrent or transient.
b) Are the recurrent states positive recurrent or null recurrent? Explain.

c) Find all stationary distributions of {X;}. Are any of them steady-state?
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14. Consider a CTMC {X,}, whose directed graph is as given below (the fact that
the holding rate of state 4 is 0 means that once you are in state 4, you stay in

state 4 forever):
1

@, =——=0,

wl—=

ol
W=
ol

©, ©,

W=

Compute E1 (T4) .

Hint: Fori = 1,2,3, let k; = E;(T4). Set up a system of equations that will
enable you to solve for all of the &;.

Exercises from Section 9.5

15. Let {X,} be an irreducible CTMC with state space S = {0, 1} where Py(t) =
=+ =e~*. Compute P(X; = 0] X = 1).

16. (30 % pts) Let { X;} be the infinite server queue. Finish the calculation in the
middle of Example 11, starting with

00 c t 1 w t 1 c—w e—)\t(/\t)c
P(XNew — _ / —p(t—s) = :| [1 . / —u(t—s) = ]
(X} w) (;U(w)[oe tds € tds .

and working out this expression to show that

e n(1=e™) [ﬁ (1-— efut)}w

P = w) = -

17. A pure birth process is a CTMC with state space {0,1,2, ...} where 7, ,.1 =1
for all z € S (this is like a Poisson process, but without the assumption that
the holding rates are constant, so hypothetically the ¢,’s might be the same
or different).

a) Sketch the directed graph of a pure birth process.
b) Compute all the infinitesimal parameters of a pure birth process.

c) Use your answer to part (b) to simplify the forward equation of this
process.

d) Whatis P, ,(t) wheny < 2?
e) Compute P, ,(t).
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f) Solve the differential equation from part (a) to obtain a recursive for-
mula for P, . (¢) in terms of P, ,(¢).

Hint: there are two cases, depending on whether or not ¢, = ;1.
g) Compute P, ,.1(t), under the assumption that ¢, # g,+1.

h) Compute P, ,11(t), under the assumption that ¢, ¢,+1 and ¢,, are all
distinct.

18. (40 % pts) A pure death process is a CTMC with state space {0, 1, 2, ...} where
¢o = 0 (so 0 is absorbing) and 7, ,_; = 0 for all z > 1.

a) Simplify the forward equation of this process as in part (c) of the previ-
ous exercise.

b) Let z > 1. Compute P, ,(1).

c) Solve the differential equation from part (a) to obtain a recursive for-
mula for P, ,_;(¢) in terms of P, ,(¢).

d) Compute P, ,_;(t), under the assumption that ¢, # ¢,_1.

e) Compute P, ,_1(t), under the assumption that ¢, = ¢,_1.

19. Let {X;} be an (M /M /o0)-queue where the arrivals follow a Poisson process
with mean 12 arrivals per hour, and the service times are exponential with
parameter 4 (i.e. the mean service time is i hour).

a) If there are currently 8 individuals in the queue, what is the probability
that exactly 5 of those 8 individuals are still in the queue at time 2?

b) What is the probability that there will be 7 individuals in the queue at
time 2 who were not originally in the queue?

c) Compute and simplify P 5(t).

d) Use the steady-state distribution to estimate the probability that at some
distant time in the future, there are 7 individuals in the queue.

20. (40 % pts) A large triangle has three vertices A, B and C'. You and your friend
initially stand at vertex A. You decide to move from one vertex to the next
clockwise vertex at random times, where the times between your movements
are i.i.d. exponential r.v.s, each having parameter A\. Your friend decides to
move from one vertex to the next counterclockwise vertex at random times,
where the times between their movements are i.i.d. exponential r.v.s, each
having parameter .

Here is the catch: you and your friend are handcuffed, so when you move,
your friend moves with you, and when your friend moves, you move with
them. Derive a formula which gives the probability you and your friend are
both on vertex A at time ¢.

411



9.6. Chapter 9 Homework

21. Consider a CTMC {X,} with § = {0,1,2,3, ...} where

Ax ify=x+1
B JT5s ify=o-1
oy = —A+upzx ify==x
0 else

for positive constants A and .

a) Simplify the forward equation of this process.
b) Let g,(t) = E,(X;). Use the forward equation to show

9o () = (X — 1) ga(1).

¢) Based on part (b), derive a formula for g, (¢).
d) Compute Ey(Xs).
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Chapter 10

Martingales

10.1 Background: a gambling problem

Suppose you are playing a game with your friend where you bet $1 on each flip

1
of a fair coin (fair means the coin flips heads with probability 3 and tails with

1
probability 5). If the coin flips heads, you win, and if the coin flips tails, you lose

(mathematically, this is the same as “calling” the flip and winning if your call was
correct).

Suppose you come to this game with $10. What will be the situation after three
coin flips?

Let X, be your bankroll after playing the game ¢ times; this gives a stochastic pro-
cess { X }ten. We know X = 10, for example.
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10.1. Background: a gambling problem

Sequence of flips | Probability of | X3 = bankroll

(in order) that sequence | after three flips
HHH é 13
HHT % 11
HTH ! 1
HTT 2 9
THH 3 11
THT % 9
TTH ! 9
TTT 2 7

To summarize, your bankroll after three flips, i.e. X3, has the following density:

x ‘7‘9‘11‘13
P =) [4]2] 2]
so your expected bankroll is
1 3 3 1 T+27+33+13 80
EX3 = - - —(11) + =(13) = = — =10.
3= (M + 50+ (A1) + £ (13) 3 g =10

Notice that your expected bankroll after 3 rolls is the amount you started with:

EXg — X(].

The major question: can you beat a fair game?

Suppose that instead of betting $1 on each flip, that you varied your bets from one
flip to the next. Suppose you think of a method of betting as a betting strateqy. Here
are some things you might try:

Strategy 1: Bet $1 on each flip.

Strategy 2: Alternate between betting $1 and betting $2.

Strategy 3: Start by betting $1 on the first flip.
After that, bet $2 if you lost the previous flip, and bet $1 otherwise.

Strategy 4: Bet $1 on the first flip.
If you lose, double your bet after each flip you lose until you win once.
Then go back to betting $1 and repeat the procedure.
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QUESTION
Is there a strategy (especially one with bounded bet sizes) you can implement such
that your expected bankroll after the 20" flip is greater than your initial bankroll
Xo? If so, what is it? If not, what about if you flip 100 times? Or 1000 times? Or
any finite number of times?

Furthermore, suppose that instead of planning beforehand to flip a fixed number
of times, decide that you will stop at a random time depending on the results of the
flips. For instance, you might stop when you win five straight bets. Or you might
stop when you are ahead $3.

MORE GENERAL QUESTION
Is there is a betting strategy and a (possibly random) time you can plan to stop, so
that if you implement that strategy and stop when you plan to, you will expect to
have a greater bankroll than what you start with (even though you are playing a
fair game)?

The idea of a martingale

Let’s return to the setup of the previous section, where you were wagering $1 on
each flip of a fair coin. We saw that in this setting, F[X;] = X.

QUESTION
What happens if we condition on some additional information? For example, sup-
pose that the first flip is heads (so that you win your first bet, so that X; = 11).
Given this, what is E£[X3]? In other words, what is F[ X3 | X; = 11]?

Repeating the argument from the previous section, we see

Sequence of flips | Probability of | Resulting bankroll
(in order) that sequence after four flips
HHH : 13
HHT : 11
HTH : 11
HTT 3 9

Therefore X3 | X; = 11 has conditional density
x ‘ 13 ‘ 11 ‘ 9
P(Xy=a|Xi=11) | 1| 1|

=

1 1 1
and therefore F[X3 | X; = 11] = 0(6) + 1(13) + 5(11) + 1(9) =11
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A similar calculation would show that if the first flip was tails, then
ZELX3|)(1:= 9]::9.
Either way,

In fact, something more general holds. For this Markov chain {X,}, we have
for any s < ¢ that
B[X,| X,] = X..

To see why, let’s define another sequence of random variables coming from the
process {X;}. Foreach t € {1,2,3,...}, define
E% ::)Q _VX&—I

= the t"" step of the process

_ { +1 if the ¢"" flip is H (i.e. you win $1 on the ¢" game)

| -1 ifthe¢” flipis T (i.e. you lose $1 on the t"* game).
Notice:
° B[S =3(1)+3(-1)=0;
e foranys <t, S5, L X,

t
o forany s <t, X; = Xy + Se41+ Seqo+ ... + 5 = X5 + Z Sj.
Jj=s+1
Therefore

t
X4+ > S

Jj=s+1

E[Xi| Xs]=FE X

_ B X+ Y B[S X)]

Jj=s+1
t
=X,+ > E[S)]
Jj=s+1
=X, +0
= X..

What we have proven is that the process {X,} defined by this game is something
called a martingale. Informally, a process is a martingale if, given the state(s) of
the process up to and including some time s (you think of time s as the “present
time”), the expected state of the process at a time ¢ > s (think of ¢ as a “future
time”) is equal to X.

Unfortunately, to define this formally in a way that is useful for deriving formulas,
proving theorems, etc., we need some additional machinery.
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10.2 Filtrations

o-algebras

Goal of this section: We want to develop mathematical language and notation
that will allow us to rigorously define what is meant in general by a strategy,
and what is meant in general by a stopping time.

To do this, we will need to further explore the language of o-algebras first encoun-
tered back in Chapter 1:

Definition 10.1 Let ) be a set. A nonempty collection F of subsets of 1 is called a
o—algebra (a.k.a. o—field) if

1. F is “closed under complements”, i.e. whenever £/ € F, E¢ e F.

2. Fis “closed under finite and countable unions and intersections”, i.e. whenever
E\, Ey, E5,... € F,bothJ Ej and (| E; belong to F as well.
J j

Theorem 10.2 Let F be a o—algebra on set Q). Then ) € F and Q € F.

EXAMPLES OF 0-ALGEBRAS

1. Let Q be any set. Let F = {0, Q}. This is called the trivial o-algebra of (2.

2. Let Q be any set. Let F = 2% be the set of all subsets of ). This is called the
power set of (2.

3. Let 2 be any set and let P = { P, P, ..., P, } be any partition of 2 (that is, that
P,NP; ={foralli# jand U; P; = Q). Then let F be the collection of all sets
which are unions of some number of the P;. This F is called the o-algebra
generated by P.

PI/PZ\%
s

Q
: -7 :
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4. LetQ = [0,1] x [0, 1].

* Let F; be the trivial o-algebra of (2.

e Let F; be the collection of all subsets of 2 of the form A x [0, 1] where
A cC0,1].

* Let 73 be the power set of (2.

Suppose w = (z,y) € .

1. If you know all the sets in F; to which w belongs, what do you know about
w?

2. If you know all the sets in F, to which w belongs, what do you know about
w?

3. If you know all the sets in F; to which w belongs, what do you know about
w?
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Measurability

Definition 10.3 Let Q) be a set and let F be a o-algebra on ).
A subset E of (2 is called F —measurable (or just measurable) if £ € F.

A function (i.e. ar.v.) X : Q — Ris called F-measurable if for any open interval
(a,b) C R, the set

X Ya,b) ={weQ: X(w) € (ab)}

is F-measurable.

How to interpret this: Think of a o-algebra F as revealing some partial infor-
mation about an w (i.e. it tells you which sets in F to which w belongs, but not
necessarily exactly what w is).

To say that a function X is F-measurable means that the evaluation of X (w)
depends only on the information contained in F.

EXAMPLE
Let Q = [0, 1] and let F be the o-algebra generated by the partition
P 0,1/3),11/3,1/2),|1/2,1 [ [ { ]
_{[7/)7[/a/)a[/7}} 0 13 12 1

Determine whether each of these functions X is F-measurable:

1. X : Q — R defined by X (w) = 2w.
2. X :Q — R defined by X (w) = 2.

1 ifw<%

3. X : Q — R defined by X (w) = { 0 else

More generally: if 7 is generated by a partition P, a r.v. X is measurable if and
only if it is constant on each of the partition elements; in other words, if X (w) de-
pends not on w but only on which partition element w belongs to.
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10.2. Filtrations

Throughout this chart, let Q = [0,1] x [0,1], sow € Q > w = (z,y).

o-algebra information F description of
F reveals about w JF-measurable functions
trivial o-algebra .
Forw = (0.9} nothing
F, = sets of form
A x [0,1]
the
' a z-coordinate
of w
0 1
F, = sets of form
0,1] x A
1
0 1
power set everything
F =29 (z and y)

Note:
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Filtrations

Definition 10.4 Let 2 be a set and let Z C [0, 00).
A filtration {F,},c7 on Q is a sequence of o-algebras indexed by elements of 7
which is increasing, i.e. if s,t € I, then

s<t= F, CF;.

Idea: for any filtration {¥;}, when s < t, each F,-measurable set is also F;-
measurable, so as t increases, there are more JF;-measurable sets. Put another way;,
as t increases you get more information about the points in 2.

Definition 10.5 Let { X, },cz be a stochastic process with index set 7.
The natural filtration of { X, } is described by setting

F: = {events which are characterized only by the values of X, for 0 < s < t}.

Idea: in the context of gambling, think of points in 2 as a list which records the
outcome of every bet you make. F; is the o-algebra that gives you the result of
the first t bets; as t increases, you get more information about what happens.

EXAMPLE
Flip a fair coin twice, start with $10 and bet $1 on the first flip and $3 on the second
flip. Let X, be your bankroll after the ¢ flip (where t € Z = {0, 1,2}). Describe the
filtration { Fo, F1, Fa}.
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Strategies

Definition 10.6 Let {F,} be the natural filtration of stochastic process { X}
A strategy for {X,} is another stochastic process { B;} such that for all s < t, B,
is Fy-measurable.

Idea: Suppose you are betting on repeated coin flips and you decide to imple-
ment a strategy where B, is the amount you are going to bet on the ¢" flip.

* If you own a time machine, you would just go forward in time to see
what the coin flips to, bet on that, and win.

 But if you don’t own a time machine, the amount B; you bet on the ¢
flip is only allowed to depend on information coming from flips before
the t'" flip, i.e. B, is only allowed to depend on information coming from
X, for s < t,i.e. B, must be F;-measurable for all s < ¢.

Remark: If the index set Z is discrete, then a process {B,} is a strategy for {X,} if
and only if for every ¢, B; is F;_;-measurable.

EXAMPLES OF STRATEGIES
Suppose you are betting on repeated coin flips. Throughout these examples, let’s
use the following notation to keep track of whether you win or lose each game:

Xy = your initial bankroll

v, - | Xa+1 if youwin the " game
"7 1 X,.1 —1 ifyoulose the t* game

1 if you win the t"" game

Sp=Xi — Xyo1 = { —1 if you lose the ¢ game

So {X:} would measure your bankroll after ¢ games, if you are betting $1 on each
game. However, you may want to bet more or less than $1 on each game (varying
your bets according to some “strategy”). The idea is that B, will be the amount
you bet on the ™" game.

Strategy 1: Bet $1 on each flip.

Strategy 2: Alternate between betting $1 and betting $2.
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Strategy 3: Start by betting $1 on the first flip.
After that, bet $2 if you lost the previous flip, and bet $1 otherwise.

Strategy 4: Bet $1 on the first flip.
If you lose, double your bet after each flip you lose until you win once.
Then go back to betting $1 and repeat the procedure.

“Strategy” 5: Bet $5 on the n'" flip if you are going to win the n'" flip,
and bet $1 otherwise.

Suppose we implement arbitrary strategy { B;} when playing this game. Then our
bankroll after t games isn’t measured by {X;} any longer; it is
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Definition 10.7 Let { X, }.cz be a discrete-time stochastic process.

The t'" step of {X;} is S; = X; — X;_1 forall t.

Given a strategy { B} for { X;}, the transform of {X,} by { B;} is the process

{(B - X)t}ien defined by

t
(B . X)t = X() + 3151 9 BQSQ + ...+ BtSt = X() + ZBJSJ

=

Idea: If you use strategy {B;} to play game {X;}, then your bankroll after ¢

games is (B - X);.

Note: (B . X)O = Xo.

EXAMPLE

Suppose you implement Strategy 4 as described above (double bet when you lose;
reset bet size to $1 when you win). If your initial bankroll is $50, and the results of
the first eight flipsare HT TH T T T H, give the values of B;, X;, S; and (B - X);

for0 <t <8.

time
t

bet size
B,

“W-L" record
Xy

result of
the t'* game
St

bankroll using
strategy { B, }
(B - X);

0

DNE

50

DNE

20

1
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Stopping times

Definition 10.8 Let { X, }.cz be a stochastic process with standard filtration {F;}. A
ro. T : Q — RU{oo} is called a stopping time (for { X.}) if for every a € R, the
set of sample functions satisfying T' < a is F,-measurable.

Idea: In other words, T is a stopping time if you can determine whether or not
T < a solely by looking at the values of X, for ¢ < a.

In the context of playing a game over and over, think of 7" as a “trigger” which
causes you to stop playing the game. Thus you would walk away from the table
with winnings given by X7 (or, if you are employing strategy { B, }, your winnings
would be (B - X)r).

EXAMPLES

e I'=T,=min{t >0: X, =y} o7 =min{t >0: X; = X,}

X, X,

NON-EXAMPLE

e T=min{t >0:X; =max{X,:0<s<100}}

X,

100
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RECALL OUR BIG PICTURE QUESTION
Is there a strategy under which you can beat a fair game?

Using the language of this section, we can restate this more formally:

BIG PICTURE QUESTION (PHRASED WITH MORE PRECISE LANGUAGE)
Suppose process { X;} represents a fair game.

* Is there a predictable sequence {B,} for this process, and a stopping time T
so that E[(B - X)r] > Xo?

e If so, what {B;} and what 7' maximizes E[(B - X)r]?

10.3 Conditional expectation and martingales

Goal of this section: We want to give a formal definition of what it means for
a process to represent a “fair game”. Such a process will be called a martingale.

RECALL FROM CHAPTER 5
We learned how to define the conditional expectation of one r.v. X given another Y:

We learned several properties of conditional expectation in MATH 414:
e it’s linear;
* it preserves constants and inequalities;
¢ you can pull out what’s known (a.k.a. stability);
¢ it simplifies for independent r.v.s;
* etc.

Here is a new property we didn’t discuss back in Chapter 5:
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Theorem 10.9 Given any bounded, continuous function ¢ : R — R,
EXo(Y)] = E[E(X]Y)¢(Y)].

PROOF (when X, Y continuous):

= [ [aowfer@yda  (LOTUS)
= / / zo(y) fxy (zly) fy(y) dA (multiplication principle)
—//xf)qy zly)o(y) fy (y) de dy

= [ ([ #tawtely) d) o) () dy

= /E X|Y)(y) o(y) fy (y) dy (def’n of cond’l expectation)
= E[E(X|Y)6(Y)] (LOTUS).

If X,Y are discrete, the proof is similar, but has sums instead of integrals. [J

Now, we are going to define something new called the conditional expectation of
a r.v. with respect to a o-algebra (as opposed to a second r.v.). To do this, we use the
property of Theorem to motivate a definition:

Definition 10.10 Let (2, F, P) be a probability space, let X : Q@ — R be a F-
measurable r.v. and let G C F be a sub o-algebra.

The conditional expectation of X given G is a function E(X|G) : Q — R with
the following two properties:

1. E(X|G) is G-measurable, and
2. for any bounded, G-measurable rv. Z : Q) — R, E[XZ] = F [E(X|G) Z].

Remarks:

1. These conditional expectations always exist, and are always unique up to sets
of probability zero.

2. By setting Z = 1, we see that
BlX] = EIB[X]]]].

This gives you the idea behind this type of conditional expectation: £[X |G|
is a G-mble r.v. with the same expected value(s) as the original r.v. X.
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10.3. Conditional expectation and martingales

Properties of conditional expectation

To understand conditional expectation, it is useful to understand that this is an
idea parallel to a concept from linear algebra: projection.

CONDITIONAL
PROJECTION EXPECTATION
vector R
space
description traditional vectors
of vectors V= (V1, ..., Up)
notion of n
“dot product” VoW = vw;

of two vectors

J=1

_ v -w|| =vv-v
notion of n
norm/size = Z UJQ-
j=1
perpendicularity:
notion of Viwev-w=0
orthogonality
v.iWs
vilwforalweW
subspace w
picture
object mw (V) =
under vector in W that
consideration is closest to v
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10.3. Conditional expectation and martingales

PROJECTION

CONDITIONAL

EXPECTATION

formula for
the object

m(v) = (v )%,
J
where {x,X2, ...} is an
orthonormal basis

of W

(the orthonormal basis
comes from Gram-Schmidt)

orthogonal
decomposition

v =mw (V) + Ty (v)
where Ty (v) € W
and 7y . (v) € W,

Equivalently,
V —Tw (V) c WJ'.

dot product
with vector
in subspace

If w e W, then

= (mw (V) + my(v)) - W
=mw(v) - w+aw(v) - w

mw (V)
=mw(v)-w+0
mw (V)

linearity
properties

Tw (V1 + Va)
= mw (V1) + mw(v2)

mw(rvy) =rmy(vy)

tower
property

If W, C W, then
Tw, © Tw, (V) = mw, (V).

stability

If w e W, then
mw(w) = wand
mw(v+w) =mw(v) +w.

orthogonality
property

IfveWH,
then 7y (v) = 0.

429



10.3. Conditional expectation and martingales

Our observations in the previous two pages lead us to some of these properties
of conditional expectation; others are new. These properties are widely used (but
proving them is beyond the scope of this class).

Theorem 10.11 (Properties of conditional expectation) Let (2, F, P) be a prob-
ability space, and let G and H be oc—algebras on (.

Suppose X, Y : Q — R are F-measurable r.v.s, and let a,b € R.
Then, with probability one, all these statements hold:

Positivity: If X > ¢, then E(X|G) > c.
Linearity: E[aX +bY |G| = aE[X|G] + bE[Y]|G].
Stability (pulling out what's known): If X is G-measurable, then

E[X|G]=X and E[XY|G]= X E[Y|G].

Independence property: If X | G, then E[X|G] = EX.
Tower property: If H C G, then E[E(X|G)|H] = E[X|H].
Law of Total Expectation: E[E(X|G)| = EX.

Constants are preserved: E[a|G] = a.

An important use of conditional expectation is to define a martingale, which is a
mathematical formulation of a fair game:

Definition 10.12 Let {X;}:cr be a stochastic process with natural filtration {F;}.
The process { X, } is called a martingale if for every s < tinZ,

E[X:| Fs] = X.

Note: To prove that a process { X, } is a martingale, typically you need to show
that the equation in Definition|10.12/holds. This involves applying the proper-

ties given in Theorem [10.11
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10.3. Conditional expectation and martingales

Example computations

EXAMPLE 1

LetQ = {A, B,C,D};let F = 2% let P ~ Unif(f2). Let G be the o-algebra generated
by the partition P = {{A, B},{C,D}}. Let X : Q@ — R be defined by X(A) = 2;
X(B) =6; X(C) =3; X(D) = 1. Compute E[X|G].

/4
A

1/4
B

1/4

C

1/4
D

w

R

— N W B W

{4,8}

{C.D}

w
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10.3. Conditional expectation and martingales

EXAMPLE 2
Let Q = {A,B,C,D,E}; let F = 2% let P(A) = ; P(B) = P(C) = P(E) = 3;
P(D) = 2. Let G be generated by the partition P = {{A, B},{C,D},{E}}. Let

X(A) = )?(D) =2, X(C)=0;, X(B) = X(E) = 1. Compute E[X|G].

R R
3 i i 3
2l—: :_l 2
1 :_l i 1
AR IR a8 IR “
A B C D E
EXAMPLE 3
Let Q = [0,1] x [0,1]; let F = 2%; let P be the uniform distribution. Let G be

the o-algebra of vertical sets (i.e. sets of the form A x [0,1]). Let X : @ — R be
X(z,y) = 4+ y. Compute E[X|G].
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Properties of martingales

Theorem 10.13 (Characterization of discrete-time martingales) A discrete-time
process { X, }ien is a martingale if and only if E[X,1|F:] = X, for every t € N.

PROOF We use the tower property of conditional expectation. Let s < ¢. Then

E[Xi|Fs] = E[E]- - - E[E[E[X¢| Fi ]| Fea] | Fis] - | Fara] | Fs]
= E[E[ - E[E[X; 1| Fiol| Frs] - - - | Foqa]|Fs)

— B[E[--- E[X, o|Fi 3] -+ | Fapa]| o]

= E[Xs+1|~7:8]
= X..

By definition, {X,} is a martingale. (J

Theorem 10.14 (Properties of the steps of a discrete-time martingale) Suppose
{X:}ien is a martingale with natural filtration {F;}. Define S; = X; — X;_1; Sy is
called the t™ step of the martingale { X, }. Then, for all t:
t
1. X; = Xo+ Zl St;
=

2. S; is Fy-measurable;

3. E[St+1|ft] = O

PROOF First, statement (1):

X =Xo+ (X7 —Xo)+(Xo—Xq) + .. + (Xy — Xy9)
=Xo+S1+ ...+ 5

t
=Xo+)>_S;

j=1

Statement (2) is clear, since both X; and X;_; are F;-measurable.
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10.3. Conditional expectation and martingales

Last, statement (3):

E[St+1|ft] — E[Xt+1 - Xt|ft]
:lﬂX%HLE]_ZqX”fH

= X, — E[X;|F] (since {X;} is a martingale)
=X — X (by stability)
=0.0

Theorem 10.15 (Transforms of martingales are martingales) Let { X}y be a
martingale and suppose that {B,} is a strategy for {X,}. Then the transform {(B -
X):} is also a martingale.

PROOF

E[(B - X)enlFi

t+1
=F |Xo+ > B;S;|F (by the definition of (B - X))
j=1
¢
= E[Xol./_‘;g] + Z E[B]S]|E] + E[BtHStH\]-}] (by linearity)
j=1
¢
= X() + Z Bij + Bt+1E[St+1’E] (by StabllltY)
j=1
¢
j=1
¢
j=1
=(B-X):. (by the definition of (B - X))

By Theorem [10.13} {(B - X);} is a discrete-time martingale. [J
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10.4 Optional Stopping Theorem

OUR “BIG PICTURE” QUESTIONS
Suppose {X;} is a martingale.

e Is there a predictable sequence {B,} for this process, and a stopping time T’
so that E[(B - X)r] > Xo?

e If so, what {B;} and what T" maximizes E[(B - X)r]|?

We are ready to prove a theorem that says the answer to our first question is

Theorem 10.16 (Optional Stopping Theorem (OST)) Let {X,} be a martingale
and let T be a bounded|stopping time. Then

E[X7] = E[Xq].

“To say T is bounded means there is a constant n such that P(T' < n) = 1.

The OST is also called the Optional Sampling Theorem because of its applications
in statistics.

1 ift<T

0 else

(This defines a strategy(?) in which you bet $1 on each game game until the
stopping time T hits, and then stop playing.)

PROOF Let B; =

Tis a stopping time = G ={T <t -1} ={B; =0} is F;_;-measurable
= GY={T >t} ={B; =1} is F;_,-measurable
= each B, is F;_;-measurable
= {B}is a strategy for {X;}.

Now, we are assuming 7 is bounded; let n be such that P(7" < n) = 1.
For any t > n, we have

t
(BX)t:XO_I_ZBt

Jj=1

t
=Xo+ > B
j=1
= X, + 1 +1 +o+1
+0 +0
= Xr.

Finally, EXr=E[(B-X)
= E[(B-X)o] (since {(B-X);}is a martingale)
= EX,. O

435



10.4. Optional Stopping Theorem

We will need the following “tweaked version” of the OST, which requires a little
less about 7' (it only has to be finite rather than bounded) but a little more about
{X}:} (the values of X; have to be bounded until 7" hits):

Theorem 10.17 (OST (tweaked version)) Let {X;} be a martingale. Let T be a
stopping time for { X, } which is finite with probability one. If there is a fixed constant
C such that for sufficiently large n, T" > n implies | X,,| < C, then

E[Xr] = E[X,].

PROOF Choose a sufficiently large n and let T = min(7, n). T is a stopping time
which is bounded by n, so the original OST applies to T, i.e. | EX7 = EX, |

Now
|EX; — EXy| = |EX7 — EXy
< E|Xr — X7 (by A inequality)
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Corollary 10.18 (You can’t beat a fair game) Let {X,;} be a martingale. Let T be a
finite stopping time for { X} and let { B, } be any bounded strategy for { X;}. Then

E(B-X)r = EX,.

PROOF If {X,} is a martingale, so is (B - X),;. Therefore by the tweaked OST,

EB-X)p=E(B-X),=EX,. O

Catch: If you are willing to play forever, and/or you are willing to lose a pos-
sibly unbounded amount of money first, the OST doesn’t apply, and you can
beat a fair game using Strategy 4 described several pages ago. But this isn’t
realistic if you are a human with a finite lifespan and finite wealth.

APPLICATION
Suppose a gambler has $50 and chooses to play a fair game repeatedly until either
the gambler’s bankroll is up to $100, or until the gambler is broke.

If the gambler bets all $50 on one game, then the probability he leaves a winner is

;. What if the gambler bets in some other way?
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10.5 Escape problems

MOTIVATING PROBLEM
You own a share of stock. Currently, it is worth $50, and you expect that as time
passes, the value of this stock will go up and down “randomly” according to some
mathematical model. You have an investment strategy where, if at some point
in the future the stock is worth $80, you will sell it and “cash out while you are
ahead”, but if at some point in the future the stock price drops to $35, you will sell
it, “cutting your losses”.

X

80+

50

35+

Relevant questions in this setting:

* How long are you going to hold the stock? More specifically:
— What is the probability that you actually sell the stock?

— What is the expected amount of time you hold the stock before selling?
(also the variance, MGF, density function, etc.)

* When you sell the stock, what is the distribution of the price you sell it for?
— What is the probability you sell the stock for $80 (as opposed to $35)?

— What is the expected amount you sell the stock for?
(also the variance, MGEF, etc.)
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Escaping processes

Definition 10.19 Let {X;} be a stochastic process with state space S C R. We say
that { X} is escaping if for every a,x,b € Switha < x < b,

1. Px(T{a,b} < OO) =1, and
2. Px(Xt € (a,b) ’t < T{a,b}) = 1.

Recall: T4 = min{t > 1: X; € A}. is the hitting time to A. (If A = {a}, then T,
is short for T{}.)

Interpretation: When {X,} first hits state a or b, we think of the process as
having “escaped” the interval (a,b) that it starts in. To say that a process is
escaping means

» with probability 1, the process escapes (this is condition (1) above), and

¢ when the process escapes, it hits a or b (and doesn’t jump over them...
this is condition (2) above).

X

b -

Questions we care about: Let { X, } be an escaping process with a < x < b. Let
T = T{apy = min{7,,T}}. T'is called an escape time.

Px<XT = CL) = Px(Ta < Tb) =7 E[XT] =7 ET =7

Remark: For an escaping process starting at = € (a,b), the events
T,<T, and T,<T,

are complements, so
Px<Ta < Tb> =1- PZ(T(, < Ta). (101)
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Escape Time Theorem

We can apply martingale theory to the questions we are interested in:

Theorem 10.20 (Escape Time Theorem) Let {X,} be an escaping process. If 1 :
R — R is a function so that {1)(X,)} is a martingale, then for all a < x < b,

$(b) — p(x) Y(x) — P(a)
b(b) = ¢(a) »(b) — ¥(a)

PROOF Let T = Ty, . This is a hitting time that is finite with probability 1.
Also, whenever t < Ty,3y, X € (a,b). Therefore, the (tweaked version of the)
OST applies to the martingale {¢(X;)} to give

Px(Ta < Tb) = and Pm(Tb < Ta) =

OST

ElY(Xr)] = Elp(X1)] = E[(Xo)] = E[¢(2)] = ¢(x). (10.2)

At the same time, given X, = z, X has the following density:

Therefore, we can directly compute E[(X;)] by LOTUS:
Y(z) = E[(Xy)] (by eqn (10.2) above)

=D YY) P:(Xr =y) (LOTUS)

=(a) - P(T, <Ty) + (b) - P(Tp < T,) (by the density above)
=(a) (T <Tp) +9(b) [1 = Po(T, <T3)]  (byeqn above)
= [(a) = ()] Pe(Te < Tp) + (D).

Solve for P, (T, < T) to get

Pty < 1) — @) = 00) 00— (),

b(a) =) ¥(b) —(a)’

by the complement rule
U() — @)
»(b) —(a)

In the next few sections we will apply Theorem {10.20to a variety of problems that
involve computing P, (T, < T}) for escaping processes.

PoTy < Ty) =1— Py(T, <Tp) =
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Applications to classification of Markov chains

RECALL
Let { X} be a Markov chain with state space S. Then:

fay = Pu(T, < 00) = P(chain hits y, given that it starts at x)
fz = fu. = P(chain returns to z)
x is recurrent < f, = 1 < x must return to itself
x is transient < f, < 1 < x is not recurrent
{X.} is recurrent (transient) < every state x € S is recurrent (transient)
{X.} isirreducible = either {X,} is recurrent, or { X;} is transient.

We will see that ideas associated to escape times will help us determine the class
structure of certain Markov chains.

Theorem 10.21 (Escape Time Corollary) Let {X;} be a Markov chain with S C
Z, which is also an escaping process. If ¢ : R — R is a function so that {{(X;)} isa
martingale, then

B . ) — )
ifx <y, then f,, = all)I_Iloo P.(T, < T,) = algglo o) —va)

B L ) - ()
ifx >y, then f,, = bli)I?o P.(T, <Ty) = bllglo 20 —0()

® fCEﬂ? :P(x,:lr)—l—ny,xP(a?,y)
y#x

PROOF For the first statement, let z < y and X, = z.
Notice that as a decreases toward —oo, the events (7}, < T},) increase:

(Ty < Ta) - (Ty < Ta+1)-

Therefore, by continuity of probability measures (all the way back in Chapter
1), this means

lim Py(T, <T,) = P, [U (T, < T,)

a—r—00

a<x

But if the chain hits state y, then it must hit y before it hits some a < z, so
T, < oo if and only if T}, < T}, for some a < x. So

foy = Pu(T, < 0) =P, [U (T, <T.,)

a<x

= lim_ P.(T, < T,)
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10.5. Escape problems

as wanted.

The second statement is a HW problem (the proof is similar to the proof of the
first statement).

For the last statement, use the LTP based on the first step in the chain (similar
to how we computed absorption probabilities back in Chapter 9):

=Y PulTh < 00| X1 = ) Po(X1 = y)

YyES
=1P,(X1=2)+ > Pi(T, <oo|X; =y) P(z,y)
y#£T
- P(x,x) + Z fy,x P(.T,y) D
y#x
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10.6. Simple random walk on Z

10.6 Simple random walk on Z

A simple random walk models a repeated game where you bet $1 on each play;
simple random walk is a Markov chain which has the following directed graph:

REEEOEEOEXeN: v () » () » () p
-1 0 1 2 e ST S S |

q q q q q q q q q

Definition 10.22 A simple random walk on Z is a Markov chain { X} with state
space Z and transition probabilities

p fy=z+1
Plz,y)=1{ ¢ fy=2-1
roify=x

where p, g and r are non-negative constants so that p + q +r = 1.

Given a simple random walk, for each j > 1 we let the j* step of the walk be the r.v.

Sj = Xj - Xj—l-

In a simple random walk, the steps S; form an i.i.d. sequence {S;} of r.v.s, each
having density
s —1]0]1
Is,(s)=PS;=9)[ a [r]p

We denote the mean and variance of S; by

p=ES; and o= "Var(s).

We can write X, = X, 1 + S;; notice S; L F;_; where {F,} is the natural filtration.

Definition 10.23 A simple random walk on Z is called unbiased if p = q and is
called biased if p # q. A biased random walk is called positively biased if p > ¢
and negatively biased if p < g.

Lemma 10.24 For a simple random walk, i = ES; = p — q. If the simple random
walk is unbiased, then = 0 and 0* = Var(S;) = p +q.

PROOF HW
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10.6. Simple random walk on Z

Remark: The reason these walks are called simple is that the steps take only the
values —1,0 and 1. For example, here is the directed graph of a (non-simple)
random walk where the steps have the density

2/5 2/5 2/5 2/5 2/5 2/5

Properties of simple random walk
Class structure
A simple random walk is irreducible if and only if p > 0 and ¢ > 0. If » = 0, the

walk has period 2; otherwise the walk is aperiodic.

Escaping property

Lemma 10.25 Let {X,} be an irreducible simple random walk. Let A = {a,b} C Z
and suppose Xy = x where a < x < b. Then P(T4 < c0) = 1.

PROOF Since {X,} is irreducible, p > 0.

Now let G,, be the event that between times (n—1)(b—a) and n(b—a), the chain
always steps in the positive direction. In precise math notation,

Gn={S=1Vje{n-1)0b—-a)+1,(n-1)(b—a)+2,..,n(b—a)}}.
Note that
1. P(G,) > pt=a > 0.
2. since Gj and G, refer to disjoint blocks of time in the chain, G; L Gj.

Thus 0 o0
P(no G,, occurs) = P <ﬂ GS) =JI P(GY)  (since the G sare 1)
n=1

= (since 1 — p*~* € (0,1))
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10.6. Simple random walk on Z

So with probability 1, at least one G,, occurs.

This means that with probability 1, at some time in the future there will be
b — a consecutive steps in the positive direction, and that means that unless 7,
has already occurred, after those b — a consecutive steps, X; will be > b.

Thus either T, or T} is finite, and therefore P(7Ty < oco) = 1. [J

Corollary 10.26 Simple random walks are escaping (unless r = 1).

PROOF If r # 1, then either p > 0 or ¢ > 0. To show condition (1) in the definition
of escaping, there are three cases:

Case 1: p > 0 and ¢ > 0. In this case, the walk is irreducible, so it is escaping by
Lemma

Case 2: p > 0 and g = 0. Here, the walk only steps to the right, so f, ,+1 = 1 so
fzp = 1forany b > x. Therefore P, (T}, < 00) = 1,50 Pp(T(ap < 00) = 1.

Case 3: If p = 0 and ¢ > 0. Here, the walk only steps to the left, so, f, .—1 = 1 so
fz,a = 1for any a < . Therefore P, (T, < 00) =1, 50 P,(T{qp < 00) = 1.

Condition (2) in the definition of escaping (when the walk leaves the interval
(a,b), it must do so either at a or at b) follows from the fact that the random
walk is simple (so it can’t “jump over” a or b).

Associated martingales

Lemma 10.27 Let { X} be an irreducible simple random walk on Z. Then, each of the
following three processes is a martingale:

o {Xi—tu}
o {(Xy—tp)* —to?};

{®")

Remark: If { X} is unbiased, the first bullet point tells you that {X,} is itself a
martingale (since ;o = 0).

PROOF Throughout this proof, let {;} be the natural filtration of {X;} (thus also
the natural filtration of all the processes in the lemma, since they are each a
formula of {X;}).

To show {X;—tu} is a martingale, let Y; = X; —tu. Since the index set is discrete,
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10.6. Simple random walk on Z

it is sufficient to show E[Y;;; | F;] = Y;. Toward that end:

ElYi1 | Fit]) = E[Xip1 — (t+ Dp | F (definition of Y;)

(this is a standard way
of splitting up X1,
when proving things
are martingales)

= E[Xi | R + E[Sia | Ft] — E[(t 4+ 1| Fe] (linearity)

(since X; is F;-measurable
and (¢ + 1)u is constant)

=E[X,+ S — (t+Dp | F

=Xy + E[Si1 | Ft] = (t+ 1)p

=X;+ E[Sta] — (t+ 1) (since Siy1 L Fp)
=Xi+p—tp—p (since E[Si41] = 1)
=X; —tu

=Y,

Thus {Y;} = {X; — tu} is a martingale.

The proof that {(X, — tu)?* — to?} is a HW problem.

Xt
Last, letY; = (q) . We will verify that E[Y;41 | Fi] = Vi
p
E]

Xi+Seq1
—E (q) ]:t]
p

i Xt
Y | F] = E ()

Xt St+1 ]
= FE (q <q> Fi
\r) \» |
X r Stt1 1
— (q) E <q> Fi (stability)
P | \P |
Xt B St+1_
q q '
_ <> E () (since Si11 L Fr).
P |\P |

To compute the remaining expected value remember that S, has density

s —1]o0]1
fsia(s)=P(Si=s)| q |r|p’
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10.6. Simple random walk on Z

Therefore, by LOTUS,

) Sta1 q 1 q 0 q —1
ERRC Iy p—
p p p p

E

Substituting into the previous page,

E[Ytﬂ "Ft] = (;) t (1> =Y,

Xt
verifying that {Y;} = { (Z) } is a martingale. [

Escape probabilities

Theorem 10.28 Let {X,} be an irreducible simple random walk on Z. Let a < x < b
be integers. Then:

* if p = q (i.e the random walk is unbiased), then

b—=x T —a

PAT,<Ty)=7;— ad  P(T,<T)=7—

* if p # q (i.e. the random walk is biased), then

) =)

a\" _ (2)"
PJ;(Ta<Tb):M and  Po(Ty <T.) = ( )b (q)a

(9" - (2 -

PROOF Case 1: Suppose the random walk is unbiased. Define ¢/(z) = z; by the

preceding lemma, {¢(X;)} = {X;} = {X; —£(0)} = {X; — tu} is a martingale.
By the Escape Time Theorem,

Sk sk

_ ) —v(@) b-ua

P(T, < Tp) = 50 —vla) = p—a
_Y(@)—¢() _z—a

and P,(T}, < T,) = 50 —via) ~ 5—a

Case 2: Suppose the random walk is biased. Let ¢(z) = (q) ; by the preceding
p

Xt
lemma, {(X,)} = { (q) } is a martingale. Apply the Escape Time Theorem
p
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10.6. Simple random walk on Z

to get
e -v (B - ()
P:v(Ta < Tb) - 10(5) N w(a) - (%)b B (g)a
i v -v@ _(3) -G
and Po(Th < To) = =y = (7 (Z)G'D
EXAMPLE 4

I have $20 and you have $15. We each make a series of $1 bets until one of us goes
broke.

1. If we are equally likely to win each bet, what is the probability that you go
broke? What amount of money should I expect to end up with?

2. Suppose you are twice as likely as me to win each bet (assume no ties are
possible). In this setting, what is the probability you go broke?

3. How long (how many bets), on the average, will it take for one of us to go
broke?
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10.6. Simple random walk on Z

Theorem 10.29 (Wald’s First Identity) Let {X;} be an irreducible, simple random
walk. Let a < x < b be integers and suppose Xo = x. Let T' = min{T,, T} = Tq ).

Then

E[Xrl=x+ puET =x+ (p—q)ET.

PROOF By Lemma we know that { X} — tu} is a martingale.
By the OST,
OST

r=FE[Xy)|=FE[Xg—0u] = E[Xr—Tul=EXy—pET.

r=FEX; —pET

Add ;1 ET to both sides to get the result. U

Applying Wald’s First Identity: If the walk { X} is biased, we know

SO
E[Xr] =
By Wald'’s First Identity, since EXy =z + (p — ¢)ET,

ET — E[X7] -z _ above—x'
P—q pP—q

QUESTION 3 OF EXAMPLE 4, REVISITED
(Recall that I have $20 and you have $15; we each make a series of $1 bets until one
of us goes broke.) How long will it take one of us to go broke, if you are twice as

likely as I am to win each bet?

Solution: We previously showed that the amount of money I expect to end up

1 1—2%
with is E[X7] = 35 (1_235> ~ .001. Thus
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10.6. Simple random walk on Z

Follow-up question: What if we are equally likely to win each bet?

Repeating the same logic doesn’t work:

So in this setting, we need another fact to answer the question:

Theorem 10.30 (Wald’s Second Identity) Let {X;} be an unbiased simple, irre-
ducible random walk. Let a < x < b be integers and suppose Xy = x. Let T =
min{Ta, Tb} == T{a,b}- Then

Var(Xr) = Var(S;) - ET = o*ET.

PROOF By Wald’s First Identity, EX; = 2 + puET = x + 0 ET = z. So

Var(Xr) = E[X2] — (EX7)? = B[X7] — 22,

and we can rearrange this to get

v? = EB[X}] — Var(Xr). (10.3)

By Lemma we know that {V;} = {(X; — tu)* — to?} is a martingale.
Observe that EY; = E[(Xy — 0p)? — 00%] = E[X3] = 22. So by the OST,
2? = EYy 2" EYy = E[X2 — To?) (10.4)
— E[X2] - 6?ET. (10.5)

Equations (10.3) and (10.5) above give two different quantities both equal to 27,
so those quantities are equal, i.e.

E[X7] — Var(Xr) = 2* = E[X}] — 0*ET.

Subtract F[X?%] from both sides and multiply through by (—1) to obtain Wald’s
Second Identity. [

450



10.6. Simple random walk on Z

Applying Wald’s Second Identity: Suppose {X,} is a simple, unbiased ran-
dom walk with r # 1. From the escape probabilities, we know

b—=x

POr =) = PAT < T)=j—,  PXr=8) =Pl <T) =,
SO

E[Xr] =

E[X7] =

Var(Xr) = E[X7] — (E[X7])? =
Also,

Var(S;) = E[sz] — E[S;] = E[S}] =

J

and therefore

Var(Xr)
EFlT = ——= =
Var(S;)

Gambler’s Ruin

The formulas for f, , in a simple random walk are known as Gambler’s Ruin:

Theorem 10.31 (Gambler’s Ruin) Let { X} be an irreducible, simple random walk
on Z. Let x and y be distinct integers (v # y). Then

1 if the walk is unbiased
if the walk is biased
foy = 1 toward walking from x toward y
min{p, ¢} l2=l if the walk is biased
(max{p, q} >

against walking from x toward y
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10.6. Simple random walk on Z

Applying Gambler’s Ruin: Suppose {X;} is a simple random walk with p = .2
and g = .7.

{X.} is negatively biased, i.e. , meaning it is biased towards walking
to smaller y from =, and biased against walking to larger y from z. Applying
the formulas of Gambler’s Ruin,

foos = fso =

Why is this called “Gambler’s Ruin”? Suppose a gambler brings $50 to a
casino and makes a series of $1 bets in a game where he has a 50% chance of
winning each bet, and a 50% chance of losing each bet. The Gambler’s Ruin
Theorem says

PROOF We prove Gambler’s Ruin with several cases:

If the walk is unbiased and » < y:
From the Escape Time Corollary
fry = lim P.(T, < Ty)

which by the escape probability formulas for unbiased walks is

lim © %L iy _1:.

a—=—00 Yy —q a—+—00 —

If the walk is unbiased and x > y:
If x > y, then from the Escape Time Corollary
fLy = bli)m Px(Ty < Tb)
which by the escape probability formulas for unbiased walks is

lim b_xé limlz.

b—woo b — @ b—oo 1

452



10.6. Simple random walk on Z

If the walk is positively biased (p > ¢) and z < y:
From the Escape Time Corollary
fm,y = aggloo Px<Ty < Ta)/

which by the escape probability formulas for biased walks is
O () e
0=

If the walk is positively biased (p > ¢) and = > y:
From the Escape Time Corollary
Joy = blim P.(T, <Ty),

which by the escape probability formulas for biased walks is
b T T
o B2 CF 0=
RORIOEN _
_ (q)z ! <min{p, q}>'$_y'
P max{p, ¢} '

The situation where the walk is negatively biased is a HW problem. [

Recurrence/transience

Theorem 10.32 Let {X,} be an irreducible, simple random walk on Z. Then { X} is
recurrent if and only if the random walk is unbiased.

PROOF Since { X} is irreducible,
{Xi}isrecurrent <= 0€ Sp <— fo=1.

If the walk is unbiased:
From the Escape Time Corollary,

fo=foo =P(0,0)+> f,0P0,y)
y#0

— P(O, 0) —f‘ f_170P(O, —1) + fl,UP(07 ].)
=r+fi0q+ fiop
=r+(1)g+ (1)p (by Gambler’s Ruin)

:r+q+p:.

Therefore unbiased simple walks are recurrent.
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10.6. Simple random walk on Z

If the walk is positively biased (p > ¢):
Again, from the Escape Time Corollary,

fo=foo =P(0,0)+ Z Jy0 P(0,y)
y7#0

= P(O, 0) —|— f*170P(07 —1) —|— f1,0P<0, 1)
=7+ fa0q+ fiop

: 10|
=r+(1)g+ <m1n{p,q}> p  (by Gambler’s Ruin)

max{p, ¢}
=r+q+ (%)p (since p > q)
=r+q+q
<r4+q+p (sincep > q)
= 1.

Therefore f, < 1, so positively biased simple walks are transient.

The situation where the walk is negatively biased is similar and left as HW. [J

Remark: In the process of proving this theorem we have proven that for any
simple random walk,

fo =7+ 2min(p, q).

By symmetry, it must be that this formula also equals f, for any = € Z.

Random walk in higher dimensions

In this section we discuss simple, unbiased random walks in Z¢. This means that
we assume { X, } is a Markov chain taking values in Z? with

* Xo=1(0,0,..,0) =0;

1 . .
. P(x,y):{ Q—Od 1f1x—y:iejforsome] '
else

Notation: The vector e; € R? is the vector (0,0,0,...,0,1,0,...,0) which has a 1 in
the j' place and zeros everywhere else. (Thus —e; is (0,0, ...,0,—1,0, ...,0).)

So in these higher-dimensional walks, you start at the origin and at each step, you
move one unit in one of the coordinate directions, choosing the direction you move
in uniformly.

These random walks are all irreducible and have period 2.
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EXAMPLE: SIMPLE RANDOM WALK ON Z
When d = 1, this is a description of simple, unbiased random walk on Z with

1
p=q= 3 This Markov chain is

EXAMPLE: DRUNKARD’S WALK (RANDOM WALK ON Z?)

EXAMPLE: DRUNK BIRD’S FLIGHT (RANDOM WALK ON Z?)

Main question: Will the drunk person ever make it home? Will they make it
back to the bar? What about the inebriated bird? In other words, is unbiased
random walk on Z? recurrent or transient?

In a group activity, you have proven (or will prove):

Theorem 10.33 (P6lya’s Theorem) Let {X;} be simple, unbiased random walk on
7% as described in this section. Then:

1. Ifd = 1or 2, then {X,} is null recurrent.

2. If d > 2, then { X,} is transient.

Mathematician Shizuo Kakutani famously described this theorem by saying “A
drunk man will find his way home, but a drunk bird may be lost forever.”
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10.6. Simple random walk on Z

Summary of simple random walks on Z

UNBIASED BIASED
process
{X } SIMPLE SIMPLE
t RANDOM WALK RANDOM WALK
State 7 7
space
Process p and ¢, with p = ¢ p and g, with p # ¢
determined by (r=1-p—gq) (r=1—p—yq)
Other p=20 L=p-—q
quantities o2 =pitq o?=p+q—(p—q)?
R
Associated {X:} {(p) }
martingales {X2 —to?} (X, — ut)? — to?}
b x
) _ (4
Px(Ta < Tb) b z (P)b (P)
- (2) — (2
p - p -
a\" _ (a
Px(Tb < Ta) T a (p)b (p)
B0}
P P
(b—x)(x —a)
pP+q Solve for this
E.[Tiap] (comes from using Wald’s 1° Id:
Wald’s 2" 1d: EXr=a+pET
Var,(X7) = o? ET)
Gambler’s Ruin:
fx,y =1
few Gambler’s Ruin: if walk tends toward y;
(for z # y) fLy =1 (min{p, q} ) lz—y
fa:,y =\~
max{p, ¢}
if walk tends away from y
fa 1 r + 2min(p, )
Recurrence/ null .
. transient
transience recurrent
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10.7. Birth and death chains

10.7

Birth and death chains

Definition 10.34 A Markov chain is called a birth and death chain if its state space
is S ={0,1,...,d} or S = {0,1,2,...} and for every x € S, there are nonnegative
numbers p,., q, and r, so that

1. forallx € S, py + ¢ +7r: =1,
2. =0
3. if S ={0,1,...,d}, then py = 0; and

4. forallx € S, P(z,z)=r,
P(z,z —1) =q,

DIRECTED GRAPHS OF BIRTH AND DEATH CHAINS

Te—1 Tr41

70 71 79
m Po m p1 m D2 pz 2 m Px—1 O P m P1+1
— X\ — X\ =
0 1 - ---\Jx—l(_/ \,\Jx—l—l
q1 q2 q3 qr—1 qx qx+1 qx+2
ifS=1{0,1,2,...}, or
T0 1 79 Td—2 Td—1
Om(OYn () m s (O pdzmpdlm
- A
Ov 2 . ---Md 2 d—le/d
q1 qZ (I% qd—2 q(l 1 qd
itS={0,1,...,d}.
EXAMPLES OF BIRTH AND DEATH CHAINS
e The Ehrenfest chain
1 d—1 d—2 3 2 1
d d d d d
0 1 ~2 © " d-2_ "d-1__"=d
1 2 3 d—2 d—1 1
d d d 3 d
¢ The gambler’s ruin chain
1
1 1 1 1 1 1
) N N 2 5 AN
0. 17 el - S T er Tt N e
1 1 1 1 1 1 1
3 3 3 3 3 3 3
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Properties of birth and death chains
Class structure
A birth and death chain is irreducible if and only if no p, nor g, is 0 (other than ¢,

or pd).

If a birth and death chain is not irreducible, then the communicating classes of the
chain are themselves birth and death chains (after perhaps relabeling the state
space).

If all the r, = 0, the birth and death chain has period 2; otherwise the chain is
aperiodic.

Escaping property

Lemma 10.35 Irreducible birth and death chains are escaping.

PROOF This proof is essentially the same as the proof that random walks are
escaping.

Let p = min{pa, Pat1, ..., P }; since { X, } is irreducible, p > 0.

Now let G,, be the event that between times (n — 1)(b — a) and n(b — a), there
are only births in the birth-death chain.

Note that P(G,) > p*~® > 0, so by repeating the rest of the proof given for
random walks, we see P(Ty = o) < P(no G, occurs) = 0. [J

Steps

Definition 10.36 Let {X;} be a birth and death chain. For each t > 1, define the t'"
step of the chain to be

St — Xt - Xt—l-

PROPERTIES

t
b Xt = Xs + Z St,
Jj=s+1
* the S; are L (but in general, not identically distributed) with cond’l density

5 -1]0|1
P(Si=s|X1=1)| ¢ Pa

I

Ty

e S, L F,forall s <t.
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Associated martingale

Lemma 10.37 Let { X} be an irreducible birth and death chain. Let o = 1, and for

each y > 0, let
_ Qy9y—1Gy—2" " Q21

a PyPy—1Py—1 - “pap1
Define the function ¢ : S — R by setting 1)(0) = 1 and for y > 1, setting

Yy

b)) =1+L L &8 B2 B
b1 P2p1 Dy—1DPy—2 " " * P2P1

=Y +t7rnt+tr+... .+

y—1
— /7
j=0

Then the stochastic process {1)(X;)} is a martingale.

PROOF Since {X,} is discrete-time, so is {1/(X;)}, so it is sufficient to verify
Ep(Xe) [ Fioa] = (Xi-1).
We'll show this with a slightly unusual type of computation:

Ep(Xe) | Fial = E[(Xe) — (Xi-1) + 0 (Xo1) [ Foi]
= E[p(Xe) = (X)) [ Feaa] + E[p(Xom1) | Foa]
= E[(Xy) = 0(Xom1) | Froa] + (X)) (stability)

What's left to show is that the blue term above is zero. To do this, let v = X;_;
(this value is information included in F;_;). Then:
e with probability p,, the ¢ step is a birth, so X; = z + 1, so

(z+1)—1

rz—1
DX —0(X) =@+ 1) —v(@) = D %—D% = Ve
=0 =0

 with probability ¢,, the t'" step is a death, so X; =z — 1, so

(z—1)—1

z—1
V(Xy) = (Ximr) =9z — 1) —o(z) = Z Vi Z%’ = a-1-
j=0 7=0

* with probability r,, the t'" step is a loop, so X; = z, so

V(X)) — (Xiq) = Y(x) —(x) = 0.

459
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Therefore, by LOTUS, the blue term above is
E W)(Xt) - w(Xt—1> | ‘E—l] = PzVax — qzVe—1 + 7):1:(0)
. Qelz—1° " q1 Qe—1-"""Q1
) e G
PzPz—1"""P1 Pz—1-"D1
I S (1 P SR [
Pz—1-""D1 Pz—1-""D1

This finishes the proof. [J

Escape probabilities

Theorem 10.38 Let { X, } be an irreducible birth and death chain. For any a < x < b,

b—1 z—1
2 Yy 2 Yy
Px(Ta < Tb) = Zl/):l and Px(Tb < Ta) = Z;:I
> Y 2 Y
Yy=a y=a

where the ~, are as defined in Lemma[10.37

S ) s I fory > 0.

Yo =1 Yy =
pypy—l o P1

PROOF By the escape time theorem (Theorem (10.20), since {¢/(X;)} is a martingale,

bil r—1 b—1
N 1 R G = = =
(To <Th) = U(b) — ¥(a) T b1 a—1 b=l
2 Yy 2 Yy Z Yy

y=0 y=0 y=a

(and the other formula comes from the complement rule). [J

Recurrence / transience

Lemma 10.39 Let {X;} be an irreducible birth and death chain with infinite state
space. Then { X} is recurrent if and only if f, o = 1.

PROOF {X,} isirreducible, so {X;} is recurrent < 0 is recurrent < fyo = 1. Now

foo = Py(Ty < o0)
= P()(TO = 1) + P()(T() - [27 OO))
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Theorem 10.40 Let { X} be an irreducible birth and death chain with S = {0, 1,2
Then defining -y, as in the previous theorem,

.Y

{X:} is recurrent = > v, = .

y=0

PROOF By the preceding lemma, {X,} is recurrent if and only if f;, = 1:

fl’() = lim Pl(TO < Tb)
b—o0

(by Corollary (10.21)
b—1
_ g y; T (by Theorem [10.38
e withx =1,a =0,b=10)
2 Yy
y=0
b—1
Z—:O Yy — Y0
= lim | &
b—oo b=1
2 Yy
y=0
b—1
1
= blim y_b N (70 = 1 by definition)
— 00 —
2 Yy
y=0
1
= blim 1=
— 00 —
2 Yy
y=0
B 1
yzz:o T

if ) v, diverges
y=0

if )~ v, converges to C
y=0

This proves the theorem. [
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10.7. Birth and death chains

EXAMPLE 5
Let {X;} be a birth and death chainon § = {0, 1,2, 3, ...} such that

T+ 2 T
and ¢, =
2(x +1)

Pz =

Is this chain recurrent or transient?
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10.7. Birth and death chains

Positive recurrence / stationary distribution

Theorem 10.41 Let {X,} be an irreducible birth and death chain. Define, for each

yeS,
=1 ¢ ="P P ey >,
4192 qy
Then:
1. If > ¢, converges, then {X,} is positive recurrent and has one stationary dis-
yeS
tribution 7 defined by
Co
X ) = 0
W=3g
yeS

(This includes all situations where S is finite.)

2. If > (, diverges, then {X,} has no stationary distributions (so it is either null
yeS
recurrent or transient).

Think of this mysterious ¢, as “the product of all the ps to the left of y over the
product of all the gs to the left of y in the directed graph:

70 1 ) Ty—1 Ty
m Po ﬂ p1 ﬂ b2 Py 2 O Py—1 O Dy m Pu+1
0_ 17 ~27 ... : —1_ Sy Ty+1_
- _ e/yky
q1 q2 a3 (1/ 1 da (Iu+2

PROOF Suppose {X;} has a stat. dist. 7. Such a ™ must satisfy
the stationarity equation, which can be rearranged as follows:

m(y) = Y w(z) P(z,y)|+ =O0unlessz € {y — 1,y,y + 1}

zeS
=7m(y—1)Py—1Ly) +n(y)P(y,y) +7(y+1)Py+1y)
=7(y — D)py—1 + 7(y)ry + 7T(y + 1)y
=7(y — Dpy1 + 7T(y)[ —qy) + 7Y+ 1)y
0=m(y — py—1 — 7(y)py ( )@y + (Y + 1)gy1-

Moving some terms over, this becomes

T(Y)gy — 7(y + gy = 7(y — V)py—1 — 7(y)py- (10.6)
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10.7. Birth and death chains

Let y = 0. Equation (10.6) reduces to

m(0)go — m(1)q1 = w(=1)p—1 — (0)po
(1)1 = —7(0)po
7(1) = z%(()) (10.7)
m(1) = G m(0)

Similarly, if you plug in y = 1 into (10.6) and use (10.7), you will get
b1 b1Po
m(2) = (1) = m(0) = (0 ;
(2) =, 7 =" 7(0) = Gm(0)

and by induction you can prove

m(y) = Cyﬂ-«))'
This shows: if 7 is stationary, then 7(y) = (, 7(0) forally € S.

Case 1: ) _ ¢, diverges. That would force » _ 7(y) to diverge, so there is no
yeS yeS
stat. dist., so {X;} is not positive recurrent.

Case 2: »  (, converges. Then Y 7(y) = 7(0) > _ (,, so for this sum to equal 1

yes | yeS yes
we need 7(0) = S ¢ . Therefore we get a distribution = defined by
yeS !
7(y) = ¢ 7(0) = <
> G
yeS

which is stationary, making the chain positive recurrent. [J
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10.7. Birth and death chains

EXAMPLE 6
Let {X,} be a birth-death chain on {0,1,2,3,...} with py = 1; p, = 1 for all
x> 1;q, = f_ . for all x > 1. Find the stationary distribution of {X,}, if one
s
exists.

Solution: First, compute the (,: {(;, = 1and fory > 1,

_ PoP1 " - Dy—1
q1q92 - - - Gy

Cy

Then apply Theorem (10.41

Zgy:;)gy:

YyeS

So the stationary distribution 7 satisfies

G G x4l
Zgy_%_ 2¢ex!

Y

m(x) =
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10.8. Birth and death CTMCs

10.8 Birth and death CTMCs

A birth and death CTMC is a CTMC whose jump chain is a birth and death chain.
Equivalently:

Definition 10.42 A birth and death CTMC (or birth-death CTMC) is a CTMC
{X:} whose state space is either S = {0,1,....d} or S = {0,1,2,...}, such that
¢y = 0 whenever |x —y| > 1.

The numbers N\, = ¢, .+1 are called the birth rates of the process and the numbers
e = Q.- are called the death rates.

A birth-death CTMC is called a pure birth process if 11, = 0 for all z, and is called
a pure death process if \, = 0 for all .

birth rates A\, = ¢z 011

In a birth and death CTMC, we are given
death rates 1, = gy 01

So the directed graph of a birth-death CTMC looks like

A A2 A3
1 SR Ag+h2 A3+h3
— —_— —_— —_—
0 -~ - -~ -
K1 Ko ©3 Ky
A1tig 1 A2th2 9 Aztu3 Aathy

and if the CTMC was a pure birth process, the directed graph would be

(), == (), =~ 0a), =~ 0), =
0 1 2 3

irreducible irreducible
recurrent recurrent
We know that ; _ .. )
a CTMC is transient <= its jump chain is transient

pos. recurrent pos. recurrent

null recurrent null recurrent
For a birth and death CTMC, the jump chain is a (discrete-time) birth and death
chain with \ \

D Ao+ e Qo
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10.8. Birth and death CTMCs

We learned in Section 10.7 that the jump chain (and hence the birth and death
CTMQC) is transient if and only if » 7, < co where

y=0
Yo =1 and %qu.“ql for y > 0.
py . .pl
This happens if and only if
Z Qy q1 < 00
y=1Py """ Py
My et
— @y -1 @
ie < 00
200N
Qy Qy—l q1
. T R
ie. S My
= Ayt A

We have proven:

Theorem 10.43 An irreducible birth-death CTMC with state space S = {0,1, ..., }
is transient if and only if

'uym’uqfory>0.

>y < 00, wherefyozland%:)\ S
900N

yeS

This is the same result as we had for discrete-time birth and death chains, with us
instead of gs and \s instead of ps.

Similarly, one can classify birth-death CTMCs as positive recurrent or not, and
compute their stationary distribution, using the following machinery:

Definition 10.44 Let {X,} be an irreducible birth-death CTMC. Define

oo Mg

Go=1and ¢, =
sy

foreveryy > 0in S.

Think of ¢, as “the product of all the As to the left of y over the product of all the
ps to the left of y” (so this is the same idea as the ¢, we cooked up for discrete-time
birth and death chains).
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10.8. Birth and death CTMCs

Theorem 10.45 An irreducible birth and death CTMC on S = {0, 1, ..., } is positive
recurrent if and only if
> ¢y < oo

yeS
In that situation, the stationary distribution of the birth and death CTMC is given by
Co
m(x) = :
> G
yeS

EXAMPLE 7
Show that the birth-death CTMC {X,} with A\, = 1 and p, = 2 for all x is positive
recurrent, and compute its stationary distribution.

Solution: Compute ¢, for each y. {(;, = 1 and for y > 1, we have

VT Ty, 222
Since . -
ZC :Z—:2<oo,
y=0y y=02y

{X.} is positive recurrent. The stationary distribution is therefore given by

G G o |1
2 9z+1 :

1111
In oth ds, |r = () .
(In other words, | 5 18 16 )

—_

Branching processes
Suppose that at time ¢t = 0 you have a population of X, = z beings, where X is a
r.v. taking values in {0, 1,2, ...}.

Each being does nothing for time A (A : 2 — [0,00) is an exponential r.v. with
parameter \) and then either splits into two beings (with probability p € (0,1)) or
dies (with probability 1 — p). Each being behaves independently of other beings.

For t € [0, 00), let X; be the number of particles at time ¢. {X;} is a CTMC called a
(Markov) branching process.
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10.8. Birth and death CTMCs

“population picture” process {X,}

l\)-l><3"\OC>C>><

PROPERTIES OF BRANCHING PROCESSES
In a Markov branching process,

1. 0is absorbing (this means F((t) = 1 for every ¢t > 0);

2. every nonzero state in § is transient (because that state leads to 0 with posi-
tive probability, but 0 doesn’t lead back); and

3. the directed graph looks like

Theorem 10.46 Let {X;} be a branching process. Then the extinction probability

n = fi1,0 satisfies
1—p .
—= ifp>
Pl

1 ifp <

N

N[

NN N

N
(Sl
o
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10.8. Birth and death CTMCs

PROOF First, note 7 = f; in the branching process is the same as n = f; o in
the associated jump chain. Now use the formulas derived in the proof of
Theorem [10.40l First, 7o = 1 and if y > 0,

_ gy (1—p)(1—p)...(1_p):(1_p>y’

PPy pp--p p

Yy

SO

1
fio=1— 55— (from the proof of Thm[10.40)

yz=:07y
4-1
00 1_py
-6
L=0 P/
B !
= 1= (52)) b
1 — [oo] ™t else
1— 1—] ifl—p<p
= p
1 else
1—p 1
— ifp>—
_ R
1 else

Note: As with a Galton-Watson branching chain, f, o = * forallz € {0, 1,2, ...}.

EXAMPLE 8

Suppose {X;} is a continuous-time Markov branching process with p = 171 If
Xy = 6, what is the probability X; # 0 for all ¢?
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10.8. Birth and death CTMCs

Summary of birth and death processes

DISCRETE-TIME
BIRTH AND DEATH
BIRTH AND DEATH
CTMC
CHAIN
0,1,...,d} or 0,1,...,d} or
State space { J { J
{0,1,2,..} {0,1,2,..}
P Dz and 4z >\$ and Mo
rocess
) foreachz € S foreachxz € S
determined by
(re =1—p: —qx) (x = Ao + pa)
_ 9% @ y; = Pilim1T
Toppiim DY VSRR
Other quantities ¢ = Dimtbim2 o ¢ = Aj—1Aj-2 - Ao
4;qi—-1"" Q1 Hjflg—1 -
(o =2¢ =1) (o=2G0=1
{(X};)}, where
Associated =1 and
ss:):.cla e1 ¥ (0) jm N/A
martingale
° v() Z
LORIE
P,(T, < Ty) N/A
s
x a
P.(T, < 1T, N/A
=t 0(b) —va)
Recurrence/ transient if >°, v, < oo; transient if -, v, < oo;
transience test recurrent if 3°, 7, = oo recurrent if 3°, v, = oo
i pos. recurrent pos. recurrent
Positive recurrence i ) , .
tost if and only if if and only if
es
2oy Gy <00 >y Gy <00
stationary ¢ ¢
distribution m(z) = > m( m(z) = > xg
(if positive recurrent) vy vy
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10.9. Chapter 10 Homework

10.9 Chapter 10 Homework

Exercises from Section 10.2

1. In each part of this question, you are given a set {2 and a collection F of
subsets of (2. Determine, with brief justification, whether or not F is a o-
algebra on €2

a) 2={0,1,2,3,...}; F ={0,{0,2,4,6,8,...},{1,3,5,7,9, ...}, Q}.

b) Q2 = Z; F is the collection of all bounded subsets of 2 (a set is bounded
if it is a subset of the interval [— N, N] for some N).

c) Q = [0,1]*; F is the collection of sets of the form E x [0, 1], where E C
[0, 1]%.

d) Q= 10,13 F is the collection of sets of the form A x B x [0, 1], where A
and B are subsets of [0, 1].

2. In each part of this problem, you are given a set €, a o-algebra F, and a r.v.
X : Q — R. Determine if the given r.v. X is F-measurable.

a) Q = {1,2,3,4}; F is generated by the partition of 2 into even and odd
numbers; X (w) = w?.

b) Q = {1,2,3,4}, F is generated by the partition of 2 into even and odd
numbers; X (w) = jw* — 10w? 4 30w.

c) Q=10,1] x [0, 1]; F is the c—algebra of vertical sets (i.e. sets of the form

Ax [0,1]); X(,y) = xy.

d) © =10,1] x [0,1]; F is the c—algebra of vertical sets (i.e. sets of the form
Ax[0,1); X(z,y) =y> —y +3.

e) 1 =[0,1] x [0, 1]; F is the c—algebra of vertical sets (i.e. sets of the form
Ax [0,1)); X(z,9) =2* —«

3. Suppose you are betting on fair coin flips (as usual, you win if you flip heads,
and lose if you flip tails), and that you implement Strategy 3 as described in
Section 10.2 of the notes (bet $1 on the first flip; afterwards, bet $2 if you lost
the previous flip and $1 if you won the previous flip). If the first eight flips
are HT THTT H H, compute the amount you have won or lost in the first
eight flips.

4. Suppose you are betting on fair coin flips (as usual, you win if you flip heads,
and lose if you flip tails), and that you implement Strategy 4 as described in
Section 10.2 of the notes. If your initial bankroll is $100, compute the expected
amount of your bankroll after 3 flips.

472



10.9. Chapter 10 Homework

5. Suppose you are betting on fair coin flips (as usual, you win if you flip heads,
and lose if you flip tails), and you implement a strategy described as follows:
on the first flip, bet 1. On even numbered flips (the second, fourth, sixth, etc.),
bet 3 if you won the previous flip, and bet 1 if you lost the previous flip. On
odd numbered flips (other than the first flip), bet 2 if the preceding two flips
were the same, and bet 1 if the preceding two flips were different.

a) Let B, be the size of your bet on the ¢ flip. Define B, using mathemati-
cal notation.

b) Suppose the results of the first ten flipsare HTTHHTHH HT.
Assuming X, = 0, compute (B - X), for 0 < ¢ < 10.

6. Suppose {X,} is a discrete-time process with state space Z. Determine, with
brief justification, whether or not the following random variables are stop-
ping times:

a) T, =min{t > 0: X; = Xo}.
b) T, = min{t > 0: X; > 20}.
¢) T=min{t > 0: X; = Xy0}.
d) T'=max{t >0: X; = Xy}
e) T = min{T,,T,}, where T, and T}, are as in parts (a) and (b).
f) T = max{T,, T}, where T, and T, are as in parts (a) and (b).

Exercises from Section 10.3

7. Let Q = {1,2,3,4,5,6} have the uniform distribution and suppose F is the
o—algebra generated by the partition {{1,2},{3,4,5}, {6} of Q. Let X be the
random variable defined by X (1) = 5, X(2) = X(3) = X(4) = 1, X(5) =
X (6) = 9. Compute E[X|F].

8. Let Q = [0,1] x [0,1] have the uniform distribution, and let X :  — R be
X(z,y) =2’y + 2.

a) Compute E[X|F,|, where F, is the o-algebra of vertical sets (i.e. sets of
the form A x [0, 1]).

b) Compute E[X|F,], where F, is the o-algebra of horizontal sets (i.e. sets
of the form [0, 1] x B).

9. Suppose {X,} is a discrete-time stochastic process in which you flip a coin

that flips heads with probability Z1’> and tails with probability ?)) Let {F:}
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be the natural filtration of {X;}, and let X be a random variable defined by
setting

0  if the first three flips are heads
10  if the first two flips are heads but the third is tails
4 if the first flip is heads but the second flip is tails
X = —7 if the first flip is tails but the second and third flips are heads
—1  if the first flip is tails and the second and third flips have
opposite results
3 if the first three flips are tails

Compute E[X|F;]| and E[X|F3).

Exercises from Section 10.4

10. Let {X;} be the Wright-Fisher chain (introduced in a group presentation).
Prove that {X}} is a martingale.

11. Let {X;} be the P6lya urn model. For each ¢, let M, be the fraction of balls in
the urn which are red. Prove that { M, } is a martingale.

12. (20 % pts) Modify the Pélya urn model so that you add ¢ > 2 balls of the
color you most recently drew to the urn after each draw (instead of adding
one marble of the color you drew). Is the {M,} described in Problem [11|still
a martingale?

Exercises from Section 10.5

13. (20 % pts) Finish the proof of the Escape Time Corollary (Theorem [10.21)), by
writing a proof of the second statement of that theorem.

14. Suppose {X,} is an escaping process so that {\/X} is a martingale. Compute
PIG(TQS < Tg)

15. Suppose {X;} is an irreducible, escaping Markov chain with state space S =
Z. Suppose also that {e~**} is a martingale.

a) Compute fs 3.
b) Compute f5 ;.

¢) Classify this Markov chain as recurrent or transient.
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Exercises from Section 10.6

16.

17.

18.

19.

20.

21.

22.

23.

Prove Lemma [10.24] from the notes, which says that for a simple, random
walk, 1 = p — g, and that if the walk is unbiased, then 0% = p + q.

Prove the second statement of Lemma [10.27| from the notes, which says that
if {X;} is an irreducible, simple random walk then {(X; — tu)? — to?} is a
martingale (M5, is the MGF of the step size Sj).

(20 % pts) Suppose {X;} is an irreducible, simple random walk and let ¢ be

any constant. Prove that S } is a martingale.

e Xt
(s, (0]

(20 % pts) Prove Wald'’s Third Identity, which says: let { X, } is an irreducible,
simple random walk starting at 0. Let a < 0 < b be integers and set 7' =
min{Ta, Tb} = T{a,b}- Then

69XT

E[wwﬂzl

(20 % pts) Finish the proof of Gambler’s Ruin (Theorem 10.31)) by writing out
the cases where the walk is negatively biased.

(20 % pts) Finish the proof of Theorem [10.32|by writing out a proof that neg-
atively biased, irreducible, simple random walks are transient.

A gambler makes a series of independent $1 bets. He decides to quit betting
as soon as his net winnings reach $25 or his net losses reach $50. Suppose the
probabilities of his winning and losing each bet are each equal to 3.

a) Find the probability that when he quits, he will have lost $50.

b) Find the expected amount he wins or loses.

c) Find the expected number of bets he will make before quitting.
A typical roulette wheel has 38 numbered spaces, of which 18 are black, 18
are red, and 2 are green. A gambler makes a series of independent $1 bets,
betting on red each time (such a bet pays him $1 if the ball in the roulette
wheel ends up on a red number). He decides to quit betting as soon as his
net winnings reach $25 or his net losses reach $50.

a) Find the probability that when he quits, he will have lost $50.

b) Find the expected amount he wins or loses.

¢) Find the expected number of bets he will make before quitting.
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24. Suppose two friends, George the Genius and Ichabod the Idiot, play a game
that has some elements of skill and luck in it. Because George is better at the
game than Ichabod, George wins 55% of the games they play and Ichabod
wins the other 45% (the result of each game is independent of each other
game). Suppose George and Ichabod both bring $100 to bet with, and they
agree to play until one of them is broke.

a) Suppose George and Ichabod wager $1 on each game. What is the prob-
ability that George ends up with all the money?

b) Suppose George and Ichabod wager $5 on each game. What is the prob-
ability that George ends up with all the money?

c) Suppose George and Ichabod wager $25 on each game. What is the
probability that George ends up with all the money?

d) Suppose George and Ichabod wager $100 on each game. What is the
probability that George ends up with all the money?

e) Based on the answers to parts (a), (b) and (c), determine which of the
following statements is true:

Statement I: The more skilled player benefits when the amount wa-
gered on each game increases.

Statement II: The more skilled player is harmed when the amount wa-
gered on each game increases.

f) Suppose you had $1000 and needed $2000 right away, and you therefore
decided to go to a casino and turn your $1000 into $2000 by gambling
on roulette. In light of your answer to the previous question, which
of these strategies gives you the highest probability of ending up with
$2000: betting $1000 on red on one spin of the wheel, or betting $1 on red
repeatedly, trying to work your way up to $2000 without going broke
tirst?

25. Consider an irreducible, simple random walk X; starting at zero, where r =
0.

a) Find the probability that X; = —2 for some ¢ > 0.

1
b) Find p such that P(X; = 4 for some ¢t > 0) = 5

Exercises from Section 10.7

26. Let {X;} be an irreducible birth and death chain with § = {0,1,2,3,...}.
Prove that if for all z > 1, p, < ¢,, then the chain is recurrent.
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27. Let {X,} be an irreducible birth and death chain with § = {0,1,2,3, ...} such

that )
qx:( v ) forallx > 1.
Pa r+1

a) Is this chain recurrent or transient?

b) Compute f,, forall x > 1.
2

=1
Hint: — =—
in 712::1 ==
28. Compute the stationary distribution of the Ehrenfest chain, for arbitrary d.
Hint: the Ehrenfest chain is a birth and death chain.

29. Compute all stationary distributions of the Markov chain with state space
S ={0,1,...,d} and transition function

d— 2
P(z,z+1) :( dQI)
2z(d —x
P(x,x) = (d2 )
2
P(z,z —1) :%

(This chain was introduced in Exercise 4 of the Chapter 8 Homework... it
counts the number of black balls in one of two boxes, when randomly chosen
balls are exchanged between two boxes at each step of the chain.)

Hint: You may need the following identity, which can be assumed without

proof: d 2
S(7)=(3)

30. Consider a birth and death chainon § = {0, 1,2, ...} with

B 1
px_2x+1

a) Prove this chain is positive recurrent.
b) Compute its stationary distribution.

¢) Compute the mean return time to state 2.
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Exercises from Section 10.8

31. Consider a birth and death CTMC {X,;} on {0, 1,2, 3, ...} whose death rates
are given by y1, = x forallz € S.

a) Determine whether the process is transient, null recurrent or positive
recurrent, if the birth ratesare \, = x + 1 forall z € S.

b) Determine whether the process is transient, null recurrent or positive
recurrent, if the birth ratesare \, = v + 2 forallz € S.

2
32. Let { X} be a continuous-time Markov branching process with p = 3

a) Compute the extinction probability 7.

b) Compute f;5.

9,
100

33. If {X,} is a continuous-time Markov branching process with extinction prob-

c) What is the minimum value of z so that P,(T = o0) >

ability n = 2, what is the probability that each particle splits into two “chil-
dren” (as opposed to dying)?

34. In Chapter 9, we derived the fact that the stationary distribution of the (M /M /oc0)-
queue was Pois (ﬁ) by computing the time ¢ transitions and taking their limit

ast — oo. We can also determine this stationary distribution using the ma-
chinery of Chapter 10:

a) Let {X;} be the (M /M /oo)-queue. Explain why {X,} is a birth and death
CTMC.

b) Determine the birth and death rates of {X;}.

¢) Compute ¢, foreachy € {0,1,2,3,...}.

d) Prove using Theorem that {X;} is positive recurrent.

e) Verify using Theorem that the stationary distribution of {X,} is

Pois <A>
0

35. Suppose customers call a technical support line according to a Poisson pro-
cess with parameter A > 0. They are provided with technical support by n
agents where n is a positive integer (n is a constant, not a r.v.). Suppose that
the amount of time it takes an agent to solve a customer’s problem is expo-
nentially distributed with parameter ;1 (and that these times are independent
of the Poisson process and all independent of one another). Last, assume that
whenever there are more than n customers calling the technical support line,
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36.

the excess customers get placed on hold until one of the n agents is available.
Let X, represent the number of people on the phone with technical support
(including those on hold) at time ¢. {X,} is called the n—server queue or the
(M /M /n)—queue.

a) Explain why {X,} is a birth and death CTMC.

b) Compute the birth and death rates of { X, }.

¢) Compute ¢, foreachy € {0,1,2,3,...}.

d) Show that A < nu if and only if {X,} is positive recurrent.
e) Show that A > nyu if and only if {X,} is transient.

(60 % pts) Suppose d particles are distributed into two boxes, A and B. Each
particle in box A remains in that box for a random length of time that is expo-
nentially distributed with parameter ;. before moving to box B. Each particle
in box B remains in that box for a random length of time that is exponentially
distributed with parameter \ before moving to box A. All particles act inde-
pendently of one another. For each ¢t > 0, let X; be the number of particles in
box A at time ¢. Then {X;} is a birth and death CTMC on § = {0, 1,2, ..., d}.

a) This setup be thought of as a continuous version of what discrete-time
Markov chain?

b) Find the birth and death rates.

¢) Find P, 4(t) for all x € S. Hint: Think of each particle as generating its
own CTMC, where state zero corresponds to being in box B and state 1
corresponds to being in box A. This is a two-state CTMC, so its transition
probabilities were derived in Chapter 9. From these transition probabil-
ities, you can get the probability that any one fixed particle is in box A
at time ¢. Multiply these together to get P, 4(t).

d) Find E,(X,). Hint: Write X, = A+ B, where A, is the number of particles
in box A that started in box A and B, is the number of particles in box
A at time t that started in box B. If X, = z, then A, and B, are both
binomial, defined in terms of x and the transition function of the two-
state birth-death process described in the hint for part (c).

e) Compute the steady-state distribution for this process; identify this dis-
tribution as a common r.v. (stating the parameters).

f) Verify that as ¢t — oo, E,(X;) converges to the expected value of the
steady-state distribution.
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Chapter 11

Brownian motion

11.1 Definition and construction

Goal: Develop a model for “continuous random movement”, i.e. a version of
simple random walk where both the index set (the set of times) and the state
space are continuous: we want Z = [0,00) and S = R.

Construction of this process

Let {S;};2, be the steps of a random walk {X,} starting at = with » = 0 (no loops),
ie. {S;}is ani.i.d. process with

s o
fs(s)=P(Si=s) | 1-p | »p

OBSERVATIONS

* the step size {5;} is £1 unit; and

ES; =p—(1-p) =2p—1; Var(S;) = E[S}]-E[Sj]* = 1—(2p—1)? = 4p(1—p).

t t
e the random walk { X} satisfies X; = X, + Z S, =x+ Z S;.

j=1 j=1
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11.1. Definition and construction

1+ e . . .

L S— o
12345628910t

* EIXy|=x+tE[Sj]]—t=a2+t2p—1),s0 E[X]islinearint|

t
e Var(X;] = Var[Xo] + Var [ 1 Sj] =0+tVar(s;) = 4p(1 — p)t, so
=

Var(X;) is proportional to ¢ |

* By the CLT, the sum of ¢ independent S;’s is approximately normal
n((2p — 1)t, 4p(1 — p)t).

Restated, this means that for large ¢,

t
Xe=Xo+ )Y Si~z+n((2p— 1)t 4p(1 — p)t)

=n(z+ (2p— 1)t,4p(1 —p)t).

We are going to build a new process by considering “random walks” where the
steps take place more and more frequently, and where the sizes of the steps are
shrunk.

The eventual goal is to define a process {1V, } with index set [0, o) and state space
R, where like simple random walk,

E[W,] is linear in ¢t |and | Var(W}) is proportional to ¢ |,

and the process has the additional property that

the sample functions ¢ — W, are continuous |.

t
Toward that end, for each n € N, think of a “random walk” that steps every At = —

n
units of time (so that the walk steps n times between times 0 and n).
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11.1. Definition and construction

A preview: eventually we want to let n — oo, so that there will be an “infinite
number of steps” that are “infinitely close together”.

First try: suppose X; =z + ) _ 5.
j=1

Problem! If we do this, then Var(X;) = nVar(S;) = n[4p(1 — p)].

As n — o0, this variance tends to 0o, so we would end up with a process
{X.} for which Var(X;) = oo for all ¢. This is bad; we want Var(X;) to be
proportional to the time ¢ (not the number of steps n).

Fix: change the size of each step from 1 unit to Az units, and let {Wt(”)} be the
process defined by adding »n independent steps of size Ax:

W =g+ > (Az) S;.
j=1
Now,

Var (Wt(n)) =Var (x + zn:(Ax) Sj)

j=1

I
NE

Var (Az S;)

<.
Il
-

|
M=

(Ax)* Var(S;)

.
Il
—

(Az)? zn:l Var(S;)

(Ax)*nVar(S;)
(Az)*n [4p(1 - p)].

We want this variance to be proportional to ¢, so we need (Az)? n proportional
to t, so we need a constant o2 > 0 so that

(Az)*n = 0%, ie. (Az)? = 02; =0’At, ie. |Ar =oVAt|

In other words, we need the size of the jumps to be proportional to the square
root of the time between jumps.
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11.1. Definition and construction

I~

=2Vt/n

—4Nt/n

—6Vt/n

We’re not done yet; we need to make the mean of W™ work out. At this point,

EW"| =E |2+ ;(A:c) S;
=z+ (Az)E DS
j=1

=z + (Az)n(2p —1)

::E‘f‘(O'\/E) n(2p—1)

t
=z+o0y/—n(2p—1)
n

=z +0(2p—1)Vtyn.

s . . l .
To make this a linear function of ¢, we need 2p — 1 proportional to \\/f_, i.e. we need
n

a constant y so that

R L NP Ry P |

That makes £ {Wt(n)} =+ \\//i -Vt /np = x + 't which is the kind of formula we
n

want (the mean is linear in ¢ and doesn’t depend on n).

483



11.1. Definition and construction

Unfortunately, this choice of p screws with the variance, because now,
Var(W") = (Az)*n [4p(1 ~ p)]
= (0\/A_t)2 n [4p(1 — p)]
= (o*At)n [4p(1 = p)]
=o%t {1 — (2p — 1)2] (since At = :L)

t
:02t(1—u2).
n

This quantity depends on n, which seems bad. BUT! as n — oo, this variance tends
to o*t, which is proportional to ¢ and doesn’t depend on n.

Since the Wt(") are (z plus) the sum of the tn ii.d. r.v.s {Az)S;, as n — oo they will
tend to a normal r.v. by the Central Limit Theorem. From above, the parameters of
this normal r.v. must be it and o%t, so we can conclude that

Wi = lim, W ~n(x + pt, 0’t).

Wt(7) W,(SO)

This produces a stochastic process {W;} called a Brownian motion (or a Weiner pro-
cess). To summarize, the way we constructed this {W;} is

W, = lim W™
n—oo

random walks with
= lim steps that occur at times separated by gaps At =

"7\ where the size of each step is +Az = £oV A ia\/7
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11.1. Definition and construction

Definition of Brownian motion

Definition 11.1 A stochastic process {W,} is called a Brownian motion (BM)
with drift if there are numbers 1 € R, 0® > 0 and x € R so that:

the process starts at 2: W, = x (assume x = 0 unless told otherwise).

increments of the process are normal (with parameters proportional to the elapsed
time): for every s < t,

Wi — W, ~ n(u(t — s),02(t — s)).

the process has independent increments: for any 0 < t; < ty < --- < t,,, the
r.0.s
Wy, — Wiy, Wy =Wy, ooy Wy, — Wy |

are independent.

sample functions are continuous: with probability 1, the functions t — W, are
continuous.

The number yu is called the drift parameter of {IV,}; we say {W,} has positive drift
if i > 0 and has negative drift if 1 < 0.

If the process has no drift, i.e. i = 0, we call {W;} a Brownian motion.
The number o is called the variance parameter of {IV,}.

A standard Brownian motion is a BM starting at v = 0 with no drift (u = 0) and
variance parameter o* = 1.

Theorem 11.2 The process {W,} we constructed earlier is, in fact, a BM.

REAL-WORLD APPLICATIONS OF BROWNIAN MOTION

* movements of particles suspended in a liquid

(tirst noticed by Robert Brown (1827), for whom the process is named);

fluctuations in the stock market;

the path-integral formulation of quantum mechanics;
* option pricing models (Black-Scholes equations);
¢ cosmology models

Why is BM so prevalent? As we have seen, Brownian motions approximate ran-
dom walks with small but frequent jumps (so long as the size of the jump is pro-
portional to the square root of the time between jumps).
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11.1. Definition and construction

EXAMPLE SAMPLE FUNCTIONS OF BMS

You can simulate a sample function of a BM with this Mathematica code:
ListLinePlot[z+RandomFunction[WienerProcess[u, 0], {xmin, xmaz, .01}]]

(Change z, ;1 and o2 to match the parameters of the given BM.)

AN INTERESTING QUESTION
Assume the price of a share of Coca-Cola is modeled by a BM with 4 = ; and
0? = 4, and that the price of a share of McClendon Soft Drink Corporation is
modeled by a BM with © = —1 and o2 = 16. Both stocks are currently valued at

$100 per share.

Would you rather buy a share of Coca-Cola or a share of McClendon Soft Drink
Corporation?

486



11.1. Definition and construction

What do we know about Brownian motion so far?

EXAMPLE 1

1
Suppose {W;} is a BM starting at = = 2 with parameters y = 3 and 0 = 9.

1.

NSl D

Describe the random variable 5.

Describe the random variable Wg — W,.

Compute the probability that Wz > 1.

Compute the probability that W7 — W5 < 2.

Compute the probability that W5 — W; < 1 and Wy, — Wiy > —3.
Compute the expected value of W.

Compute the covariance between Wy and Wi;.
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11.2. Symmetries and scaling laws

11.2 Symmetries and scaling laws

This section is about identifying properties of a Brownian motion that come from
the fact that “everything is normal”. More specifically, we will discover formulas
of a Brownian motion that turn out to be themselves BMs.

To prove that these formulas are actually BMs, we could check the four criteria
of Definition However, there is a better way that involves a key property of
BMs: namely, that they are Gaussian:

Gaussian processes

Definition 11.3 Let { X, } be a stochastic process with index set Z. We say that {X,}
is Gaussian if any finite linear combination of the X,’s is joint normal.

More precisely, we require that for any times t., ..., t, € Z and any constants cy, ..., ¢, €
R, the random wvariable

Z Cthj = Clth ol CQXt2 + ...+ Cnth

J=1

is normal.

Theorem 11.4 Any BM {W,} is a Gaussian process.

PROOF To show this, let ¢y, ..., ¢, € Rand letty, ..., ¢, € [0,00); without loss of
generality t; < t, < ... <t,. Let {; = 0 (for notational purposes only). The goal
is to verify that

ZCthi =Wy + oWy, + ... + e, Wy,
i=1

is normal. To show this, break this sum into independent increments:

Z Cthi

=1

=Wy, + oWy, +csWe, + ...+ e, Ws,

- Cth1 + ¢ [I/th + (I/Vt'z - VVfl )] +C3 [th + (WtQ - Wt1) + (Wts - Wtz)] + .
=(c1+ ... +ec)Wy + (ot oo + )Wy = Wi) + (e3+ oo + ) Wiy — Wiy) + ...

= [ﬁ: ¢j icj] (Wi, — Why) +

n

>

=3

Wi, + (Wi, — Wiy) + ...

488



11.2. Symmetries and scaling laws

From the previous page,

iCthi = i |:i Cj] (I/VtL - Wti71)'

i=1 | j=i

Since {W,} is a BM, each of the terms inside the parentheses above are normal
and independent.
n
That means any linear combination of them is normal, so Z b;Wy, is normal.
j=1

By definition, {W,} is Gaussian. [J

Lemma 11.5 Let {W,} be a BM. For any function f : [0,00) — R and any function
g :10,00) — [0, 00) and any constant b € R, if we define the process { X} by

X = f(t)Wy + b,

then {X,} is Gaussian.

PROOF Let ¢y, ...,c, € Rand letty, ..., t, € [0,00). Then,
S X, =3¢ [Ft) Way) + 5] =bn+ > [e £(£)] Wy,
j=1 j=1 j=1

is a linear combination of the W,’s (which is normal since {IV,} is Gaussian)
plus a constant, which is normal.

That means { X, } is Gaussian. [J

Criteria for a process being a BM

Now, we can give a criteria for checking whether a process is a BM. The idea is that
any Gaussian process with the same means and covariances as a BM must be a BM.

Theorem 11.6 Suppose {X; : t € [0,00)} is a stochastic process such that:
1. {X.} is Gaussian;
2. there is a constant a so that E[X,| = x + at; and
3. there is a constant b > 0 so that Cov(X,, X;) = bmin(s, ).

Then {X;} ~ {W,}, where {W,} is a BM starting at x with drift ;1 = a and variance
parameter o? = b,
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11.2. Symmetries and scaling laws

PROOF We check the parts of Definition one-by-one:
Starts at z: by assumption (3), Var[Xy| = Cov(Xy, Xy) = bmin(0,0) = 0.
Therefore X is a constant, which must be z since E[X,| = = + a(0) = z.

Normal increments: this follows from {X,} being assumed Gaussian, since any
increment X;, — X, is a linear combination of the X;’s.

1 increments: Lett; <ty < t3 < t4.
Cov(Xy, — Xy, Cov(Xy, — Xy,) = Cov(Xy,, Xy,) — Cov(X,, Xiy)
— Cov(Xy,, Xy,) + Cov(Xy,, Xuy)
= bmin(ty,t4) — bmin(ty, t3)
— bmin(ty,ty) + bmin(ty, t3)
=bty— bty — bty + bty
= 0.
Therefore X;, — X;, and X;, — X}, are uncorrelated. But since { X} is Gaussian,
any combination of the X;’s is normal. That means (X,,, X;,, X¢,, X;,) has a
joint normal distribution, which implies that uncorrelated combinations of

those variables are independent (see Chapter 6). Thus { X;} has independent
increments.

Cts sample functions (sketch of proof): fix t; > 0. Since {X;} is Gaussian, for
each t, X; — X}, is normal with mean

E[X; — Xy = E[Xi]) — E[Xy,] =+ at — (v + aty) = a(t — to)
and variance
Var(X; — Xy,) = Cov( Xy — Xy, Xt — Xty)
= Cov(Xt, X;) — Cov(Xy, Xyy) — Cov(Xyy, Xi) + Cov(Xyy, Xiy)
= bt — 2bmin(t, to) + bio
= b(t + ty — 2min(t, ty)).
If ¢ is close enough to t,, both the mean and variance of X; — X}, ~ n(a(t —

to), b(t + to — 2min(¢,ty)) will be small. This will force X; — X;, to be small
with high probability, which will force the sample functions to be continuous

(with probability 1). [J

v o ¢

W
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11.2. Symmetries and scaling laws

Examples

Theorem 11.7 Let {W,} be a BM. Then, for any constants a and b, {aW; + b} is a
BM.

PROOF Suppose {W,} starts at z, has drift  and variance parameter 0.

First, [ ]

Second,

Third,

So by Theorem {—W,} is a BM starting at ax + b, with drift ;s and variance
parameter a*c?. [J

Theorem 11.8 (Universal scaling law) Let {W;} be a BM with zero drift, starting
at zero. Then, for any constant a, {aW,,.2} is @ BM with zero drift and the same
variance parameter as {W,;}.

PROOF Suppose {WW;} has variance parameter 0.

First, by Lemma with f(t) = ,g(t) = andb=,{aW,/,2}is
Gaussian.

Second, E[aW,/.2] =
Third, Cov(aW; a2, aW;/a2) =

Theorem gives the result. [
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11.2. Symmetries and scaling laws

The universal scaling law tells us that if we take a trajectory of a zero drift BM
that starts at 0, and zoom in on part of it (zooming in faster horizontally than we
do vertically), we will see the same thing no matter how much we zoom in, i.e.
the trajectories are “self-similar”. Thus the trajectories in a BM are objects called
fractals.

Theorem 11.9 (Inversion symmetry) Let {W;} be a BM with zero drift, starting
at zero. Then {t W1} is a zero drift BM starting at zero.

PrROOF HW
A picture explaining inversion symmetry:

W

‘II|—‘
N p=F

Markov properties

Theorem 11.10 (Markov property for BM) Let {W;} be a BM. For any constant
r >0, {W,1 — W,} is a BM, independent of W,.

Waldt

\/“HV N - t

Wi
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11.2. Symmetries and scaling laws

PROOF Let Xt = WT+t — Wr.
First, we show {X,} is Gaussian: let ¢y, ..., ¢, € Rand ¢y, ..., t, € [0,00):

Zn: ¢ X; = Z € [ertj - Wr}

= En: [ er+tJ- — CjWT}

n
= T+tj Z Cj T
jzl

The first term is normal since {W;} is Gaussian; the second term is normal and
independent of the first, so the whole sum is normal. This makes { X, } Gaussian
by defintion.

Second, we compute the mean of {X}}:
EX;=EW,p =W, = EW,yy — EW, =x + u(r +t) — (x + pr) = ut.
Third, we compute the covariances of { X, }:

Cov(Xs, X1) = Cov(Warr — Wy, Wepr — W,)
= Cov(Wyyr, Wisr) — Cov(W,, Wii) — Cov(Werr, W,.) + Cov(W,., W)
=o’min(s +r,t+7r)—o’r —o’r +o’r
= o*[min(s,t) +r] — o*r

= o min(s, t).

By Theorem[11.6, { X,} is a BM starting at 0 with drift  and variance parameter
o?. Itis mdependent of W, by the independent increment property. [J

A stronger version of the Markov property is this result (which, by the way, also
holds for Markov chains and CTMCs). Its proof is beyond the scope of this class:

Theorem 11.11 (Strong Markov property) Let {IW,} be a BM and let T be a stop-
ping time for {W,}. Define X; = Wy, — Wr. Then {X,} is a BM, independent of
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11.3. Martingales and escape problems

11.3 Martingales and escape problems

In this section, we look at properties of BM that resemble properties of random
walks we studied in the previous chapter.

Escaping property

Theorem 11.12 Let {W,} be a BM. Then {W,} is escaping.

PROOF Leta <z < band let T' = T, ;. We need to verify two properties: the first
is that P,(T' < c0). To do this, for n € {0,1,2, ...}, let E,, be the event that
between times n and n + 1, the value of the BM goes up by at least b — a.

This event has probability

p:P(En):P(WnH—Wn>b—a):P(n(,u,02)>b—a)
:1_(I)<b_a_u> E(O,l),

o

and since the E,, are L,

P(no E,, occurs) :P<F—j Ef) = lo_j[P(Ef) = lo:o[(l—p) =(1—-p)>*=0.

Thus, for some n, £, occurs. That means the BM goes up by at least b — a
between times n and n + 1, so it must be that for the n where E,, occurs,
either W,, < a or W, ; > b. Either way, T' < oc.

The second property, that P,(W; € (a,b) |t < T{ap) = 1, follows from the fact
that the sample functions are continuous. [

Associated martingales

Theorem 11.13 Let {W;} be a BM. Then these processes are all martingales:
o {Wi— pt}
o {(Wy — ut)* — o™t}

* few (5}

PROOF We start with the proof that {W; — pt} is a martingale.
Let { F;} be the natural filtration of {IV;}, and let 0 < s < t.
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11.3. Martingales and escape problems

Our goal is to show E[W; — put | Fi] = E[W, — us:

EW, — ut | F]
(this is a typical way of
= E[Ws+ (W, — W) — ut | F breaking up W; when proving
things are martingales)
= EW, | Fs] + E[W, — W, | Fi] — Elut | F]
=W, + E[W, — W | Fs] — ut
=Ws+ E[W, — W] — ut
=Ws+ pu(t—s) — put
=Wy — us.
Thus {W; — ut} is a martingale.
The other proofs are HW problems. [

Escape probabilities

Theorem 11.14 Suppose {W,} is a BM, and let a < x < b.
e If the BM has zero drift, then

b—x r—a
T and P.(T, <T,) = —

P(T,<T,) =

o Ifthe BM has drift 1 # 0, then

exp (‘3;‘1’) — exp (fém)
Falle < Th) = exp (fﬁb) — exp (_Sém)
" BT < T = — () - exp (S°) .

PROOF Suppose that {IV;} has zero drift. Then {IW;} is a martingale, and since
{W,} is escaping, the Escape Time Theorem (Theorem [10.20) applies with
Y(z) = x to give

) —(x) b-u

Pl < T = 06 v ~b-a

and

@) —la) _z—a
() —(a) b—a
The proof when the BM has drift is HW. [

P(T, < T, =
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11.3. Martingales and escape problems

EXAMPLE 2
Suppose the price of a stock is currently $70. If the price is modeled with a BM
with drift with 1 = § and 02 = 8, what is the probability the price of the stock hits
$80 before it hits $60?

Theorem 11.15 (Wald'’s First Identity for BM) Let {W,} be a BM and suppose
a<x<b LetT = Ti,py. Then

E.[Wr| =z + nET.

PROOF From a previous theorem, we know that {IW, — ut} is a martingale.
Therefore

E,[Wy] — wET = E,[Wy — nT) €' E,[Wy — u(0)] =2 — 0 = .

Add ;o ET to both sides to get the result. [

Theorem 11.16 (Wald’s Second Identity for BM) Let {W;} be a BM with zero
drift and suppose a < x < b. Let T' = Ty, ). Then:

E, W2 = 2% + o E,[T).

PROOF From earlier, we know {(W, — ut)? — ot} is a martingale; since the BM has
zero drift this reduces to {W? — o?t}. Therefore

E,(W2 - ¢*T) €' E,(W2 — 6%(0)) = 2°.

Also,
E, (W2 —0°T) = E,(W2) — E,(0*T) = E,[W?] — 0*E,[T).

Equate these two formulas and add ¢*F,[T] to both sides to get Wald’s Second
Identity. [
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Theorem 11.17 Let {W,} be a BM with zero drift and suppose a < x < b. Then

z—a)(b—1x)

o2

Ex [T{a,b}] = (

PROOF Let T = Ty, ). From earlier, we can compute

E, W2 = a®P,(T, < Ty) + b’ Pu(Ty, < T,) (LOTUS)
=’ (Z : z> + b (Z : Z) (escape probabilities)
B a’b — ba
B b—a
__abla — D)
B b—a
—ab(b—a)+ (b—a)(b+a)x

- r— = —ab+ (b+a)r = ax + bxr — ab.

By Wald’s Second Identity, we therefore have
az + bx — ab = 2° + 0> E,[T);
solve for E,[T] to get

— — 72 — —
Ex[T]:ax—kbx ab —x :(x a)gb IL‘).D

o2 o

EXAMPLE 3
Suppose the price of a stock is modeled by a BM with no drift and ¢ = 5. If the
price of the stock is initially 40,

1. What is the probability that the stock price hits 60 before it hits 30?

2. How long should expect to wait until the first instant where the stock price
is either 30 or 60?
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11.3. Martingales and escape problems

Recurrence and transience

Theorem 11.18 Suppose {W,} is a BM, and let x # y be real numbers. Then:

1 if the BM has zero drift
foy = Po(T, < 00) = 21| | if the BM drifts from x towards y
exp (W) if the BM drifts from x away from y

PROOF This proof splits into several cases, all of which apply the Escape Time
Corollary (Theorem [10.21)) and the escape probabilities of BM (Theorem (11.14).

First, if the BM has zero drift, then for ¢(z) = =, {¢)(W})} is a martingale.

— —1
Case1:if z < y, then f, , = Em P.(T,<T,) = 1_1>m rTar gm - = 1.
a — 00 a —OOy—a a —_00 —
b—=x L .. 1

Case 2: if x > y, then f, , = hm P,(T, < T}) = lim

b—oo b —y b—oo 1

On the other hand, if the BM has drift x # 0, then for ¢)(z) = exp (J x),
{(W,)} is a martingale.

Case 3: if x < y and p > 0 (so the BM drifts towards y), then

exp( 2‘“) exp( 2’”)

fa:,y = lim P$(Ty < Ta) = lim

a——00 a——00 eXp( My> _ exp( 2#‘1)
L lim 0o (- QW)'%ZL
4= () — exp( 2““) =

Case 4: if z < y and ¢ < 0 (so the BM drifts away from y), then

| exp (—2;/,1) . exp( Qua)
fay = QEEHOO Po(Ty < Ta) = agmoo exp ( 2uy> eXP ( 2’“)

_ exp( 2‘””) exp (—o0)
exp ( 2“y> — exp (—o0)

2ur  2uy
= oxp < 2 T 2>
o o

_ —2u(y —)\ _ —2p|z —y|
= €Xp T = exXp T .

This leaves two cases corresponding to when z > y. These are left as HW. [J
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Theorem 11.19 Let {W,} be a BM.
o If {W,} has zero drift, then {W,} is recurrent.
o If {W.} has nonzero drift, then {W,} is transient.

PROOF Assume first that the BM has zero drift. Then, by the continuous LTP
(conditioning on the value of IW;), we have

fo= fow = PolTe <20) = [~ P(Th < 00) fis () dy
= /_O:o fy,x fn(x+,u,02) (y) dy

= /_ 1 fn($+[t,0'2) (y) dy
=1
so x is recurrent, making the BM {W;} recurrent.

Now, assume that the BM has drift ;1 > 0 (otherwise consider {—W,;}). Then,
fx:fxx:P<T < 00)
= [ PT < 9) fws(y) dy
= LOO fy,:cfn(a:—f—u,aQ) (y) dy.

Now split this integral into the part where y < x and the part where y > x:

= [m fy,x fn(x+,u702) (y) dy + /l fya f71,(gj+“70—2)(y) dy.

For the first integral, since y < = and the drift is positive, f, , = 1 so we get

/-T (1) faterpo)(y) dy = P(n(z + p, o) <z)=2> (W> =®(0) = ;

o o

For the second integral, since y > z and the driftis positive, f, , = exp (M)
so we get

o —2p|z — y|
/l exp <2 f’n,(:lr—O—y,,O’Z) (y) dy

o

_/ o 2MS/2 7) alweX —(y—;cQ—u)Q p
:/"O p2< expl(ylj)zzg(yfjl a. ) y

202
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11.3. Martingales and escape problems

Now use the u-sub u = y — z, du = dy to get

/00001 exp[—(u—u)Q—élu(U)] "

2 202

o 1 —(u+p)?
- d
/0 o exp [ 20_2 u

Adding the blue and red parts together, we see f, < ; + ; =1L

Therefore z is transient, meaning {W, } is transient. [J

But there’s actually more to show here - we need to know that {I;} returns to its
starting value at an unbounded set of times in the future.

Wi
8 -

We’ll address this question (and other things) in the next section.
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11.4. Reflection principle

11.4 Reflection principle

QUESTION
Let {IV,} be a BM with zero drift. From the previous section, we know W, hits b,
ie. f:]c,b =1,1.e. Px(Tb < OO) =1.

What is the distribution of the r.v 7, which measures the time it takes to hit 0?

Theorem 11.20 (Reflection principle) Let {WW;} be a BM with zero drift, starting
at x. Fix b # x. Then

Fr,(t) = P(Ty < t) =2 — 20 ("T \_ﬁb') .

PROOF Case 1: b > x. We observe first that W; > b only if T}, < t:

Therefore

PW,>b)=P(W,>b(T, <t)=PW,>b|T, <t)P(T, <t)
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11.4. Reflection principle

which implies

P(W; > b)
P(Wy = b|T, <t)

FTb(t) :P(Tb St) =

Case 2: b < x. Here, W; < b only if , SO

Corollary 11.21 Let {W,} be a zero drift BM with parameter o? starting at x. Fix
b > 0and let T, = min{t > 0 : W, = b}. Then T}, has density

x—0b —(z — b)?
= e | S|

PROOF HW (just differentiate F, with respect to ¢t and simplify). [
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11.4. Reflection principle

EXAMPLE 4
Let {W;} be a BM with parameter 6. If W; = 2, what is the probability W, = —5 for
somet € [1,5]?

Consequences of the reflection principle

Theorem 11.22 (Strong recurrence of BM) Let {W;} be a BM with zero drift. With
probability 1, there is an unbounded set of times t such that W, = W,

PROOF It is sufficient to show Py(W, = 0 for some s > 1) = 1. We have

Py(Ws =0 for some s > 1)
= lim Py(Ws =0 for some s € [1,1])

— lim /OO s (0) Po(W, = 0 for some s € [1,¢] | W, = b) db

t—o00

00 1 _})?
= lim ———exp - 2 —20 b db
t—=oo J_oo g/ 21T 202 ovt—1
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11.4. Reflection principle

From the previous page,

Py(Ws =0 for some s > 1)
== o2 P 202 / no.n(@

—? 00 1 2
:tllyolog\/ﬂ/ xp( )/g\/%\/_exp<2>dxdb

2

1 _
:tllglo(;\/ﬁ/ ep< )/ 27TeXp(2 2>dudb
b2
_ 2/ / exp< “+ )>dudb
o

(now change the mtegral to polar coordinates)

u

b

:71'0'2/7" 0/ exp( )Td@dr

== T et gy
o2 Jo
2
(letv = —%; dv = —%dr, ie. —o?dv = rdr)
o o
1

= (—02)/_00 e’ dv

—/ e’ dv

= —e™>®=1.0
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11.4. Reflection principle

Theorem 11.23 Let {W;} be a BM with zero drift. For every ¢ > 0 (no matter how
small), there are infinitely many times t € (0, €) so that W, = W,

PROOF First, we can assume Wy, = 0 (otherwise shift {I¥;} by a constant so that it
starts at 0).

Next, let X; = 0 -0

. From Theorem [11.9, { X;} is also a BM with

zero drift.

By strong recurrence, there is an unbounded set of times ¢;, {5, ¢3, ... such that
th — th — ... = XO — O

X Wi

But that means W, , W 4, ... must also all be zero.

1 11
And given any e > 0, there will be infinitely many of the times ratirtirat in the
1 t2 03
interval (0, €) (since the ¢; are unbounded). [J

CONSEQUENCE
If the trajectory of a zero drift BM crosses a horizontal line, then it actually crosses
that horizontal line infinitely many times that are arbitrarily close to any one of the
times it crosses the line:

W

W -
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11.4. Reflection principle

Theorem 11.24 (Nondifferentiability of paths) Let {W,} be a BM. With prob-
ability 1, a Brownian sample function t — W, is nowhere differentiable (i.e. not
differentiable at any time t).

CONSEQUENCE
With probability 1, the sample functions of a Brownian motion are “infinitely jagged”,
i.e. nowhere smooth.

PROOF We proceed with two cases:

Case 1: {W;} has zero drift.
In this case, we will first prove the sample function isn’t differentiable at 0.

To do this, by the definition of derivative,
d . . Wiy =Wy .
—W, exists <= lim —" 0 exists
dt 0 h—0
= lim —" exists
h—0 h
Wh for some fixed constant A,

= —<A
h and forall 2 € (0, ¢€)

< W, < Ahforall h € (0,¢).
But by the reflection principle,
: . Ah
P <)~ 1~ (230 (1))
= lim 20(AVR) - 1]
= 20(0) — 1
=2(3)-1=0

Therefore P <th
dt

exists ) =0.
t=0

Now, if {W};} is a BM with zero drift that is differentiable at ¢, {W;;+, — Wi, }
would be a BM with zero drift that was differentiable at 0, contradicting
the above argument. Therefore {WW;} is nowhere differentiable (with
probability 1).

Case 2: {W;} has nonzero drift .

If such a BM is differentiable at time ¢, then {IW; — ut} is differentiable at time
t (as it is the difference of two differentiable functions).

But {W; — ut} is a BM with zero drift, so this would violate Case 1. [J
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11.5. Brownian motion in higher dimensions

11.5 Brownian motion in higher dimensions

Definition 11.25 Let {W,} (a.k.a. {Wt} ) be a stochastic process with state space R?.
{W,} is called a d-dimensional Brownian motion if each coordinate of the process
is a BM, and the coordinates are independent.

If each of the coordinates is a standard BM (they have zero drift, start at 0 and
variance parameter 1), then we call {W,} a standard d-dimensional BM.

Escape probabilities
Let {W,} be a standard d—dim’l BM and fix 0 < r < R < oc.

Define the sets
A ={xeR*:|x]| =71}
Ar ={x¢€ R . ||1x|| = R};

A ={xeR':||x]| € (r, R)}; 4 /\

and also let %

Ty, =min{t>0: W, € A},
Ty, =min{t >0: W, € Agr};
T =min{T},T»}. (d=2)

Our goal is to determine the escape probabilities Py (T4, < Ta,)and Px(Ta, < Ta,)-

To do this, for x € A, define f(x) = Px(Ta,, < T4a,).

By rotational symmetry, we can write f(x) = ¢(||x||) for some function g : R — R
such that g(r) = 0 and g(R) = 1.
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11.5. Brownian motion in higher dimensions

[ has another important property: the value of f at x is equal to the average value
of f along any circle of small radius centered at x:

Therefore f : A — R is what is called a harmonic function, meaning it satisfies the
following equation, which is called the heat equation (Google the “Dirichlet prob-
lem” or “heat equation” for more on this):

d 82
Zﬁf(x):O forallx € A.

To analyze this equation, first observe that for any z;, we can use the Chain Rule

to obtain
0
5 = 5 (Ve + o 23)
= 1 -2,
2¢/x? + ..+ a3
_ Lj
Vi 4+ 2l
v
= ’;H (11.1)
Therefore
82
OZZﬁf(X)
=1 9%;
2
=2 ==29(x[])
;837?
i 9 [ x
WAV
2 5y |7
(using the Chain Rule with the above computatlon)
1 ./Ifj H H HXH ]
= g X —_—
;[ ({1 X | || g'([1xI]) T

(Product and Quotient Rules)
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11.5. Brownian motion in higher dimensions

From the previous page, we have

+ —
1|2 1| [1[1?

o= [BeU) g llixl) _ gelDa?

Jj=1

:dﬂkm§:ﬁ+§:dWﬂD_gﬂkm§:ﬁ

||x|[? j=1 ’ j=1 [Ix] |[x|[? j=1
g"(I1xl]) g'(Ix[) gl

= o |x|[? +d - 5|1
1] [Ix]] [Ix]]

d
(since Y z7 = [|x]*)
=1

) Sl ¢dlixl)
0=¢"(||x|| +d -
\ < 1]

Multiply through by ||x|| to obtain
0 = [1x[lg"([IxI1) + (d = 1)g'(IxI]). (11.2)
Thinking of ||x|| as an independent variable “¢”, this is the second-order ODE
0=tg"(t)+ (d—1)g'(t). (11.3)

which has no ¢ in it (only ¢, ¢’ and ¢”); therefore it can be solved with MATH 330
methods:

Integrate ¢'(t) = Ct' % to get

ifd =2
g(t) =
ifd >3
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11.5. Brownian motion in higher dimensions

If you plug in the known values of ¢g (i.e. g(r) = 0 and g(R) = 1) and solve for the
constants (HW), you will obtain:

Theorem 11.26 (Annular escape probabilities) Let {W,} be a standard d-dim’l
BM. Suppose r < ||x|| < R. Then, if A, and Ag are the spheres of radius r and R
centered at the origin, we have

;_T ifd =1
- T

In||x||=Inr .
PTan <Ta) =\ Jp—m, 7972

P2 ||x][2d

7«27d _ R2fd 1fd Z 3

Inall cases, Px(Ta, < Ta,) =1— P(Ta, <Ta,).

Recurrence/transience
Dimension 3 (or higher):

Suppose r > 0 is the radius of a small sphere centered at the origin. If a 3-
dimensional BM travels to x with ||x|| > r, then

PX(TAT < OO) = P}gr;o Px(TAT < TAR)
= lim [1 — Px(TAR < TA,«)]

R—o0

negative number

= (something bigger than 1)
<1

So there is a chance that the BM never comes back to within r of the origin. Thus
we say that in dimension 3 or higher, BM is transient.
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11.5. Brownian motion in higher dimensions

Dimension 2:

(more interesting) Repeating the above calculation when d = 2, we get

Py(Ta, < o00) = lim P(Ta, <Ta,)

R—o0

This time, it is assured that the BM will return to within r of the origin, so in dimen-
sion 2, BM is “neighborhood recurrent”, because it returns to any “neighborhood”
(i.e. within any positive distance) of where it was.

BUT: does a 2-dim’l BM get back exactly to where it was? Suppose a 2-dim’l BM
starts at 0 and then travels distance ||x|| away. The probability that it returns to 0
is
Px(TAo < OO) = hir(l] Px(TAT < TAR)
=1- llil(l) PX(TAR < TA,«)

In||x|| = Inr

Therefore, with probability 1, 2-dim’l BMs do not return to where they start, so
2-dim’l BM is “point transient”.

Dimension 1:

We already proved 1-dim’l BM with zero drift is point recurrent in Theorem 11.19
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11.5. Brownian motion in higher dimensions

Putting everything together, we have shown the following set of facts:

Theorem 11.27 Let {W,} be a standard d-dimensional BM.
1. Ifd = 1, then {W,} is point recurrent.

2. Ifd = 2, then {W,} is point transient, but neighborhood recurrent.

3. Ifd > 3, then {W,} is transient.

EXAMPLE 5
Suppose a standard 3-dimensional BM starts at the point (1, 1, 1). What is the prob-
ability that the point strikes the sphere of radius 1 centered at the origin before it
strikes the sphere of radius 2 centered at the origin?
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11.6. Chapter 11 Homework

11.6 Chapter 11 Homework

Exercises from Section 11.1

1. Suppose {W;} is a Brownian motion starting at 0 with variance parameter
o? = 3.
Note: if no drift is specified in a BM, that means the BM has zero drift.
a) Compute P(W, > 1).
b) Compute P(Wy — W, < —2).
c¢) Compute P(W; > W5).
d) Compute the variance of W.
e) Compute Cov(Ws5, Wr).
f) Compute Var(Ws + Wy).
2. Suppose {X;} is a BM with drift ¢ = 5 starting at + = —1 that has variance
parameter o2 = 4.
a) Compute P(X; > 6).
b) Compute P(Xy — X7 < 3).
¢) Compute P(Xy > 15| Xy, =7, X; = —1).
d) Compute P(X;3 > X7).
e) Compute the mean and variance of Xj.
f) Compute Cov(Xi1, Xi6)-
g) Compute Var(X, + X5).

3. Suppose {W;} is a BM with ¢ = 5. Compute

P(Wg<2’W2:W1:3)

Exercises from Section 11.2
4. Let {W,} be standard BM and let X; = (W,)? for all ¢.

Recall: “standard” means x = 0, y = 0 and 02 = 1.

a) Is {X,;} a Gaussian process? Explain your answer.

b) Find the mean function of {X;}.

¢) Find the joint moment generating function of W, and W;.
d) Use your answer to part (b) to find E[W2W}?].
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11.6. Chapter 11 Homework

e) Find the covariance function of {X;}.
5. Let {W,} be a BM with parameter 6% and let a < s and a < t. Prove that

E[(W, — W) (W, — W,)] = o®min(s — a,t — a).

6. Prove the inversion symmetry of BM (Theorem 11.9), which says that if {1V, }
is a Brownian motion with zero drift, starting at zero, then {tW/; /t} is a stan-
dard Brownian motion.

7. Prove that if {W,} and {W,} are independent Brownian motions, then for
any constants b; and b,, the process {b; W; + bQWt} is also a Brownian motion.
Determine formulas for its parameters, in terms of b;, bs, and the parameters
of {W,} and {W,}.

Note: The result of this problem generalizes: any linear combination of a finite
number of independent BMs is also a BM (although you don’t have to prove
this).

Exercises from Section 11.3
8. Let {IV;} be a BM. Prove that {(W, — ut)* — ot} is a martingale.

9. (20 % pts) Let {IV,} be a BM. Prove that {exp (%“Wt)} is a martingale.

10. (30 % pts) Prove the second statement of Theorem [11.14]in the lecture notes,
in which escape probabilities for BM with drift are derived.

11. (20 % pts) Let {WW;} be a BM. Finish the proof of Theorem[11.18/ by verifiying
that if x > y, then

1 if p < 0 (the BM drifts from x towards vy)
Jow = exp —2ule =yl if 4 > 0 (the BM drifts from = away from y)
y

o2

12. You own one share of stock whose price is approximated by a BM with o2 =
10 (and time is measured in days). You bought the stock when its price was
$15, but now it is worth $25.

a) Suppose you decide to sell the stock when the price of the stock next
reaches either $28 or $20:

i. What is the probability you sell the stock for $28?
ii. What is the expected amount you will sell the stock for?

iii. How much longer should you expect to hold the stock before sell-
ing?
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11.6. Chapter 11 Homework

b) Suppose you change your mind and decide to sell the stock when the
price of the stock reaches $27. What is the probability you hold the stock
forever?

13. Suppose that you own a collectible item whose value at time ¢ is modeled by
a BM with drift where 0? = 2 and i = é The item is presently valued at $30,
and you plan to sell the item when the value of the item reaches $45 or $20,
whichever happens first.

a) What is the probability that you sell the item for $45?
b) What is the expected value at which you will sell the item?
¢) How long should you expect to keep the item before you sell it?

14. The value of a painting is a BM with drift 4 = 4 and variance parameter
o? =8.

a) If the painting is currently worth 30, what is the probability that it is
eventually worth 2007?

b) If the painting is currently worth 30, what is the probability that it is
eventually worthless?

Exercises from Section 11.4

15. Suppose instead that you decide to sell the stock of Exercise (12| the next time
its price hits $15 or after ten days, whichever happens first. What is the prob-
ability that when you sell your stock, you will have to sell it for $15?

16. Prove Corollary [11.21| from the notes, which says that if {IV,} is a zero drift
BM with parameter ¢ starting at z, and if 7, = min{t > 0 : W, = b}, then T,

has density ,
o=t [=e=b2]
oV2Tit3 2to?

17. Let {W;} be a Brownian motion with parameter o2 and fix ¢t > 0. Let M =
max{W; : 0 < s < t}. Prove M is a continuous r.v. (this implies M/ > 0 with
probability one) and compute the density function of M.

fTb (t) =

Note: This is a transformation problem. The way you show M () is continu-
ous is by computing its CDF and recognizing that this CDF is a continuous
function.

18. (40 % pts) Let {IV;} be a standard Brownian motion, and let 0 < ¢, < t;.

Show

2 th —t
P(W, = 0 for some t € (to,11)) = = arctan | — ; 0
m 0
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Hint: Condition on the value of W;, and use the result of Corollary|11.21] You
will get a double integral; reverse the order of the integrals and then evaluate
using a u-sub on each integral.

19. Let {W;} be a standard Brownian motion, and let L be the largest time ¢ €
0, 1] such that W, = 0.

a) Compute the density function of L. Hint: Use the fact proved in Exercise

b) Use a computer or graphing calculator to graph the density function you
found in part (a)..

¢) Based on the graph you produce in part (b), describe qualitatively what
is true about L (i.e. which values of L are most likely)?

Exercises from Section 11.5

20. In the lecture, we saw that for a 2-dimensional Brownian motion, the function
g described in Section 11.5 had the form

g(t)=Clnt+D

for unknown constants C' and D. Use the fact that g(r) = 0 and g(R) = 1 to
solve for C' and D, and therefore write g in terms of r and R. (You should get
the formula stated in Theorem [11.26])

21. In the lecture, we saw that for a d-dimensional Brownian motion where d > 3,
the function g described in Section 11.5 had the form

C 5y
t)= ——t D
g(t) 5—q. T

for unknown constants C' and D. Use the fact that g(r) = 0 and g(R) = 1 to
solve for C' and D, and therefore write g in terms of r and R. (You should get
the formula stated in Theorem [11.26])

22. Let {W,} be a standard 2-dimensional BM, starting at the origin.

a) What is the probability that W, = (0, 0) for some ¢ > 0?
b) What is the probability that W, € {(z,y) : 2?4+ y* < 1} for some ¢ > 100?

c) Suppose Wy; = (3,4). What is the probability that, after time 15, W,
strikes the circle {(z,y) : 2 + y* = 4} before it strikes the circle {(z,y) :
2% 4 y? = 49)?

23. Suppose that the position of a particle of pollen suspended in a liquid is mod-
eled by a standard 3-dimensional BM, and that at time 4, the pollen is at po-
sition (1,2, 3).
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24.

25.

26.

27.

a) Whatis the probability that the pollen particle eventually reaches (0,4, —1)?

b) What is the probability that the pollen particle strikes the sphere of ra-
dius 4 centered at the origin before it strikes the sphere of radius 2 cen-
tered at the origin?

Suppose {W,} is a standard 5-dimensional BM with
W, = (1,2,1,-3,1).
What is the probability that [|[W,|| = 2||W|| before ||[W,|| = 1||[Wo||?

(30 % pts) Let {WW;} and {W,} be independent, standard BMs and let a be a
positive constant.

a) Prove that P (Wt = aW, for infinitely many t) =L

b) What is the probability that W, = W, + a for infinitely many ¢? Prove
your answer.

(30 % pts) Let {W;}, {W,}, {W,} be independent, standard BMs.
a) IsP (Wt = I//I\/t for infinitely many t) = 1? Why or why not?
b) Is P (Wt = I//I\/t = Wt for infinitely many t) = 1? Why or why not?

(50 % pts) Let {(X:,Y;)} be a standard 2-dimensional Brownian motion. Let
T = min{t : X; = 1}. Compute the density function of Y7, and identify Yr as
a common random variable.
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Appendix A

Tables

A.1 Charts of properties of common r.v.s (the “blue sheet”)

The next page has a chart listing relevant properties of the common discrete ran-
dom variables.

The following page has a chart listing relevant properties of the common continu-
ous random variables.
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A.1. Charts of properties of common r.v.s (the “blue sheet”)
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A.1. Charts of properties of common r.v.s (the “blue sheet”)
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A.2. Useful sum and integral formulas (the “pink sheet”)

A.2  Useful sum and integral formulas (the “pink sheet”)

Triangular Number Formula: Foralln € {1,2,3,...},

n(n+1)‘

14243+ .. +n=> j= 5

§=0
Finite Geometric Series Formula: for all » € R,

Z 1 —rN
”n
1-r
Infinite Geometric Series Formulas: for all » € R such that |r| < 1,
Derivative of the Geometric Series Formula: for all » € R such that |r| < 1,

nr' = )
= (1—r)2

Exponential Series Formula: for all » € R,

TN

[e.9] n

r T
Z 7' =€ .
“— n!
Binomial Theorem: foralln € N,and all z,y € R,
. n n—k n
Z<k>xky M= (z+y)"
k=0

Vandermonde Identity: for alln,k,r € N,

S0 ()=(0)

Gamma Integral Formula: for all» > 0, A > 0,

co [(r)
r—1_—Az dr = '
/O xXr e xXr 7)\7,

Normal Integral Formula: for all x € Rand all 0 > 0,

>0 —(z —p)?
/_Ooey:p(%‘2 dx = oV 2m.

Beta Integral Formula: forall» >0, A > 0,

Lo 1 D@)T()
/0 271 — )P dxfm.
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A.3. Table of values for the cdf of the standard normal

A.3 Table of values for the cdf of the standard normal

Entries represent ®(z) = P(n(0,1) < z). The value of = to the first decimal is in the

left column. The second decimal place is given in the top row.

z

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4

0.5000
0.5398
0.5793
0.6179
0.6554

0.5040
0.5438
0.5832
0.6217
0.6591

0.5080
0.5478
0.5871
0.6255
0.6628

0.5120
0.5517
0.5910
0.6293
0.6664

0.5160
0.5557
0.5948
0.6331
0.6700

0.5199
0.5596
0.5987
0.6368
0.6736

0.5239
0.5636
0.6026
0.6406
0.6772

0.5279
0.5675
0.6064
0.6443
0.6808

0.5319
0.5714
0.6103
0.6480
0.6844

0.5359
0.5753
0.6141
0.6517
0.6879

0.5
0.6
0.7
0.8
0.9

0.6915
0.7257
0.7580
0.7881
0.8159

0.6950
0.7291
0.7611
0.7910
0.8186

0.6985
0.7324
0.7642
0.7939
0.8212

0.7019
0.7357
0.7673
0.7967
0.8238

0.7054
0.7389
0.7704
0.7995
0.8264

0.7088
0.7422
0.7734
0.8023
0.8289

0.7123
0.7454
0.7764
0.8051
0.8315

0.7157
0.7486
0.7794
0.8078
0.8340

0.7190
0.7517
0.7823
0.8106
0.8365

0.7224
0.7549
0.7852
0.8133
0.8389

1.0
1.1
1.2
1.3
1.4

0.8413
0.8643
0.8849
0.9032
0.9192

0.8436
0.8665
0.8869
0.9049
0.9207

0.8461
0.8686
0.8888
0.9066
0.9222

0.8485
0.8708
0.8907
0.9082
0.9236

0.8508
0.8729
0.8925
0.9099
0.9251

0.8531
0.8749
0.8944
0.9115
0.9265

0.8554
0.8770
0.8962
0.9131
0.9279

0.8577
0.8790
0.8980
0.9147
0.9292

0.8599
0.8810
0.8997
0.9162
0.9306

0.8621
0.8830
0.9015
0.9177
0.9319

1.5
1.6
1.7
1.8
1.9

0.9332
0.9452
0.9554
0.9641
0.9713

0.9345
0.9463
0.9564
0.9649
0.9719

0.9357
0.9474
0.9573
0.9656
0.9726

0.9370
0.9484
0.9582
0.9664
0.9732

0.9382
0.9495
0.9591
0.9671
0.9738

0.9394
0.9505
0.9599
0.9678
0.9744

0.9406
0.9515
0.9608
0.9686
0.9750

0.9418
0.9525
0.9616
0.9693
0.9756

0.9429
0.9535
0.9625
0.9699
0.9761

0.9441
0.9545
0.9633
0.9706
0.9767

2.0
2.1
2.2
23
24

0.9772
0.9821
0.9861
0.9893
0.9918

0.9778
0.9826
0.9864
0.9896
0.9920

0.9783
0.9830
0.9868
0.9898
0.9922

0.9788
0.9834
0.9871
0.9901
0.9925

0.9793
0.9838
0.9875
0.9904
0.9927

0.9798
0.9842
0.9878
0.9906
0.9929

0.9803
0.9846
0.9881
0.9909
0.9931

0.9808
0.9850
0.9884
0.9911
0.9932

0.9812
0.9854
0.9887
0.9913
0.9934

0.9817
0.9857
0.9890
0.9916
0.9936

2.5
2.6
2.7
2.8
29

0.9938
0.9953
0.9965
0.9974
0.9981

0.9940
0.9955
0.9966
0.9975
0.9982

0.9941
0.9956
0.9967
0.9976
0.9982

0.9943
0.9957
0.9968
0.9977
0.9983

0.9945
0.9959
0.9969
0.9977
0.9984

0.9946
0.9960
0.9970
0.9978
0.9984

0.9948
0.9961
0.9971
0.9979
0.9985

0.9949
0.9962
0.9972
0.9979
0.9985

0.9951
0.9963
0.9973
0.9980
0.9986

0.9952
0.9964
0.9974
0.9981
0.9986

3.0
3.1
3.2
3.3
34

0.9987
0.9990
0.9993
0.9995
0.9997

0.9987
0.9991
0.9993
0.9995
0.9997

0.9987
0.9991
0.9994
0.9995
0.9997

0.9988
0.9991
0.9994
0.9996
0.9997

0.9988
0.9992
0.9994
0.9996
0.9997

0.9989
0.9992
0.9994
0.9996
0.9997

0.9989
0.9992
0.9994
0.9996
0.9997

0.9989
0.9992
0.9995
0.9996
0.9997

0.9990
0.9993
0.9995
0.9996
0.9997

0.9990
0.9993
0.9995
0.9997
0.9998

3.5
3.6
3.7
3.8

0.9998
0.9998
0.9999
0.9999

0.9998
0.9998
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999

0.9998
0.9999
0.9999
0.9999
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A.3. Table of values for the cdf of the standard normal
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A.4. Road map of standard computations with joint distributions

A.4 Road map of standard computations with joint distributions
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A.4. Road map of standard computations with joint distributions
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A.5. Facts associated to escape probabilities (the “orange sheet”)

A.5 Facts associated to escape probabilities (the “orange sheet")
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